
F
ro
m

ten
sor

n
etw

orks
to

q
u
an

tu
m

co
m
p
u
tin

g
in

lattice
fi
eld

th
eory

K
arl

Jansen
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•
2
+
1
-d
im

io
n
sio

n
al

U
(1
)
g
au

g
e
th
eory

–
H
am

iltonian
form

ulation
–

truncation
of

the
theory

–
electric

and
m
agnetic

basis
•
3
+
1
-d
im

io
n
sio

n
al

U
(1
)
g
au

g
e
th
eory

•
H
am

ilto
n
ian

form
u
latio

n
o
f
to
p
o
lo
g
ical

term
o
p
en

in
g
p
ath

*
classical

calculations:
tensor

netw
orks

*
quantum

calculations:
quantum

com
puter

•
C
o
n
clu

sio
n



T
ow

ard
s
q
u
an

tu
m

co
m
p
u
tatio

n
s
o
f
a
U
(1
)
g
au

g
e
th
eory

in
d
=
2
sp
ace

d
im

en
sio

n
s

(Jan
H
aase,

L
uca

D
ellantonio,

A
lessio

C
eli,

D
anny

P
aulson,

A
ngus

K
an,

K
.J.,

C
hristine

M
uschik,

Q
uantum

5
(2021)

393)

•
lattice

H
am

iltonian,
lattice

spacing
a,

p
eriodic

b
oundary

conditions

Ĥ
gauge

=
Ĥ

E
+
Ĥ

B

Ĥ
E
=

g
2

2

X

n

⇣
Ê

2n
,e

x
+

Ê
2n
,e

y ⌘
,Ĥ

B
=
�

1

2g
2a

2 X

n

⇣
P̂
n
+
P̂

†n ⌘

•
electric

fi
eld

op
erator:

Ê
n
,e

µ ��E
n
,e

µ ↵
=

E
n
,e

µ ��E
n
,e

µ ↵
,

E
n
,e

µ
2

Z

•
plaquette

op
erator:

P̂
n
=

Û
n
,e

x Û
n
+
e
x
,e

y Û
†n
+
e
y
,e

x Û
†n
,e

y

!
represented

as
low

ering
and

raising
op

erators,
i.e.

P̂
n
|p

n
i
=

|p
n
�

1
i

•
”naive”

continuum
lim

it:
Ĥ
�
�
�
!

a!
0

R
d
x
[E

(x
)
2
+

B
(x

)
2
]

•
G
auss

law
hP

µ
=
x
,y ⇣

Ê
n
,e

µ
�

Ê
n
�
e
µ
,e

µ ⌘
�
q̂
n i

|�
i
=

0
8
n
(
)

|�
i
2

{
physical

states
}

1



p
ictorial

represen
tatio

n

E
lectric

fi
eld

an
d
p
laq

u
ette

p
erio

d
ic

toru
s

ro
tators

an
d
strin

g
s

2



T
ru
n
catio

n
o
f
electric

an
d
m
ag

n
etic

d
eg

rees
o
f
freed

o
m

•
H
am

iltonian
in

electric
basis

•
F
inite

com
putational

resources
)

need
to

truncate
theory:

Ê
n
,e

µ ��E
n
,e

µ ↵
=

E
n
,e

µ ��E
n
,e

µ ↵
,

E
n
,e

µ
2
[�

L
,L

]

!
suitable

for
strong

coupling,
g
2
�

1
!

L
/

O
(
1
0
)

•
problem

:
w
hen

g
2
!

0
)

L
!
1

)
cannot

reach
continuum

lim
it

•
strategy

–
use

a
double

com
pact

(U
(1))

form
ulation

for
E

and
B

fi
elds

–
approxim

ate
U
(
1
)
by

Z
2
L
+
1

•
new

problem
:
L

sm
all:

hit
a
freezing

phase
transition

)
cannot

reach
continuum

lim
it

27.12.20, 12(34
PII: 0550-3213(86)90410-4 | Elsevier Enhanced Reader

Page 14 of 16
https://reader.elsevier.com

/reader/sd/pii/0550321386904104…
4A9BEE900CDE2E0C2EDE62E0F8F26B6FE42BB9B9C4821E45598A45B17B

from
:
J.

Jersak,
C
.B
.
L
ang,

T
.
N
euhaus,

G
.
V
ones,

K
.J.,

N
P
B
265

(1986)
129

3



S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

I:
M
itig

atio
n
th
e
o
f
tru

n
catio

n
pro

b
lem

•
strategy:

use
only

2l
+
1
degrees

of
freedom

centered
at

|0
i
state

–
w
hen

g
2
�

1,
L

can
b
e
sm

all
and

l
=

L
–

w
hen

g
2
⌧

1,
L
�

1
but

still
l
⌧

L
–

L
plays

role
of

resolution
l
plays

role
of

truncation

g
2
�

1:
L
⇠

l
g
2
⌧

1:
L
�

1
but

l
⌧

L

•
w
hen

g
2
/

O
(
1
):

interplay
b
etw

een
L

and
l

•
doesn’t

w
ork

for
M
arkov

chain
M
onte

C
arlo
!

autocorrelation

4



S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

II:
E
lim

in
atin

g
d
eg

rees
o
f
freed

o
m

•
consider

single
p
eriodic

plaquette

•
charge

conservation
P

n
q̂
n
=

0
in

G
auss

law
provides

constraints

Ê
(
0
,0
)
,e

x
+

Ê
(
0
,0
)
,e

y
�

Ê
(
1
,0
)
,e

x
�

Ê
(
0
,1
)
,e

y
=

q̂
(
0
,0
)

Ê
(
0
,1
)
,e

x
+

Ê
(
0
,1
)
,e

y
�

Ê
(
1
,1
)
,e

x
�

Ê
(
0
,0
)
,e

y
=

q̂
(
0
,1
)

Ê
(
1
,1
)
,e

x
+

Ê
(
1
,1
)
,e

y
�

Ê
(
0
,1
)
,e

x
�

Ê
(
1
,0
)
,e

y
=

q̂
(
1
,1
)

Ê
(
1
,0
)
,e

x
+

Ê
(
1
,0
)
,e

y
�

Ê
(
0
,0
)
,e

x
�

Ê
(
1
,1
)
,e

y
=

q̂
(
1
,0
)

•
solving

these
equations

–
allow

s
to

elim
inate

som
e
degrees

of
freedom

–
leads

to
com

plicated,
non-local

interactions

5



U
sin

g
ro
tators

an
d
strin

g
s

•
reform

ulate
H
am

iltonian

–
rotators

–
strings

e.g.
Ê

(
0
,0
)
,e

y
+

Ê
(
0
,1
)
,e

y
=

R̂
y

E
lectric

fi
eld

an
d
p
laq

u
ette

p
erio

d
ic

toru
s

ro
tators

an
d
strin

g
s

6



R
elatio

n
b
etw

een
electric

fi
eld

o
p
erator

an
d
ro
tators

an
d
strin

g
s

•
relation

b
etw

een
electric

fi
elds

and
rotators

and
strings

Ê
(
0
,0
)
,e
x

=
R̂
1
+

R̂
x
�
⇣
q̂
(
1
,0
)
+

q̂
(
1
,1
) ⌘

,
Ê
(
1
,0
)
,e
x

=
R̂
2
�

R̂
3
+

R̂
x

Ê
(
1
,0
)
,e
y

=
R̂
1
�

R̂
2
�

q̂
(
1
,1
)
,

Ê
(
1
,1
)
,e
y

=
�
R̂
3

Ê
(
0
,1
)
,e
x

=
�
R̂
1
,

Ê
(
1
,1
)
,e
x

=
R̂
3
�

R̂
2

Ê
(
0
,0
)
,e
y

=
R̂
2
�

R̂
1
+

R̂
y
�

q̂
(
0
,1
)
,

Ê
(
0
,1
)
,e
y

=
R̂
3
+

R̂
y

inverted
version:

R̂
1
=

�
Ê
(
0
,1
)
,e
x

R̂
2
=

�
Ê
(
0
,1
)
,e
x
�

Ê
(
1
,0
)
,e
y
�

q̂
(
1
,1
)

R̂
3
=

�
Ê
(
1
,1
)
,e
y

R̂
x

=
�
Ê
(
0
,0
)
,e
x
+

Ê
(
0
,1
)
,e
x
+

q̂
(
1
,0
)
+

q̂
(
1
,1
)

R̂
y
=

Ê
(
0
,1
)
,e
y
+

Ê
(
1
,1
)
,e
y

7



H
am

ilto
n
ian

in
term

s
o
f
ro
tators

an
d
strin

g
s

•
setting

all
charges

to
zero

hĤ
gauge

,R̂
x i

=
0
)

string
op

erator
irrelvant

•
H
am

iltonian
b
ecom

es
rather

sim
ple

!
elim

inate
(arbitrarily)

P̂
4

Ĥ
(
e
)

E
=

2g
2 hR̂

21
+

R̂
22
+

R̂
23
�

R̂
2 ⇣

R̂
1
+
R̂

3 ⌘i

Ĥ
(
e
)

B
=
�

1

2g
2a

2 hP̂
1
+
P̂
2
+
P̂
3
+

P̂
1 P̂

2 P̂
3
+
H
.c. i

8



S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

III:
S
w
itch

in
g
to

th
e
m
ag

n
etic

b
asis

•
discrete

F
ourier

transform
ation

F̂
†2
L
+
1
=

1
p
2L

+
1

L
X

µ
,⌫
=
�
L

e �
i

2
⇡

2
L
+
1
µ
⌫
|µ
i
h⌫

diagonalizes
low

ering
plaquette

op
erator

(�
integer)

F̂
2
L
+
1 P̂

�
F̂

†2
L
+
1
=

L
Xr
=
�
L

e
x
p
�
i

2
⇡

2
L
+
1
�
r
|r
i
hr

|

•
rotators

can
b
e
treated

by
F
ourier

expansion
(up

to
a
constant)

R̂
7!

2
L

X⌫
=
1

f
s⌫
s
in

✓
2⇡
⌫

2L
+
1
R̂

◆
,R̂

2
7!

2
L

X⌫
=
1

f
c⌫
c
o
s ✓

2⇡
⌫

2L
+
1
R̂

2 ◆

9



H
am

ilto
n
ian

in
m
ag

n
etic

b
asis

•
electric

part

Ĥ
(
b
)

E
=

g
2

2
L
X⌫
=
1 8<:

f
c⌫

3
Xj
=
1

R̂
⌫j
+

f
s⌫

2

h
R̂
⌫2
�
⇣
R̂

†2 ⌘
⌫ i

⇥
2
L
Xµ
=
1

f
sµ

h
R̂

µ1
+

R̂
µ3 i 9=;

+
H
.c
.

–
f
sµ ,f

cµ
know

n
coe�

cients

•
(diagonal)

m
agnetic

part
|r
i
=

|r
1 r

2 r
3
i

Ĥ
(
b
)

B
=

�
1

g
2
a
2

L
Xr
=
�
L


c
o
s ✓

2
⇡
r
1

2
L

+
1 ◆

+
c
o
s ✓

2
⇡
r
2

2
L

+
1 ◆

+
c
o
s ✓

2
⇡
r
3

2
L

+
1 ◆

+
c
o
s ✓

2
⇡
(
r
1
+

r
2
+

r
3
)

2
L

+
1

◆
�
|rihr|

10



E
�
cien

t
form

u
latio

n
for

q
u
an

tu
m

an
d
ten

sor
n
etw

ork
sim

u
latio

n
s

•
electric

part

Ĥ
(
b
)

E
=
g
2

2
L
X⌫
=
1 8<:

f
c⌫

3
Xj
=
1

⇣
V̂

�j

⌘
⌫

+
f
s⌫

2

h⇣
V̂

�2

⌘
⌫

�
⇣
V̂

+

2

⌘
⌫ i

⇥
2
L
Xµ
=
1

f
sµ

h⇣
V̂

�1

⌘
µ

+

⇣
V̂

�3

⌘
µ i 9=;

+
H
.c
.

•
(diagonal)

m
agnetic

part

Ĥ
(
b
)

B
=

�
1g
2

"
3
Xi
=
1

c
o
s  

2
⇡
Ŝ

zi

2
L

+
1 !

+
c
o
s 0B@

2
⇡

⇣
Ŝ

z1
+

Ŝ
z2
+

Ŝ
z3 ⌘

2
L

+
1

1CA

375

•
Ŝ
z,

z-com
p
onent

of
spin

op
erator,

V̂
�
ladder

op
erator

!
expressible

in
P
auli

op
erators

V̂
�
⌘

2664

0
.
.
.

.
.
.

0

1
.
.
.

.
.
.

0

0
...

...
0

0
.
.
.

1
0

3775
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S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

IV
:
T
h
e
o
b
servab

le

•
having

a
single

plaquette,
the

observable
is

h⇤
i
=
�

1V

D
 

0 ��� Ĥ
B ���
 

0 E

i.e.
the

plaquette
exp

ectation
value

in
the

ground
state

–
can

detect
phase

transitions
–

w
as

also
used

in
pioneering

w
ork

by
M
.
C
reutz,

P
hys.

R
ev.

D
21,

2308
(1980)

–
encodes

the
running

coupling
↵
r
e
n
=

g
2/
h⇤
i
1
/
4

(B
ooth

et.al.,
P
hys.L

ett.B
519

(2001)
229,

hep-lat/0103023)

 
p
erturbative

expansion
of
h⇤
i

!
provides

non-p
erturbative

⇤
param

eter
i.e.

scale,
w
here

non-p
erturbative

physics
sets

in

12



C
o
u
p
lin

g
d
ep

en
d
en

ce
o
f
p
laq

u
ette

•
plaquette

dep
endence

on
g
2
and

di↵
erent

truncations

electric
basis

inset
1g
2
=

1
0

m
agnetic

basis

tru
n
catio

n
e↵

ect
from

D
.
P
aulson

et.al.,
P
R
X

Q
uantum

2
(2021)

03033413



T
ru
n
catio

n
e↵

ects

•
m
easures

for
quantifying

truncations
e↵

ects

–
sequence

fi
delity

F
(
µ
)

s
(
l
,
L
)
=

l�
1

X

r
=
�
l
+
1

⌧
 
(
µ
)
(
l�

1
,
L
)
|
r �
⌧
r
|
 
(
µ
)
(
l
,
L
) �

!
overlap

of
successive

truncations
l
�
1
and

l

–
F
ourier

fi
delity

F
f
(
l
)
=

m
a
x
L
>
l ��� D

 
(
b
)
(
L
,
l
)|F̂

(
L
,
l
)| 

(
e
)
(
l
) E
���
2

!
overlap

of
ground

state
in

electric
and

m
agnetic

representation
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S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

V
:
w
h
ich

L
an

d
l?

•
sequence

fi
delity

F
(
µ
)

s
(l,L

)
=

l�
1

X

r
=
�
l
+
1 D
 
(
µ
)(l
�

1,L
)

|
r E

D
r

|
 
(
µ
)(l,L

) E

!
overlap

of
successive

truncations
l
�
1
and

l

g
2
=

1/
1
0
0

num
b
er

of
states

drastically
reduced

–
optim

al
value

L
o
p
t

!
com

putational
cost

reduced
–
su�

ently
large

value
of

l
)

en
orm

o
u
s
g
ain

15



A
d
d
in
g
m
atter

•
using

staggered
discretization

–
m
ass

term
Ĥ

M
=

m
X

n

(
�
1
)
n
x
+
n
y
 ̂

†n
 ̂

n

–
kinetic

term
Ĥ

K
=

X

n

Xµ
=
x
,y h
 ̂

†n

⇣
Û

†n
,e

µ ⌘
 ̂

n
+
e
µ
+
H
.c. i

–
charge

op
erator

q̂
n
=

q ⇣
 ̂

†n
 ̂

n
�

12
[1
�
(
�
1
)
n
x
+
n
y
] ⌘

•
p
erform

ing
the

sam
e
transform

ations
to

m
agnetic

basis
!

obtain
H
am

iltonian
in

m
agnetic

basis

16



Id
en

tifyin
g
a
p
h
ase

tran
sitio

n

•
using

an
op

en
plaquette

w
ith

dynam
ical

m
atter

•
coupling

dep
endence

of
plaquette

at
negative

ferm
ion

m
ass

!
com

p
eting

e↵
ects

of
kinetic

and
m
agnetic

term
s

•
a
phase

transition
at

negative
ferm

ion
m
ass

(?)
!

fi
delity

largish

—
m
agnetic

—
electric

17



S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

V
II:

co
n
stru

ct
q
u
an

tu
m

circu
it

an
d
m
easu

rem
en

t
pro

to
co

l
(D

.
P
aulson,

L
.
D
ellantonio,

J.
H
aase,

A
.
C
eli,

A
.
K
an,

A
.
Jena,

C
.
K
okail,

R
.
van

B
ijnen,

K
.J.,

P
.
Z
oller,

C
.
M
uschik,

P
R
X
Q
uantum

2
(2021)

030334)

•
designing

the
quantum

circuit
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S
tep

s
tow

ard
s
q
u
an

tu
m

sim
u
latio

n
o
f
L
G
T

V
III:

d
em

o
n
stratio

n
o
f
feasib

ility
o
n
N
IS
Q

d
evices

•
p
erform

classical
variational

quantum
sim

ulation

–
obtain

m
easurem

ent
p
oints

–
dem

onstrate
e↵

ect:
!

indications
of

phase
transition

at
negative

ferm
ion

m
ass
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T
o
p
o
lo
g
ical

term
s
for

3
+
1
d
im

en
sio

n
al

g
au

g
e
th
eories

(A
ngus

K
an,

L
ena

F
uncke,

S
tefan

K
ühn,

L
uca

D
ellantonio,

Jinglei
Z
hang,

Jan
H
aase,

C
hristine

M
uschik,

K
.J.,

P
hys.R

ev.D
,
104
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Û

†~n
,j
k ⌘i

•
alternative

w
ays:

–
transfer

m
atrix

(arxiv:2105.06019)

–
✓-term

as
p
erturbation

(arX
iv:2104.02024)

•
here:

look
at

single
p
eriodic

cub
e
w
ith

exact
diagonalization

21



L
attice

H
am

ilto
n
ian

an
d
o
b
servab

les

•
lattice

H
am

iltonian
Ĥ
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Ê
2~n
,j
,

Ĥ
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