
Andrew Taylor

Lecture 1 Plan:

1) An intro to the world of non-thermal particles 
(ie. “Cosmic Rays”)

2) Shocks- what are they? What do they do to 
the gas passing through them?

3) Cosmic Ray Acceleration at Shocks
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The World of Non-Thermal Particles
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Thermal Particles

Thought experiment- imagine an ensemble of particles all with the 
same energy bouncing around in a box…..
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Origin of Thermalised Particle 
Distribution Function

E1 E2 E3 E4 E5 E6

100 100 100 100 100 100

101 99 100 100 100 100

101 99 100 100 99 101

100 99 101 100 99 101

100 98 101 100 99 102

99 99 101 100 99 102

Ensemble of particles exchanging energies:
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Relaxing to a Thermal Distribution
Ensemble of particles exchanging energies:

 1

 10

 100

 1000

 10000

 100000

 1  10  100  1000

dN
/d

E

E

10-6

10-4

10-2

100

102

104

100 101 102 103 104 105 106 107

p2
dN

/d
p

p



Andrew Taylor

Microscopic Particles Thermalising
off Macroscopic Objects

Another thought experiment- imagine an ensemble of thermalized 
macro particles (blue) with a cold set of micro particles injected (red)…..
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Green’s Function for Stochastic 
Acceleration
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Shocks…….a Surprise!
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Collisional Shock- Conservation 
Conditions

upstreamdownstream
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Energy Flux:
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Collisional Shock- Cold Shock Case
Momentum Flux:

Energy Flux:
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Collisional Shock- Cold Shock Case

So what are collisional shocks good for?
Stimulating the unstimulated degrees of freedom in the 
system where energy can be stored
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Collisional Shock- Partition of 
Momentum and Energy

Downstream Momentum Partition:

Downstream Energy Partition:
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Collision Time
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Energy Exchange at Shocks

Collisional Shock Collisionless Shock
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Collisionless Shock- the Injection 
Problem
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<latexit sha1_base64="LnXkjzV+p6ZHys62JUykWaSvPvk="></latexit>
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Particle Acceleration at Collisionless
Shocks
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(energy gain) (advection 
downstream)

Energy Number

Fermi Shock Acceleration

SNRs have vsh~103 km s-1 

so β~10-2
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Energy Number

Fermi Shock Acceleration

β~10-2
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Fermi Shock Acceleration

So,
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Stochastic Acceleration 
(Fermi Second Order)
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Stochastic Acceleration/Propagation

DxxDpp ⇡ �2
scatp

2

�scat

�scat
�scat

�scat

�scat

�scat
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Random Walks
x

t

f(x, t) ⇡ e�x2/(2t)

[⇡/(t/2)]1/2

�(t+ 1) = t!

�(t+ 1) =

Z 1

0
xte�xdx

<latexit sha1_base64="9b9ZNdJSc/BGBOdYxs53zbvrnTQ="></latexit>
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Random Walks in Physical Space 
and Momentum Space 

�E

E
/ �

Spatial spread:

Momentum spread:

dN

dx
/ e�x2/4Dxxt

dN

dp
/ e�(lnp)2/4(Dpp/p

2)t

dN

dx
/ e�x2/4c2tscatt

dN

dp
/ e�(lnp)2/4(t/tacc)
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�x = Dxx/c



Andrew Taylor

Momentum Continuity Equation 
(Boltzman Equation)

Acceleration Radiative
Losses

Escape Source term

@f

@t
= rp ·


(Dpprpf)�

p

⌧loss(p)
f

�
� f

⌧esc(p)
+

Q

p2
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Stochastic Particle Acceleration-
Random Walk Result (Momentum)

Steady state No losses Delta injection

@f

@t
= rp ·


(Dpprpf)�
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� f
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Dpp / pq
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Particle Acceleration- When Are E-2 

Type Spectra Expected?
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Fermi (First Order) 
Acceleration Time

upstreamdownstream

tacc = E
�tcycle
�Ecycle

Transport of particles in each 
region is dictated by competition 
between diffusion and advection

tdi↵ =
R2

Dxx
tadv =

R

vadv

Balancing these timescales

tresid =
Dxx

(c�sh)2
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Fermi (First Order) 
Acceleration Time

tacc = E
�tcycle
�Ecycle

tresid =
Dxx

(c�sh)2

�tcycle =
Dxx

(c2�sh)

However, during the time it takes advection to dominate over 
diffusion, the particle will have crossed the shock times1/�
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Fermi (First Order) 
Acceleration Time

tacc = E
�tcycle
�Ecycle

�tcycle =
Dxx

(c2�sh)

�Ecycle = E�sh

E1, µ1 E0
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Fermi (Second Order) Acceleration Time

tacc = E
�tscat
�Escat

�Escat = E�2
scat

tacc =
tscat
�2
scat
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The Need for Efficient Accelerators
….what means efficient?
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Particle Acceleration in AGN

tacc = ⌘
Rlar

c�2

Rlar =
�

⌘
RMaximum energy

(Hillas criterion)

tesc. =
R2

⌘cRlar

AM Hillas (1984)

Rlar(E,B) =
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AM Hillas (1984)

The Hillas Criterion (Implicitly Assumes 
Accelerator is Efficient)

⌘ ⇡ 1 assumed in above plot
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The End of the Accelerated Spectra: 
Cutoffs
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Particle Transport Equation

• Cut-offs arise naturally in the general solution of the 
transport equation for particles

Acceleration Radiative
Losses

Escape Source term

@f

@t
= rp ·


(Dpprpf)�

p

⌧loss(p)
f
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� f

⌧esc(p)
+

Q

p2
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Cut-off Shape

• Interplay of acceleration and cooling defines the value of the 
cut-off of the primary particles:

• In the following, demonstrations for this result will be shown 
for the case of stochastic acceleration scenarios. However, in 
reality, this result is more general, holding also for shock 
acceleration scenarios. 

[see Schlickeisser et al. 1985, Zirakashvili et al. 2007, Stawarz et 
al. 2008]

dN

dEe
/ E��

e e�(Ee/Emax)
�e �e = 2� q� r
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A Simple Case- q=1, only escape

• Bohm diffusion (q=1) + only escape results in simple 
exponential cutoff.

• Some simplifications to the transport equation:

Steady state No losses Delta injection

@f

@t
= rp ·


(Dpprpf)�

p

⌧loss(p)
f
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� f
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A Simple Case (II)- q=1, only escape

• Rearranging the terms (and explicitly stating the 
dependences from p of the parameters):

Cutoff comes from 
balancing 1st and 3rd term

Recall generally, �e = 2� q� r

q = 1, r = 0, ! �e = 1

f / Ae�p/p⌧

⌧esc(p) / p�1

(Note- energy losses for the case will not alter this result)r = 0
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Particle Acceleration with Cooling
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Particle Acceleration with Cooling
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Particle Acceleration with Cooling

tacc = ⌘
Rlar

c�2
tcool =

9

8⇡↵

✓
me

Esync
�

◆
tlar

Esync
� ⇡ 9

4
⌘�1�2me

↵

Maximum synchrotron energy tells us how efficient accelerator is!

Where is ?
<latexit sha1_base64="/MhWEHAzGT2XtzqXXX1Od3xAV/M=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAIrkoiii6LIrisYB/QxDCZTtqhM5MwMxFCiBt/xY0LRdz6F+78G6cxC209MHA4517unBMmlEjlOF9GbWFxaXmlvmqurW9sblnbO10ZpwLhDoppLPohlJgSjjuKKIr7icCQhRT3wsnl1O/dYyFJzG9VlmCfwREnEUFQaSmw9rwwys2rIPdGkDFY3OUy46gwi8BqOE2nhD1P3Io0QIV2YH16wxilDHOFKJRy4DqJ8nMoFEEUF6aXSpxANIEjPNCUQ4aln5cJCvtQK0M7ioV+XNml+nsjh0zKjIV6kkE1lrPeVPzPG6QqOvdzwpNUYZ2rPBSl1FaxPa3DHhKBkaKZJhAJov9qozEUECldmqlLcGcjz5PucdM9bTo3J43WRVVHHeyDA3AEXHAGWuAatEEHIPAAnsALeDUejWfjzXj/Ga0Z1c4u+APj4xtnYpbd</latexit>
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End of First Lecture
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Synchroton Cutoff for AGN?
Evidence of a candidate source (Cen A) 
operating as an efficient accelerator? Cen A

Hardcastle et al. (1103.1744) 

~2 kpc

⌘ < 104
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Centaurus A - VHE Extension

HESS Detected Extension on ~2kpc scale

HESS Preliminary

Log10(r	[pc])	

Log10(z	[pc])	

-4	 -3	 -2	 -1	 0	 1	 2	 3	

-4	

-3	

-2	

-1	

0	

1	

2	

109 M�

Torus	

Disk	

Broad-line	Region	

Narrow-line	Region	

Jet	

[HESS- F. Rieger, A. Taylor, et al.,
Nature- accepted today!] 
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Beq = 60 µG

<latexit sha1_base64="okSyTArW6hCrWEUP7gDbbVS/lSg=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSyCq5JIUTdCqQtdVrAPaEKYTCft0JkkzkyEEiP4K25cKOLW33Dn3zhts9DWAxcO59zLvfcECaNS2fa3sbC4tLyyWloz1zc2t7atnd2WjFOBSRPHLBadAEnCaESaiipGOokgiAeMtIPh5dhv3xMhaRzdqlFCPI76EQ0pRkpLvrXvBmFm1v2M3OUXp/ajy1N4Zea+VbYr9gRwnjgFKYMCDd/6cnsxTjmJFGZIyq5jJ8rLkFAUM5KbbipJgvAQ9UlX0whxIr1scn8Oj7TSg2EsdEUKTtTfExniUo54oDs5UgM5643F/7xuqsJzL6NRkioS4emiMGVQxXAcBuxRQbBiI00QFlTfCvEACYSVjszUITizL8+T1knFqVaqN9VyrV7EUQIH4BAcAwecgRq4Bg3QBBg8gGfwCt6MJ+PFeDc+pq0LRjGzB/7A+PwBOhaU8w==</latexit>

UB ⇡ 10 eV cm�3

<latexit sha1_base64="vCB0Ev41Xr3WBM3a3hH8kcAFI70=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4vgxpJoQZelblxWMG2hiWEynbRDJw9mJmIJ6dqNv+LGhSJu/QF3/o3TNgttPXDhcM693HuPnzAqpGl+a6WV1bX1jfKmvrW9s7tn7B+0RZxyTGwcs5h3fSQIoxGxJZWMdBNOUOgz0vFHV1O/c0+4oHF0K8cJcUM0iGhAMZJK8oyK4weZbntZM3dQkvD4AVomnJD2BId32el5rueeUTVr5gxwmVgFqYICLc/4cvoxTkMSScyQED3LTKSbIS4pZiTXnVSQBOERGpCeohEKiXCz2S85PFZKHwYxVxVJOFN/T2QoFGIc+qozRHIoFr2p+J/XS2Vw6WY0SlJJIjxfFKQMyhhOg4F9ygmWbKwIwpyqWyEeIo6wVPHpKgRr8eVl0j6rWfVa/aZebTSLOMrgCFTACbDABWiAa9ACNsDgETyDV/CmPWkv2rv2MW8tacXMIfgD7fMHVz2Z+A==</latexit>

UIR ⇡ 10 eV cm�3

<latexit sha1_base64="4dIDhvyr/wW2Ipixz6FBhb3m9wQ=">AAACDHicbVC9TsMwGHTKXwl/BUYWiwqJhSqBSjBWsMBWEGkrNaFyXKe16iSW7SCqKN1ZeBUWBhBi5QHYeBvcNgO0nGTpdHefPn/nc0alsqxvo7CwuLS8Ulw119Y3NrdK2zsNGScCEwfHLBYtH0nCaEQcRRUjLS4ICn1Gmv7gYuw374mQNI5u1ZATL0S9iAYUI6WlTqns+kFqOp306iZzEecifoC2BUekMcLhXXp0kpmZTlkVawI4T+yclEGOeqf05XZjnIQkUpghKdu2xZWXIqEoZiQz3UQSjvAA9Uhb0wiFRHrp5JgMHmilC4NY6BcpOFF/T6QolHIY+joZItWXs95Y/M9rJyo481Ia8USRCE8XBQmDKobjZmCXCoIVG2qCsKD6rxD3kUBY6f5MXYI9e/I8aRxX7Gqlel0t187zOopgD+yDQ2CDU1ADl6AOHIDBI3gGr+DNeDJejHfjYxotGPnMLvgD4/MHD0eaWw==</latexit>

[A. Weiss et al., A&A (2008)][J. Burns et al., ApJ (1983)]
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Transport & Cooling Times of Electrons in 
Cen A’s Jets

Synchrotron cooling
dominates

Cooling time 
becomes shorter 
than advection time

Electrons accelerated 
to 0.1 PeV energies

46
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Distinguishing Cen A’s Nucleus and 
Inner Jet SED
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[HESS- F. Rieger, A. Taylor, et al., Nature-
accepted today!] 
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Future Probes- Cutoff Region in 
Synchrotron Spectrum

48
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Collisional Shock- Enthalpy

wrel. =
�

� � 1
p+ ⇢

= wnonrel. + ⇢

<latexit sha1_base64="iWcYqdiB3pSXLzqJkgPiv+Do3yU=">AAACDXicbVC7TsMwFHV4lvAKMLJYFCSmKkEgWJAqWBiLRB9SE0WO67RWbSeyHVAV5QdY+BUWBhBiZWfjb3DbDNBypCsdnXOvfe+JUkaVdt1va2FxaXlltbJmr29sbm07O7stlWQSkyZOWCI7EVKEUUGammpGOqkkiEeMtKPh9dhv3xOpaCLu9CglAUd9QWOKkTZS6Bz6UZzbfh9xji79WCKcP4S5SASUhNWKIieFXYRO1a25E8B54pWkCko0QufL7yU440RozJBSXc9NdZAjqSlm5kU/UyRFeIj6pGuoQJyoIJ9cU8Ajo/RgnEhTQsOJ+nsiR1ypEY9MJ0d6oGa9sfif1810fBHkVKSZJgJPP4ozBnUCx9HAHpUEazYyBGFJza4QD5CJRJsAbROCN3vyPGmd1Lyzmnt7Wq1flXFUwD44AMfAA+egDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzuyBP7A+fwCGVJva</latexit>
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<latexit sha1_base64="El+xt6+70AZySoDk8I9pcxqBpPo=">AAAB/nicbVDLSgMxFL1TX3V8jYorN8EiCEKZEUU3QtGNywr2AZ2hZNJMG5p5kGSEEgb8FTcuFHHrd7jzb0wfC209cOFwzr3JvSfMOJPKdb+t0tLyyupaed3e2Nza3nF295oyzQWhDZLyVLRDLClnCW0opjhtZ4LiOOS0FQ5vx37rkQrJ0uRBjTIaxLifsIgRrIzUdQ78MNL2tR8JTDQ9zQpNC7voOhW36k6AFok3IxWYod51vvxeSvKYJopwLGXHczMVaCwUI9y86OeSZpgMcZ92DE1wTGWgJ+sX6NgoPRSlwlSi0ET9PaFxLOUoDk1njNVAzntj8T+vk6voKtAsyXJFEzL9KMo5UikaZ4F6TFCi+MgQTAQzuyIywCYJZRKzTQje/MmLpHlW9S6q7v15pXYzi6MMh3AEJ+DBJdTgDurQAAIanuEV3qwn68V6tz6mrSVrNrMPf2B9/gCPnpU7</latexit>
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Intuitive Insights into Cut-off 
Shape Origin

For ⌧(x) = ⌧⇤ f / e�x/x⌧

For f / e�(x/x⌧ )
2

For ⌧(x) = ⌧⇤(x/x⇤)
2

⌧(x) = ⌧⇤(x/x⇤)
�2

f / const.

r · (Dxxrf)� f

⌧(x)
= �(r)

Consider the steady-state case of diffusion (constant 
diffusion coefficient) of particles into an absorbing medium


