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In Quantum Chromodynamics one defines the renomalized coupling as follows

g0 → Zgµε g(µ) , (1)

whereg0 denotes the bare (unrenormalized) coupling,g is the renormalized coupling,
Zg the renormalization constant andµ an arbitrary scale.
We apply dimensional regularization andε is the parameter for the shift from 4 dimen-
sions:

D = 4−2ε . (2)

• Calculate the QCDβ-function (recallαs(µ) =
g(µ)2

4π
)

β(αs) = µ2dαs(µ)
dµ2 (3)

by using the renormalization constant

Zg = 1−
1
2

αs(µ)
4π

(1
ε
− γE + ln(4π)

){11Nc−2nf

3

}

(4)

whereNc is the number of colors andnf the numbers of quark flavors.γE denotes
Euler’s constant.

• Solve the QCDβ-function at leading order. What choices do you have for the
initial conditions? How do you fix them?

• What are the limits on the matter content of QCD in order to remain an asymp-
totically free gauge theory?

• ComputeαLO
s (MZ) (leading order) andαNLO

s (MZ) (next-to-leading order) from
inputαNNLO

s (MZ) (next-to-next-to-leading order). Choose some order of pertur-

bation theory and computeα(nf=4)
s (MZ) andα(nf=5)

s (MZ) from inputα(nf=3)
s (MZ).

Hint: This task can be easily solved with the Mathematica packageRunDec.m, cf.
hep-ph/0004189.
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• Compute in Quantum Electrodymancs the divergent part of thefermionic con-
tribution to the photon self-energy.

Hint:

– Feynman rules in QED:

photon propagator
−gµν

p2+ i0

fermion propagator
i

/p−m+ i0

fermion-photon vertex ieγµ

– one-loop integral:

∫
dDℓ

(2π)D

1

(ℓ2+2qℓ+a+ iε)n
= (−1)n i

(4π)2−ε
Γ(n−2+ ε)

Γ(n)
(

q2
−a− iε

)2−ε−n

– Feynman parametrization:

1
AB

=

1∫

0

1
[xA+(1−x)B]2

dx

– Gamma function:

Γ(ε) =
1
ε
+ . . .
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