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e 2+1-dimionsional U(1) gauge theory

— Hamiltonian formulation
— truncation of the theory
— electric and magnetic basis
e 3+1-dimionsional U(1) gauge theory

e Hamiltonian formulation of topological term opening path

* classical calculations: tensor networks
* quantum calculations: quantum computer

e Conclusion



Towards quantum computations of a U(1) gauge theory in d=2 space

dimensions

(Jan Haase, Luca Dellantonio, Alessio Celi, Danny Paulson, Angus Kan, K.J., Christine Muschik,

Quantum 5 (2021) 393)

lattice Hamiltonian, lattice spacing a, periodic boundary conditions

I:Igauge — I:[E + [:IB
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Ho =53 (Fre.t Bre,) Hi = g 2 (PntPL)

electric field operator: En,eu Ene,)=FEne,|Fne,) Ene, €Z

A

plaquette operator: P,, = Un,exUnJrex,eyUT Ut

n+ey,ex” N,ey

— represented as lowering and raising operators, i.e. pn\pn> = |pn — 1)

"naive” continuum limit: H —— [ dz[E(x)? + B(x)?]

Gauss law

Zome (B
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a—0

ey En—euaeu) — cjn} |®) = 0Vn <= |®) € { physical states }



pictorial representation

Electric field and plaquette periodic torus rotators and strings



Truncation of electric and magnetic degrees of freedom

e Hamiltonian in electric basis

e Finite computational resources
= ne_ed to truncate theory:. Ene, ‘En,e,) = FEn.e, }En,e/) , Ene, € —L, L]
— suitable for strong coupling, g* > 1 — L o< O(10)

e problem: when ¢*> = 0= L — o0
= cannot reach continuum limit

e strategy

— use a double compact (U(1)) formulation for E and B fields
— approximate U(1) by Zop 11

X
Z012) A=001

6“lattice

-5 o —
gl N

e new problem: L small: 2y
hit a freezing phase transition SR A =~V
= cannot reach continuum limit

from: J. Jersak, C.B. Lang, T. Neuhaus,
G. Vones, K.J., NPB 265 (1986) 129



Steps towards quantum simulation of LGT
I: Mitigation the of truncation problem

e strategy: use only 2/ 4+ 1 degrees of freedom centered at |0) state

— when ¢g° > 1, L can be smalland [ = L
— when g2 <1, L>1butstill]l < L
— L plays role of resolution [ plays role of truncation

g?>>1: L~1I ¢?<1l: L>1butl< L
e when g% o< O(1): interplay between L and I

e doesn’'t work for Markov chain Monte Carlo — autocorrelation



Steps towards quantum simulation of LGT
Il: Eliminating degrees of freedom

e consider single periodic plaquette

e charge conservation ) g, = 0 in Gauss law provides constraints

E(O,O),em + E(O,O),ey — E(l,O),ex — E(o,1),ey = 4(0,0)
E(O,l),ex + E(O,l),ey — EAl(l,l),ex — E(O,O),ey = q(0,1)
EA(1,1),em + E(1,1),ey — EA(0,1),ex — E(l,O),ey = q(1,1)

E(l,O),em =+ E(l,O),ey — E(O,O),em — E(1,1),ey = q(1,0)

e solving these equations

— allows to eliminate some degrees of freedom
— leads to complicated, non-local interactions



Using rotators and strings

e reformulate Hamiltonian

— rotators
— strings e.g. E(O,O),ey + E(0’1)7ey = Ry

Electric field and plaquette periodic torus rotators and strings



Relation between electric field operator and rotators and strings

e relation between electric fields and rotators and strings

B(0,0),ec = B1+ Re = (41,0 +d11)) - B(1,0),ep = B2~ B3 + Ra

A~

E(1,0),ey = 1 — B2 = 4(1,1) E(1,1),ey = 3
E,1),ec = ~ 11 E(1),e, = B3 — B2
E0,0),ey = 12— i1 + Ry — 40,1 E(0,1),ey = i3 + Ry

Inverted version:

A~

Ry = _E(O,l),em
RQ = _E(O,l),ex - E(l,O),ey a Q(l,l)
RB - _E(l,l),ey
Re = ~E 0).ex T £0,1),e5 T 4(1,0) T 4(1,1)

Ry - E(071)7€y - E(171)>€y



Hamiltonian in terms of rotators and strings

A A

e setting all charges to zero [Hgauge ,Rx} = (0 = string operator irrelvant

e Hamiltonian becomes rather simple
— eliminate (arbitrarily) Py

HY =24 [R% +R2+ R2- Ry (1%1 1 Rg)}

L

_292a2 [Pl —|— pg —|— pg —|— plpgpg —|— HC}



Steps towards quantum simulation of LGT
I1l: Switching to the magnetic basis

e discrete Fourier transformation

F§L+1_m Z ><V

diagonalizes lowering plaquette operator (- integer)

ﬁ2L+1p7ﬁgL+1 - Z eXP_iQI%LW |7) (7|
r=—1L

e rotators can be treated by Fourier expansion (up to a constant)

2L 2TV - 2TV
R S si R) .R%2 — ¢ R?
;fV81n(2L+1 ) : ;fycos(2L+1 )



Hamiltonian in magnetic basis

e electric part

2L 3 fs y
~r (b c SV v SV >
H(E):g2 f}/ Rj +?[R2_(Rg) i|

v=1 1=1

2L
x> fo R+ RY| B+ HLC
pu=1

— /s J known coefficients

e (diagonal) magnetic part |r) = |rirors)

L
AY = = 13 [eos (2
B g*a® — 2L + 1

4 ( 27'('7“2 > 4 ( 27‘(")“3 )
COS
“Plor 11 oL + 1

+ cos (27T (T;;fl—i_ Tg))] [7) (7|




Efficient formulation for quantum and tensor network simulations

e electric part

e (diagonal) magnetic part

A 2 SZ
H](gb) — [Z COS ( i

o 5%, z-component of spin operator, V-

— expressible in Pauli operators

S O = O

W(§f+§§+§§> ]
2L + 1

1) + cos

ladder operator

o O O O

11



Steps towards quantum simulation of LGT
IV: The observable

e having a single plaquette, the observable is
Oy = -2 <qfo ‘HB‘ qfo>

I.e. the plaquette expectation value in the ground state

— can detect phase transitions
— was also used in pioneering work by M. Creutz, Phys. Rev. D 21, 2308 (1980)
— encodes the running coupling aye, = ¢2/(C)1/4
(Booth et.al., Phys.Lett.B 519 (2001) 229, hep-lat/0103023)
< perturbative expansion of ([J)
— provides non-perturbative A parameter
I.e. scale, where non-perturbative physics sets in

12



Coupling dependence of plaquette

e plaquette dependence on ¢? and different truncations

1.0f

electric basis T
] Ay L

o
N
1

107" 10 1/42 10 107

truncation effect
from D. Paulson et.al., PRX Quantum 2 (2021) 030334
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Truncation effects

e measures for quantifying truncations effects

— sequence fidelity

-1

APan= 3 (eWa-nnie) (reWen)
r=—1+1

— overlap of successive truncations
[—1and !

— Fourier fidelity

Fe(t) = maxp o [ (0L, 017 0O 1)

— overlap of ground state
in electric and magnetic
representation

1071 10° 10t 10 1071 10° 10t 102
1/g* 1/g*



Steps towards quantum simulation of LGT
V: which L and [?

e sequence fidelity
I—1

FS(M)(laL) _ Z

r=—I[+1

(6@ =1,L) |r) (r | ®0 L))

— overlap of successive truncations [ — 1 and [

g® =1/100
— optimal value L
— suffiently large value of [

[ Standard truncation  Unscaled Zy truncation Scaled Zy truncation
/9 (electric basis)  (electric and magnetic basis) * (electric and magnetic basis)

0.1 Al 2 Al
10 297 1331 125
100 > 9261 2 2

number of states drastically reduced
— computational cost reduced

= enormous gain
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Adding matter

e using staggered discretization

— mass term

— kinetic term

e =ry > |0 (Ohe,) Une, + He,
n u=x,y
— charge operator

Cjn — (g (\Ijilan — % [1 o (_1)nm+ny])

e performing the same transformations to magnetic basis
— obtain Hamiltonian in magnetic basis

16



Identifying a phase transition

e using an open plaquette with dynamical matter

e coupling dependence of plaquette at negative fermion mass
— competing effects of kinetic and magnetic terms

e a phase transition at negative fermion mass (?)

— fidelity largish
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(b)

— magnetic

— electric
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Steps towards quantum simulation of LGT
VIl: construct quantum circuit and measurement protocol
(D. Paulson, L. Dellantonio, J. Haase, A. Celi, A. Kan, A. Jena,
C. Kokail, R. van Bijnen, K.J., P. Zoller, C. Muschik, PRX Quantum 2 (2021) 030334)

e designing the quantum circuit

CL) Electric representation
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b) Magnetic representation

. 015 )
4
i =T

4

5

: — | T J—

7 '6_| 017=7T/2

8 2 Sg
9




Steps towards quantum simulation of LGT
VIII: demonstration of feasibility on NISQ devices

e perform classical variational quantum simulation

— obtain measurement points
— demonstrate effect:
— indications of phase transition at negative fermion mass

102 10! 10° 10! 102
2
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Topological terms for 3+1 dimensional gauge theories
(Angus Kan, Lena Funcke, Stefan Kiihn, Luca Dellantonio,

Jinglei Zhang, Jan Haase, Christine Muschik, K.J., Phys.Rev.D, 104 (2021) 3 034504)

e Topological term from divergence of chiral current (}’g — 57“75?7@)

H g uv
Z,u auj5 Y ZM,V F F,Lu/

— tensor network calculations
— quantum computations
e relation between #-term and (complex) mass term

0 L] N ) 5 7
under chiral rotation ¢ — €"*7 @

2 A fal

myy — mwe%‘”%@
A~ ~ ~ A~ 2 A Z Ty . ~
H — H+ Oézuﬁujg = H + %ZM,VF’UJVFNV —|—m¢621av5¢

— negative mass (—m, 0 = 0) <> (+m,0 = m)

20
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Lattice version of topological terms

A

e abelian and non-abelian lattice version of F*"F),

>

. 2
~ g 0 b b b (1 it
0= LSS (B B2 (G0
n,b (i,5,k)€E even
e alternative ways:

— transfer matrix (arxiv:2105.06019)
— f-term as perturbation (arXiv:2104.02024)

e here: look at single periodic cube with exact diagonalization

S
T

Ao 0

.
o )7/ . A A
— .
; \Dﬁ+2.1
A

-

N

O
(

C

A
O
A
O
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Lattice Hamiltonian and observables

e lattice Hamiltonian H — ﬁE + F[B - HQ

n (i,j,k)€E even

e observables

(P) = _VLB <‘I’0 ‘ﬁB| ‘I’0> (plaquette) (Q) = —é <\Ifo\@|\lfo> (topological charge)

<E2> = é <\IJO |I§TE‘ \IJO> (electric energy) (£) = <\Ifo Z Eg, \IJO> (electric field)

n,j

22



Results: plaquette, electric energy and topological charge

2x10—% ‘ ‘ ‘ ‘ ‘ 0.4
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Results: avoided level crossing

0.6
0.4
0.2
0
0.2
04
06 |
o8l T N :
T O . - :

1.9
0.31 0.32 0.33 0.34 0.35

0

energy spectrum
calculation at 8 = 0.3

— avoided level crossing
2nd order phase transition?

e check finding with tensor networks on larger lattices
e investigate larger 5 and Coulomb phase

e explore the nature of the phases close to phase transition

24



Conclusion: topological terms in lattice gauge theories

e 2+41-dimensional gauge theory

developed resource effcient formulation for

quantum simulations and

tensor network calculations

allows to perform computations at all values of the coupling
— demonstrated at example of d=2-+1 dimensional QED
— signature of phase transition at negative fermion mass
can be generalized to higher dimensions

ready for simulations with topological term

e QOutlook

Hamiltonian formulation of topological term in d=2+1 and d=3+1
dimensional QED

classical calculations: tensor networks
quantum calculations: quantum computer

25



Steps towards quantum simulation of LGT
VI: Finding ground state: Variational Quantum Simulation

start with some initial state |W;,;¢)

apply succesive gate operations = unitary operations e*>?

examples for S: Pauli matrices o, 0, 0., parametric CNOT
. init . init
W (Ginie)) = €20 eSO gy i)

with R := e cost function evaluated on quantum computer

winit>

Hamiltonian expressed in terms of Pauli matrices (generally possible)
— measure result of Pauli matrix operation on |U(6ipnit))

C(0h) = (v | (I B) HIT, Ry

26



Finding ground state: Variational Quantum Simulation

evaluate cost function for initial parameters 6;,;; on quantum computer

¢1n1t>

R ~ T
C0hi) = (e | (TTios R i) H T BB

!

give to classical computer — optimize over Oy
e.g. gradient descent, baysean optimization, ...
— obtain new set of parameters 6 ,cw

!

give to quantum computer evaluate new cost function

C(gneW) = <¢init <HJ , B (0 nevv)> HH] B (0 neW)

!

give to classical computer — optimize over 6;,it and O,ew, ...
— obtain new set of parameters 6 ¢

¢1n1t>

go to (2) until converge, i.e. find minimum

27



Variational quantum simulation

— —

e evaluate cost function (VU (0)|H |V (0))
on quantum device

e feedback loop

e optimize over parameters 0
on classical computer
— give back new set of ¢

28



The Schwinger model with topological /-term
(L. Funcke, S. Kiihn, KJ, Phys.Rev.D 101 (2020) 5, 054507)

e Lagrangian of Schwinger model with topological #-term

L= p—gA—m)b—

e Hamiltonian

H = —’1:1;’}/1 <81

e (-term shifts electric field operator
(derivation on operator level in Phys.Rev.D 101 (2020) 5, 054507)

e | attice formulation

H = — Qaz (¢T wn¢n—|—1

c.) +m), (-

1 v 1%
Lp Fm 4 e i

—z‘gAl)ermWJr%(FJr %)2

2

e integrating out gauge fields and Jordan-Wigner transform (z = 1/a”g?)

_ZEZ ( On n—|—1—|_hc)

3 2m(=

D™ (14 0%)

+ 20, (o @k + %)2
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Phase transition at 0 = 71

& 2F
§ (a) Py 0.2 (b) A groun_d state energy,
~ (.05 ) ~ electric field
= S o = 0.0 ¢
S S |
S o
ﬁ / '\ —0.2F
0.00 | | | |
0.0 0.5 1.0 0.0 0.5 1.0
0/2m 0/2m
© .
< 0.2 o! _
3 o % chiral condensate
Q01F s %
) / .\
0.0 |
0.0 0.5 1.0
0/2n

AE).C(m.0 Ey.C(m.0)—Ey.C(m.60
O’QQ(m’ ) — Eolm, >92 0,C(m, 0), 0y reference value



0 dependence of physical Observables

perturbative formulae for m/g < 1 (C. Adams, Ann. Phys. 259, 1 (1997))

Ground state energy (€4, £_ numerical constants)

EO(m79)g2 _ m

2L

— ——5 COS
92

Electric field density

topological susceptibiliy

0
g g
,0
Xtop(m ) — _m22 COS
g g

chiral condensate

(9)—7r(

2
gz_g%‘) X (pugE4 cos(20) + pde_)

2
sin(0) + 7 (”;—22) piE. sin(20)

(0) 7 () e, cos(20)

g

2
2) X (pugE4 cos(20) + pde-)
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Small mass regime: ground state energy

0.00

0.004 triangle: coarsest lattice spacing

0.002 square: finest lattice spacing

0.000 circle: continuum limit

0/2m

m/g = 0.21

1 1
0.0 0.2 0.4
0/2m

A _ . .
% = gO(m’mgQgO(m’QO), 0y = O reference value — ultra-violet finite
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Small mass regime: electric field density

0.015

AT triangle: coarsest lattice spacing
0.010} A gmmmg s

0.005 square: finest lattice spacing

0.000 circle: continuum limit

m/g = 0.21

I |
0.0 0.2 0.4
0/2m

reference value

A}"(;n,@) _ f(m,@)—f(m,@o), (90

g g
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Small mass regime: topological susceptibility

atm/g=0— x/g=0
— CP invariance

triangle: coarsest lattice spacing

square: finest lattice spacing

circle: continuum limit

= 97 - derivative of electric field
<>
\§: [ ] . "
= 0.1F 2nd derivative of Fj
= m/g = 0.21

| | |

0.0 0.2 0.4

0/2m

A 0 0)— 0
Ax(m,0) _ x(m,9) 2X(m’ 0), 0y reference value

g g
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Small mass regime: chiral condensate

triangle: coarsest lattice spacing

square: finest lattice spacing

circle: continuum limit

0/2m

. | .
0.0 0.2 0.4 0.0 0.2 0.4
0/2m

AC(m,0) _ C(m,@)—f(m,@o), (90

2

reference value
g g
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Summary for 141 dimensional QED with 0-term

e MPS allows for controlled computations for m/g < 0
— not accessible for MCMC

e mass perturbation theory breaks down for |m/g| = 0.14
Outlook

e 1+1-dimensional QED with many flavours

e 2-+1-dimensional and 3+1-dimensional QED

— develop Hamiltonian for f-term

— augmented tree tensor networks,
(arxiv:2011.10658 and Phys.Rev.X 10 (2020) 4, 041040

— quantum computation — truncation effects

e non-abelian theories

36



