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Why quantum computing

> Quantum Biotechnology, N. Mauranyapin, et.al, arXiv:2111.02021

> Emerging quantum computing algorithms for quantum chemistry, M. Motta, et.al.,

arXiv:2109.02873

> Quantum Theory Methods as a Possible Alternative for the Double-Blind Gold Standard of

Evidence-Based Medicine: Outlining a New Research Program, D.k Aerts, et.al.,

arXiv:1810.13342

> Quantum Battery with Ultracold Atoms: Bosons vs. Fermions, Tanoy Kanti Konar, et.al.,

arXiv:2109.06816

> Hybrid Quantum-Classical Algorithms for Loan Collection Optimization with Loan Loss

Provisions, J. Tangpanitanon, et.al, arXiv:2110.15870

> A Quantum Natural Language Processing Approach to Musical Intelligence E. Miranda,

et.al., arXiv:2111.06741
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Evidence-Based Medicine: Outlining a New Research Program, D.k Aerts, et.al.,

arXiv:1810.13342

> Quantum Battery with Ultracold Atoms: Bosons vs. Fermions, Tanoy Kanti Konar, et.al.,

arXiv:2109.06816

> Hybrid Quantum-Classical Algorithms for Loan Collection Optimization with Loan Loss

Provisions, J. Tangpanitanon, et.al, arXiv:2110.15870

> Developing a Framework for Sonifying Variational Quantum Algorithms: Implications for

Music Composition, Paulo Vitor Itaboraí, Peter Thomas, Arianna Crippa, Karl Jansen, Tim

Schwägerl, María Aguado Yáñez, arXiv: 2409.07104
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Quantum computer: from the outside
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Quantum computer: from the inside

• Shielded to 50,000 times less

than Earth’s magnetic field

• In a high vacuum: pressure is 10 billion

times lower than atmospheric pressure

• Cooled 180 times colder than

interstellar space (0.015 Kelvin)

→ prevent quantum noise

• IBMQ: 433 qubits 2022, >1000 qubits 2023, >4000 qubits 2024

→ 10K to 100K error corrected, parallelized

• Google promise: 1.000.000 qubits 2030, 1000 qubits error corrected
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How to quantum compute

> python programming language

→ company provides quantum libraries

> very convenient setup

→ simulator runs on your local machine

→ hardware usable through quantum cloud service

→ build on reservation system

> documentation, tutorials and examples availabe on website,

e.g. IBM’s textbook: https://qiskit.org/textbook/preface.html

→ you can start now!
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Schwinger model: 2-dimensional Quantum
Electrodynamics
Quantization via Feynman path integral

Z =
∫
DAµDΨDΨ̄e−Sgauge−Sferm

Fermion action

Sferm =
∫
d2xΨ̄(x) [Dµ +m] Ψ(x)

gauge covriant derivative

DµΨ(x) ≡ (∂µ − ig0Aµ(x))Ψ(x)

with Aµ gauge potential, g0 bare coupling

Sgauge =
∫
d2xFµνFµν , Fµν(x) = ∂µAν(x)− ∂νAµ(x)
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Lattice Schwinger model
introduce a 2-dimensional lattice with

lattice spacing a

s

ψ

UP

Uµfields Ψ(x), Ψ̄(x) on the lattice sites

x = (t,x) integers

discretized fermion action

S → a2
∑

x Ψ̄ [γµ∂µ − r ∂2µ︸︷︷︸
∇∗

µ∇µ

+m] Ψ(x)

∂µ = 1
2

[
∇∗

µ +∇µ

]
discrete derivatives

∇µΨ(x) = 1
a [Ψ(x+ aµ̂)−Ψ(x)] , ∇∗

µΨ(x) = 1
a [Ψ(x)−Ψ(x− aµ̂)]

second order derivative→ remove doubler← break chiral symmetry
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Implementing gauge invariance
Wilson’s fundamental observation: introduce Paralleltransporter connecting the points x
and y = x+ aµ̂ :

U(x, µ) = eiaAµ(x) ∈ U(1)

⇒ lattice derivatives

∇µΨ(x) =
1

a
[U(x, µ)Ψ(x+ µ)−Ψ(x)]

∇∗
µΨ(x) =

1

a

[
Ψ(x)− U−1(x− µ, µ)Ψ(x− µ)

]
action gauge invariant under

Ψ(x)→ g(x)Ψ(x), Ψ̄(x)→ Ψ̄(x)g∗(x),
U(x, µ)→ g(x)U(x, µ)g∗(x+ µ)
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The Schwinger model: the action

> Wilson’s fundamental observation: introduce parallel transporter connecting the

points x and y = x+ aµ̂ :

U(x, µ) = eiaAµ(x) ∈ U(1)

> lattice derivative: ∇µΨ(x) = 1
a [U(x, µ)Ψ(x+ µ)−Ψ(x)]

> plaquette action

Up = U(x, µ)U(x+ µ, ν)U †(x+ ν, µ)U †(x, ν)

→ FµνF
µν(x) for a→ 0

S = a2
∑

x

{
β(= 1

g20
)
[
1− Re(U(x,p))

]
+ Ψ̄(x)

[
m+ 1

2{γµ(∇µ +∇?
µ)− a∇?

µ∇µ}
]
Ψ
}

DESY. Page 18| Study of the running coupling with quantum computing | Arianna Crippa, 18/03/2024

2+1-dimensional QED

Sites:

Links:

where

  plaquette operator

Kogut-Susskind Hamiltonian

( : encodes how the fermion field changes 
as it moves between sites with an electromagnetic 
interaction)
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Physical observables

expectation value of physical observables O

〈O〉 = 1

Z

∫
fields

Oe−S︸ ︷︷ ︸
↓

lattice discretization

↓

01011100011100011110011

↓
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Going to Quantum Chromodynamics

change factor

2-d (40× 40)→ 4-d (404) 1600

gauge field U(x, µ) ∈ U(1)→ U(x, µ) ∈ SU(3) 8

Pauli matrices σµ → Gell-Mann-matrices γµ 4

spinors become 12-component complex vectors 24

> total factor: 1228800

> theory needs renormalization
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Present day Lattice Gauge Theory calculations

> Large activity of theoretical lattice simulations

of the standard model of particle interaction

→ see FLAG review, Y. Aoki et.al, Eur.Phys.J.C 82 (2022) 10, 869

> discretize space and time

> use euclidean metric

> Feynman path integral→ statistical mechanical system

> Lattice simulations of QCD, Higgs-Yukawa sector, Supersymmetry via

Markov Chain Monte Carlo Methods
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A Towards resolving the spin puzzle of the nucleon
(C. Alexandrou, M. Constantinou, K. Hadjiyiannakou,

C. Kallidonis, G. Koutsou, A. Vaquero Avilés-Casco, C. Wiese, K. Jansen)
> old puzzle: quarks provide only surprisingly small contribution to spin

→ remained unsolved for decades

> lattice gauge theory advances

– very demanding, dedicated effort

– including four lightest quarks and gluon→ obtain full spin decomposition

• stripped segments: valence quarks

• solid segments: sea quarks and gluons

• find large gluon contribution
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There are dangerous lattice animals
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Understanding the early universe

> Markov Chain Monte Carlo: only zero baryon density accessible

→ understanding of phase transitions?

− early universe

− heavy ion experiments

− exotic regions of PD

> do not understand origin

of todays universe

> topological terms

> real time evolution

> large autocorrelations

towards continuum limit

→ solution: Hamiltonian formulation
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A problem with Hamiltonian approach

• determine wave function |Ψ >

|Ψ >=
∑

i1,i2,··· ,iN Ci1,i2,··· ,iN |i1i2 · · · iN >

Ci1,i2,··· ,iN coefficient matrix with 2N entries

→ problem scales exponentially
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Two solutions for Hamiltonian approach

> Tensor Networks

– gapped, local Hamiltonians

→ area law

→ very fast (exponential) convergence

– costly: entanglement

→ phase transitions, (long) real time evolution

> Quantum Computing

– conceptually clean path

– noise, low number of qubits, ...

> Here: focus on quantum computing Quantum Field Theories

DESYª | Quantum Computing: , a future perspective , for scientific computing | Karl Jansen | University of Padova, 10.4.2025 Page 19



Schwinger Model
(Schwinger 1962)

> existence of bound states (mass gap)

> asymptotic free (g0 → 0 for distance between charges going to zero)

> exactly solvable for zero fermion mass (Coleman)

> super-renormalizable

> with topological term: interesting CP-violating phase transition

⇒ valuable test laboratory for QCD
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Schwinger model in the continuum and phase diagram

H = −iψ̄γ1 (∂1 − igA1)ψ +mψ̄ψ + 1
2

(
Ȧ1 +

gθ
2π

)2

2

The VQE, introduced as an alternative to quantum phase
estimation [36], aligns with the capabilities of current
and near-term quantum devices. We test our VQE us-
ing noiseless classical simulations between 6 to 12 qubits,
to identify the best possible setup regarding the ansatz
and gates that would capture the relevant ground states
most e�ciently. After the optimal ansatz-gate combina-
tion and variational parameters are found, the ground
states across the phase transition are prepared on IBM’s
quantum devices. We deomstrate that using state-of-the-
art error mitigation techniques—zero noise extrapola-
tion [37], readout error mitigation [38], Pauli twirling [39]
and dynamical decoupling [40]—allows for obtaining pre-
cise results from the quantum measurements. To under-
stand the minimum system sizes required to extrapolate
faithfully to the continuum limit with a quantum com-
puter, we use matrix product states (MPS). We numeri-
cally simulate intermediate system sizes and perform the
continuum extrapolation, which we compare to analytical
results. Our study also shows universality for the consid-
ered observables, as both discretizations lead to the same
continuum values.

The rest of the paper is structured as follows. In
Sec. II, we briefly introduce the Schwinger model and
review its phase structure in the presence of a topolog-
ical ✓-term. Moreover, we discuss two di↵erent ways of
discretizing it on a lattice using Wilson and staggered
fermions. We proceed with presenting our ansatz for
the VQE as well as the MPS techniques we use to esti-
mate the resources for taking a reliable continuum limit
in Sec. III. Our numerical results demonstrating the per-
formance of the ansatz in various parameter regimes are
presented in Sec. IV, before concluding in Sec. V.

II. THE SCHWINGER MODEL

The Schwinger model describes quantum electrody-
namics in (1+1)-dimensions coupled to a single, massive
Dirac fermion [25]. Here we briefly introduce the Hamil-
tonian formulation and review its phase diagram in the
presence of a topological ✓-term. We then discuss two
di↵erent discretizations for the fermionic matter fields of
the model, namely Wilson and staggered fermions.

A. Hamiltonian formulation in the continuum

The continuum Hamiltonian density of the Schwinger
model in the presence of a topological ✓-term is given by

H = �i �1 (@1 � igA1) +m  +
1

2

✓
Ȧ1 +

g✓

2⇡

◆2

, (1)

where  (x) is a two-component Dirac spinor describ-
ing the fermionic matter. The spinor components,  ↵,
↵ = 1, 2, fulfill the standard fermionic anticommuta-
tion relations { †

↵(x), �(y)} = �(x � y)�↵� . The gauge

field Aµ, µ = 0, 1, mediates the interaction between the
matter fields. Here we have chosen the temporal gauge,
A0 = 0, hence only the spatial component A1 appears in
the Hamiltonian. The parameters m and g are the bare
fermion mass and the coupling between fermions and the
gauge fields. The matrices �µ are two dimensional ma-
trices obeying the Cli↵ord algebra {�µ, �⌫} = 2⌘µ⌫ , with
⌘ = diag(1, �1), and  corresponds to  †�0. The phys-
ically relevant gauge invariant states of the Hamiltonian
have to fulfill Gauss’s law

�@1Ȧ
1 = g �0 , (2)

where �Ȧ1 is the electric field and g �0 represents the
charge density.

The topological term, g✓/2⇡, appearing in the Hamil-
tonian corresponds to a constant background electric field
whose e↵ect has been assessed both theoretically and nu-
merically. Coleman argued that the physics of the model
is periodic in ✓ with a period of 2⇡, and that above a cer-
tain critical mass, mc/g, the model undergoes a first or-
der quantum phase transition at ✓ = ⇡ [30]. This picture
was later on confirmed in numerical simulations, where
it was found that the critical line ends in a second-order
quantum phase transition at mc/g ⇠ 0.33 [29, 34, 41].
Figure 1 provides a sketch of the phase diagram, high-
lighting the first-order phase transition line, which cul-
minates with a second-order phase transition at mc/g.
The physics of the model can also be understood qual-

FIG. 1. Illustration of the phase diagram of the Schwinger
model in the presence of a topological term in the m/g � ✓
plane. Since the physics is periodic in ✓ with period 2⇡, only
the first period is shown. The critical line (shown in black)
indicates the first-order phase transitions occurring at ✓ = ⇡
for masses larger than the critical one mc/g ⇡ 0.33, which
ends in a second-order phase transition (green dot) exactly at
mc/g. Below the critical mass no transitions occur.

itatively in an intuitive picture. For large values of the
mass in units of the coupling, m/g � 1, it is generally
unfavorable to generate charged particles. In the regime

• constant external electric field: θ
• for m/g > 0.33, 1st order phase transition

• CP violating

• 2nd order endpoint at m/g = 0.33
• hard to explore with Monte Carlo methods
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Schwinger model on the lattice: Wilson fermions
(Takis Angelides, Arianna Crippa, Lena Funcke, Karl Jansen,

Stefan Kühn, Pranay Naredi, Ivano Tavernelli, Derek Wang, arxiv:2312.12831 )

> Wilson Hamiltonian

HW =

N−2∑
n=0

(
φ̄n

(
1 + iγ1

2a

)
Unφn+1 + h.c.

)

+

N−1∑
n=0

(
mlat +

1

a

)
φ̄nφn +

N−2∑
n=0

ag2

2
(Ln + l0)

2 .

> mass mlat; coupling g; lattice spacing a; electric field l0 =
θ
2π

> Link operator Uµ = eigAµ , Aµ gauge potential
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Pauli representation through
Jordan-Wigner transformation

> Jordan-Wigner transformation

φn,α → χ2n−bα
2
c+1

χn =
∏

k<n(iZk)σ
−
n

> (dimensionless) Wilson Hamiltonian, x = 1/(ag)2

→ open boundary conditions: eliminate gauge fields

WW = x
∑N−2

n=0 (X2n+2X2n+3 + Y2n+2Y2n+3) +(
mlat

g

√
x+ x

)∑N−1
n=0 (X2n+1X2n+2 + Y2n+1Y2n+2) +

∑N−2
n=0 (l0 +

∑n
k=0Qk)

2
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Pauli representation through
Jordan-Wigner transformation

> electric field density operator

LW =

N−1∑
k=0

Qk =

N∑
k=0−1

φ†nφn

→ JW-transformation: LW = l0 +
1

2

dN/2e−1∑
k=0

(Z2k + Z2k+1)

> particle number operator

PW = N + 1
2

∑N−1
n=0 φφ

→ JW-transformation: PW = N + 1
2

∑N−1
n=0 (X2n+1X2n+2 + Y2n+1Y2n+2)
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Determining the mass shift: a MPS calculation

> electric field density (EFD) in mass perturbation theory

F
g = eγ√

π

(
m
g

)
sin θ − 8.9139 e2γ

4π

(
m
g

)2
sin(2θ)⇒ for m = 0 EFD vanishes

−0.14 −0.12 −0.10 −0.08
mlat

g

−0.04

−0.02

0.00

0.02

F
g

Volume = 10

Volume = 15

Volume = 25

Volume = 40

Wilson
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Variational Quantum Eigensolver (VQE)

> a hybrid quantum/classical variational approach
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Example for a quantum circuit
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The Ansatz

6

For the particle number we find

PS =
N

2
+

1

2

N�1X

n=0

(�1)nZn. (18)

When there are no particles present, i.e. the state of the
system is given by spin down on even sites and spin up
on odd sites, the sum in the equation above contributes a
�1 for every site. In contrast, for even sites with spin up
and on odd sites with spin down, the sum contributes a
+1. Hence, the first term in Eq. (18) is added to render
PS positive semidefinite.

In summary, both staggered and Wilson fermions pro-
vide a viable discretization of the continuum Schwinger
Hamiltonian. For a lattice system with N physical sites
the Wilson discretization results in a Hamiltonian on 2N
qubits, whereas the staggered approach only requires N
qubits. While both formulations reproduce the correct
continuum limit, as we demonstrate explicitly in Sec. IV,
it is a priori not clear which of the two discretizations con-
verges faster. Although the staggered approach requires
less qubits than the Wilson one, this does not imply it
will produce better results given a fixed amount of re-
sources. The latter question is particularly relevant for
quantum computing, as current and near-term devices
only o↵er a limited number of qubits that still su↵er from
a considerable level of noise. Here, we aim at testing both
approaches in a realistic scenario to benchmark their per-
formance. For the rest of the paper we will focus on the
sector of vanishing total charge,

P
n Qn = 0, for both

approaches.

III. METHODS

In order to assess both fermion discretizations, we
study their performance with a VQE as well as their
convergence towards the continuum limit. Here, we intro-
duce the VQE setup we consider, including a description
of the parametric ansatz circuits and the optimization
procedure for the parameters we utilize. Moreover, we
discuss the error mitigation techniques used for the in-
ference runs on quantum hardware. Finally, we briefly
describe the MPS techniques we use to explore the behav-
ior of both discretizations towards the continuum limit.

A. Parametric ansatz circuits for VQE

In order to test the performance of the di↵erent dis-
cretizations for VQE, we focus on two di↵erent types of
parametric ansätze and consider two di↵erent types of
gates, as shown in Fig. 2. We refer to the two ansatz
architectures as “brick” (c.f. Fig. 2(c)) and “ladder” (c.f.
Fig. 2(d)). The two types of parametric gates we con-
sider are the SO(4) gates and the RXX+Y Y gates, whose
decomposition in standard controlled-NOT (CNOT) and
Pauli rotation gates is shown in Figs. 2(a) and 2(b). Here,

we have chosen SO(4) instead of SU(4) gates, because the
Hamiltonians we study are real, and hence their ground
states are real. Thus, we can restrict our ansätze to the
real subspace of the Hilbert space. While the SO(4) gates
are in principle more expressive than the RXX+Y Y ones,
they do not conserve the total charge. As a result, if
we use SO(4) gates, we need to manually enforce van-
ishing total charge, which we do by adding a penalty

term �
⇣PN�1

n=0 Qn

⌘2
to the Hamiltonians in Eq. (9) and

Eq. (16). The Lagrange multiplier � has to be chosen
su�ciently large that one obtains a ground state with
vanishing total charge. In contrast, the RXX+Y Y gate
preserves the total charge, but is generally less expres-
sive. In all our simulations, we choose the initial param-

SO(4) =

RZ R(✓1, ✓2, ✓3) R†
Z

RZ RY R(✓4, ✓5, ✓6) R†
Y R†

Z

(a)

RXX+Y Y
=

RZ RY (✓) R†
Z

RX RZ RY (✓) R†
Z R†

X

(b)

...

|q0i

| ini

G

|q1i
G

|q2i

|qN�3i
G

|qN�2i
G

|qN�1i

(c)

. . .

. . .

. . .

...
. . .

. . .

. . .

. . .

|q0i

| ini

G

|q1i
G

|q2i

|qN�3i
G

|qN�2i
G

|qN�1i

(d)

FIG. 2. Decomposition of a generic SO(4) gate depend-
ing on the six parameters ✓1, . . . , ✓6 (a) the RXX+Y Y (✓) =
exp(�i✓(XX + Y Y )/2) (b), into CNOT and Pauli rotation
gates. Boxes acting on a single qubit correspond to Pauli
rotation gates, RP (↵) = exp{�i↵P/2} with P 2 {X,Y, Z}.
Single-qubit gates where the argument is omitted refer to ro-
tations around an angle ⇡/2, RP (⇡/2). The light blue boxes
represent the parameterized gates which are R(↵,�, �) =
RX(�)RZ(�)RX(↵) in (a) and RY (✓) in (b). Panel (c) and
(d) illustrate one layer of the brick and ladder ansatz, respec-
tively, both following a non-parametric part for preparing the
initial state | ini (yellow box). The first layer in the brick
ansatz has a CNOT-depth of 4 whereas in ladder it is 2n� 2,
where n is the number of qubits, and in both cases it increases
by 4 with each layer.

eters for the parametric part of this ansatz randomly in
the interval [0, 0.001), such that the parametric part of
the circuit is close to the identity and we start the VQE
with a state close to | ini.

For Wilson fermions, three options for the ansatz’s

• decomposition of

SO(4) and RXX+Y Y gates

• brick and ladder ansatz
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Mitigating quantum computing results
> zero noise extrapolation (ZNE) in theory

< ψ|O|ψ〉 =< 0
∣∣∣U †OU

∣∣∣ 0 >
|ψ >= U |0 >= UU †U

∣∣∣0 >= UU †UU †U
∣∣∣ 0 >

Error mitigation techniques

• Noise factors: 1, 3, 5
< ψ |O |ψ > = < 0 |U†OU |0 >

|ψ > = U |0 > = UU†U |0 > = UU†UU†U |0 >

Zero noise extrapolation

Qiskit library
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ZNE in practise

Error mitigation techniques
Zero noise extrapolation
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Results: small mass
> results for mr/g = 0.01 (remember: x = 1/(ag)2)
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Mass perturbation theory

Staggered with theory MS (same num. of qubits as Wilson), MSE = 5.989e-07

Staggered (same x as Wilson), MSE = 9.804e-09

Staggered with theory MS (same x as Wilson), MSE = 9.816e-07

Staggered (same num. of qubits as Wilson), MSE = 2.787e-08

Wilson, MSE = 3.581e-09

2

The VQE, introduced as an alternative to quantum phase
estimation [36], aligns with the capabilities of current
and near-term quantum devices. We test our VQE us-
ing noiseless classical simulations between 6 to 12 qubits,
to identify the best possible setup regarding the ansatz
and gates that would capture the relevant ground states
most e�ciently. After the optimal ansatz-gate combina-
tion and variational parameters are found, the ground
states across the phase transition are prepared on IBM’s
quantum devices. We deomstrate that using state-of-the-
art error mitigation techniques—zero noise extrapola-
tion [37], readout error mitigation [38], Pauli twirling [39]
and dynamical decoupling [40]—allows for obtaining pre-
cise results from the quantum measurements. To under-
stand the minimum system sizes required to extrapolate
faithfully to the continuum limit with a quantum com-
puter, we use matrix product states (MPS). We numeri-
cally simulate intermediate system sizes and perform the
continuum extrapolation, which we compare to analytical
results. Our study also shows universality for the consid-
ered observables, as both discretizations lead to the same
continuum values.

The rest of the paper is structured as follows. In
Sec. II, we briefly introduce the Schwinger model and
review its phase structure in the presence of a topolog-
ical ✓-term. Moreover, we discuss two di↵erent ways of
discretizing it on a lattice using Wilson and staggered
fermions. We proceed with presenting our ansatz for
the VQE as well as the MPS techniques we use to esti-
mate the resources for taking a reliable continuum limit
in Sec. III. Our numerical results demonstrating the per-
formance of the ansatz in various parameter regimes are
presented in Sec. IV, before concluding in Sec. V.

II. THE SCHWINGER MODEL

The Schwinger model describes quantum electrody-
namics in (1+1)-dimensions coupled to a single, massive
Dirac fermion [25]. Here we briefly introduce the Hamil-
tonian formulation and review its phase diagram in the
presence of a topological ✓-term. We then discuss two
di↵erent discretizations for the fermionic matter fields of
the model, namely Wilson and staggered fermions.

A. Hamiltonian formulation in the continuum

The continuum Hamiltonian density of the Schwinger
model in the presence of a topological ✓-term is given by

H = �i �1 (@1 � igA1) +m  +
1

2

✓
Ȧ1 +

g✓

2⇡

◆2

, (1)

where  (x) is a two-component Dirac spinor describ-
ing the fermionic matter. The spinor components,  ↵,
↵ = 1, 2, fulfill the standard fermionic anticommuta-
tion relations { †

↵(x), �(y)} = �(x � y)�↵� . The gauge

field Aµ, µ = 0, 1, mediates the interaction between the
matter fields. Here we have chosen the temporal gauge,
A0 = 0, hence only the spatial component A1 appears in
the Hamiltonian. The parameters m and g are the bare
fermion mass and the coupling between fermions and the
gauge fields. The matrices �µ are two dimensional ma-
trices obeying the Cli↵ord algebra {�µ, �⌫} = 2⌘µ⌫ , with
⌘ = diag(1, �1), and  corresponds to  †�0. The phys-
ically relevant gauge invariant states of the Hamiltonian
have to fulfill Gauss’s law

�@1Ȧ
1 = g �0 , (2)

where �Ȧ1 is the electric field and g �0 represents the
charge density.

The topological term, g✓/2⇡, appearing in the Hamil-
tonian corresponds to a constant background electric field
whose e↵ect has been assessed both theoretically and nu-
merically. Coleman argued that the physics of the model
is periodic in ✓ with a period of 2⇡, and that above a cer-
tain critical mass, mc/g, the model undergoes a first or-
der quantum phase transition at ✓ = ⇡ [30]. This picture
was later on confirmed in numerical simulations, where
it was found that the critical line ends in a second-order
quantum phase transition at mc/g ⇠ 0.33 [29, 34, 41].
Figure 1 provides a sketch of the phase diagram, high-
lighting the first-order phase transition line, which cul-
minates with a second-order phase transition at mc/g.
The physics of the model can also be understood qual-

FIG. 1. Illustration of the phase diagram of the Schwinger
model in the presence of a topological term in the m/g � ✓
plane. Since the physics is periodic in ✓ with period 2⇡, only
the first period is shown. The critical line (shown in black)
indicates the first-order phase transitions occurring at ✓ = ⇡
for masses larger than the critical one mc/g ⇡ 0.33, which
ends in a second-order phase transition (green dot) exactly at
mc/g. Below the critical mass no transitions occur.

itatively in an intuitive picture. For large values of the
mass in units of the coupling, m/g � 1, it is generally
unfavorable to generate charged particles. In the regime

• blue circles: exact diagonalization, red pluses: exact simulations,

black crosses: quantum hardware
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Results: large mass mr/g = 10
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The VQE, introduced as an alternative to quantum phase
estimation [36], aligns with the capabilities of current
and near-term quantum devices. We test our VQE us-
ing noiseless classical simulations between 6 to 12 qubits,
to identify the best possible setup regarding the ansatz
and gates that would capture the relevant ground states
most e�ciently. After the optimal ansatz-gate combina-
tion and variational parameters are found, the ground
states across the phase transition are prepared on IBM’s
quantum devices. We deomstrate that using state-of-the-
art error mitigation techniques—zero noise extrapola-
tion [37], readout error mitigation [38], Pauli twirling [39]
and dynamical decoupling [40]—allows for obtaining pre-
cise results from the quantum measurements. To under-
stand the minimum system sizes required to extrapolate
faithfully to the continuum limit with a quantum com-
puter, we use matrix product states (MPS). We numeri-
cally simulate intermediate system sizes and perform the
continuum extrapolation, which we compare to analytical
results. Our study also shows universality for the consid-
ered observables, as both discretizations lead to the same
continuum values.

The rest of the paper is structured as follows. In
Sec. II, we briefly introduce the Schwinger model and
review its phase structure in the presence of a topolog-
ical ✓-term. Moreover, we discuss two di↵erent ways of
discretizing it on a lattice using Wilson and staggered
fermions. We proceed with presenting our ansatz for
the VQE as well as the MPS techniques we use to esti-
mate the resources for taking a reliable continuum limit
in Sec. III. Our numerical results demonstrating the per-
formance of the ansatz in various parameter regimes are
presented in Sec. IV, before concluding in Sec. V.

II. THE SCHWINGER MODEL

The Schwinger model describes quantum electrody-
namics in (1+1)-dimensions coupled to a single, massive
Dirac fermion [25]. Here we briefly introduce the Hamil-
tonian formulation and review its phase diagram in the
presence of a topological ✓-term. We then discuss two
di↵erent discretizations for the fermionic matter fields of
the model, namely Wilson and staggered fermions.

A. Hamiltonian formulation in the continuum

The continuum Hamiltonian density of the Schwinger
model in the presence of a topological ✓-term is given by

H = �i �1 (@1 � igA1) +m  +
1

2

✓
Ȧ1 +

g✓

2⇡

◆2

, (1)

where  (x) is a two-component Dirac spinor describ-
ing the fermionic matter. The spinor components,  ↵,
↵ = 1, 2, fulfill the standard fermionic anticommuta-
tion relations { †

↵(x), �(y)} = �(x � y)�↵� . The gauge

field Aµ, µ = 0, 1, mediates the interaction between the
matter fields. Here we have chosen the temporal gauge,
A0 = 0, hence only the spatial component A1 appears in
the Hamiltonian. The parameters m and g are the bare
fermion mass and the coupling between fermions and the
gauge fields. The matrices �µ are two dimensional ma-
trices obeying the Cli↵ord algebra {�µ, �⌫} = 2⌘µ⌫ , with
⌘ = diag(1, �1), and  corresponds to  †�0. The phys-
ically relevant gauge invariant states of the Hamiltonian
have to fulfill Gauss’s law

�@1Ȧ
1 = g �0 , (2)

where �Ȧ1 is the electric field and g �0 represents the
charge density.

The topological term, g✓/2⇡, appearing in the Hamil-
tonian corresponds to a constant background electric field
whose e↵ect has been assessed both theoretically and nu-
merically. Coleman argued that the physics of the model
is periodic in ✓ with a period of 2⇡, and that above a cer-
tain critical mass, mc/g, the model undergoes a first or-
der quantum phase transition at ✓ = ⇡ [30]. This picture
was later on confirmed in numerical simulations, where
it was found that the critical line ends in a second-order
quantum phase transition at mc/g ⇠ 0.33 [29, 34, 41].
Figure 1 provides a sketch of the phase diagram, high-
lighting the first-order phase transition line, which cul-
minates with a second-order phase transition at mc/g.
The physics of the model can also be understood qual-

FIG. 1. Illustration of the phase diagram of the Schwinger
model in the presence of a topological term in the m/g � ✓
plane. Since the physics is periodic in ✓ with period 2⇡, only
the first period is shown. The critical line (shown in black)
indicates the first-order phase transitions occurring at ✓ = ⇡
for masses larger than the critical one mc/g ⇡ 0.33, which
ends in a second-order phase transition (green dot) exactly at
mc/g. Below the critical mass no transitions occur.

itatively in an intuitive picture. For large values of the
mass in units of the coupling, m/g � 1, it is generally
unfavorable to generate charged particles. In the regime

• including hardware results

‘
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The Hamiltonian of 2+1 dimensional QED ĤQED

> Electric field operator: g2

2

∑
~n

(
Ê2
~n,x + Ê2

~n,y

)
> Plaquette operator: − 1

2a2g2
∑

~n

(
P̂~n + P̂ †

~n

)
> mass term +m

∑
~n(−1)nx+ny φ̂†~nφ̂~n

> kinetic term Û~n,x = eiagÂ~n,x

i
2a

∑
~n

(
φ̂†~nÛ

†
~n,xφ̂~n+x − h.c.

)
− (−1)nx+ny

2a

∑
~n

(
φ̂†~nÛ

†
~n,yφ̂~n+y + h.c.

)
> investigated the running coupling with matching to Markov Chain Monte Carlo

> looked at electric flux configurations for Coulomb, confinement and string breaking

regimes of static potential

> developed lattice Chern-Simons Hamiltonian
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Chern-Simons term in 2+1 dimensional QED
(C. Peng, C. Diamantini, L. Funcke, A. Hassan, K. Jansen, Stefan Kühn, D. Luo, P. Naredi,

arxiv:2407.20225)

Ĥ =
∑

x∈ sites
e2

2a2

[(
p̂x;1 − ka2

4π Âx−2̂;2

)2
+
(
p̂x;2 +

ka2

4π Âx−1̂;1

)2
]
+ 1

2e2

(
�Âx;1,2

)2

> energy bands

pure Maxwell theory adding Chern-Simons term

massless photon topological mass generation

> opens door to investigate e.g. fermion/boson dualities, fractional quantum Hall effect,

...
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Scattering from MPS: real mesons 1+1 dimensional
Schwinger model
Marco Rigobello, Simone Notarnicola, Giuseppe Magnifico, Simone Montangero,

Phys. Rev. D 104, 114501
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• meson wave packets

• generate entanglement

• strong dependence on coupling

• rich phenomenology after collision
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Scattering on a quantum computer
(Yahui Chai, Arianna Crippa, Karl Jansen, Stefan Kühn, Ivano Tavernelli, Francesco Tacchino,

arxiv:2312.02272 )

> Continuum Lagrangian of Thirring model

L = iψγµ∂µψ −mψ(x)ψ(x)−
λ

2
(ψγµψ)(ψγ

µψ)

> Hamiltonian lattice version

H =

N−1∑
n=0

{
i

2a

(
ξ†n+1ξn − ξ

†
nξn+1

)
+ (−1)nm ξ†nξn

}
+

N−1∑
n=0

g(λ)

a
ξ†nξnξ

†
n+1ξn+1

> Spin representation→ Jordan Wigner
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Spin representation

> Jordan-Wigner transformation

ξ†n =
∏

l<n σ
z
l σ

−
n , ξn =

∏
l<n σ

z
l σ

+
n

σ±l =
(
σxl ± iσ

y
l

)
/2

> Hamiltonian

H =
i

2a

N−2∑
n=0

(
σ−n+1σ

+
n − σ−n σ+n+1

)
+

i

2a

(
σ−0 σ

z
1 . . . σ

z
N−2σ

+
N−1 − σ

−
N−1σ

z
N−2 · · ·σz1σ+0

)
+
m

2

N−1∑
n=0

(−1)n (1− σzn) +
g

4a

N−1∑
n=0

(1− σzn)
(
1− σzn+1

)
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Gaussian wave packets

> Gaussian wave packets φ
c(d)
k = 1

N c(d)
k

e−ikµ
c(d)
n e−(k−µ

c(d)
k )2/4σ2

k

> time evolution: Givens rotation

> time evolution for free fermions: charge distribution
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Quantum circuit

> blue box: vacuum preparation

> green and yellow boxes: wave packet preparation and time evolution

U0

q0

q1

q2

q3

q4

q5

q6

q8

q7

q9

q10

q11

|1⟩

|0⟩

|0⟩

|0⟩

|0⟩

|1⟩

|0⟩

|1⟩

|1⟩

|0⟩

|1⟩

|1⟩
r̃0

11

r̃0
9

r̃0
8

r̃0
7

r̃0
6

r̃0
3

r̃0
2

r̃0
1

r̃0
5

r̃1
11

r̃1
10

r̃1
9

r̃1
8

r̃1
7

r̃1
6

r̃1
5

r̃1
4

r̃1
3

r̃0
4

r9†

10

r8†

9

r7†

8

r6†

7

r5†

6

r4†

5

r3†

4

r2†

3

r1†

2

r0†

1

r9†

11

r8†

10

r7†

9

r6†

8

r5†

7

r4†

6

r3†

5

r2†

4

r1†

3

r8†

11

r7†

10

r6†

9

r5†

8

r4†

7

r3†

6

r2†

5

r0†

2

r1†

4

r0†

3

r0†

4

r1†

5

r2†

6

r3†

7

r4†

8

r5†

9

r6†

10

r7†

11

r1†

6

r2†

7

r3†

8

r4†

9

r5†

10

r6†

11
r5†

11

r4†

10

r3†

9

r2†

8

r0†

5

r1†

7

r0†

6

r4†

11

r3†

10

r2†

9

r1†

8

r0†

7

r3†

11

r2†

10

r1†

9

r0†

8

r2†

11

r1†

10

r0†

9

r1†

11

r0†

10

r0†

11

U0

r̃1
2

r̃0
10

X

Y

r10†

11

DESYª | Quantum Computing: , a future perspective , for scientific computing | Karl Jansen | University of Padova, 10.4.2025 Page 39



Interacting case
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Hardware runs

> Ideal versus hardware
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FIG. 8. (a) particle density for N = 12 and m = 1.0 as a
function of time obtained from an ideal simulation. (b) Same
as panel (a), but with the time steps at t = 0, 6, 12, 18, 24
replaced by the ones obtained from the quantum hardware
(indicated by the gray dashed boxes).

agreement between the exact result and the experimental
data from the quantum device, in most cases both results
agree within the error bar. In particular, the time-slices
for the particle density illustrate once more the presence
of two separated wave packets, showing up as a peak in
the particle density around site 2 and a dip at site 9 for
t = 0 (c.f. Fig. 9(a)). These are moving towards the
center as time progresses resulting in a particle density
noticeably di↵erent from zero in the center of the system,
as shown in Fig. 9(b). Eventually, after the two wave
packets pass through each other, we observe again a well
separated peak and a dip in the particle density around
t = 18 in Fig. 9(c).

V. CONCLUSION AND OUTLOOK

In this work, we proposed a framework for studying
fermion scattering on digital quantum computing. Using
the lattice Thirring model as an example, we demon-
strated our framework by simulating the elastic collision
for fermion-antifermion wave packets both classically and
on quantum hardware.

Guided by the free theory, corresponding to the
Thirring model at vanishing coupling, we derived a set
of operators that allow us to create approximate fermion
and antifermion wave packets for the interacting theory
on top of the ground state. Starting from such an initial
state, we showed how to e�ciently obtain the expected
value of observables from a quantum device throughout
the evolution and provided the necessary quantum cir-
cuits to measure them.

To demonstrate our approach, we first simulated the
dynamics of a fermion-antifermion wave packet in the
free theory exactly before proceeding to the interacting
case. Observing the particle density and the von Neu-
mann entropy produced throughout the elastic scatter-
ing, we characterized the process and showed that our
framework provides an avenue towards simulating these
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FIG. 9. Time slices showing the site-resolved particle density
for N = 12 and m = 1.0, the di↵erent panels correspond to
t = 0 (a), 12 (b), and 18 (c). The blue diamonds correspond
to the ideal result on a noise-free quantum computer taking
an infinite number of measurements. The yellow dots repre-
sent the data from the quantum hardware, where error bars
represent uncertainties due to a finite number of measure-
ments. As a guide for the eye, the data points are connected
with lines. The horizontal dashed grey line indicates the zero
value of �h⇠†n⇠nit.

dynamics on quantum devices. While the entropy can
in general not be obtained e�ciently on a quantum de-
vice, the particle density can be readily measured on a
digital quantum computer. Moreover, we carried out a
proof-of-principle demonstration simulating the scatter-
ing of a fermion and an antifermion wave packet for the
free theory on IBM’s quantum devices. Using state-of-
the-art error mitigation methods, the data obtained from
the quantum device is in good agreement with the the-
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Quantum computing the flight gate assignment problem

> A classical optimization problem: flight gate assignment

(Y. Chai, L. Funcke, T. Hartung, S. Kühn, T. Stollenwerk, P. Stornati, K. Jansen,

arXiv:2302.11595)

> Find shortest path between connecting flights

> Different incoming and outgoing flights

need to be assigned to gates

→ find optimal assignment

> Classical optimization problem

→ quantum advantage?

www.DLR.de Chart 8 > DLR > TM, EL and TS > Quantum Heuristic Algorithms for Hard Planning Problems from Aerospace Research

Flight Gate Assignment - Decision Variable

Gate 1 Gate 2 Gate 3 Gate 8 Gate 9 Gate 10

Gate 20Gate 19Gate 18Gate 13Gate 12Gate 11

...

...

Gate

Flight i

Decision variable

xi =

(
1 if flight i is assigned to gate

0 otherwise
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Quantum computing the flight gate assignment problem

> binary variables encoding gates and flights

xiα =

{
1, if flight i ∈ F is assigned to gate α ∈ G
0, otherwise

x ∈ {0, 1}F⊗G → x binary variable→ x ∈ {−1, 1}F⊗G

eigenstate of third Pauli matrix σz

> leads to mathematical description of Hamiltonian

H =
∑n

j=1Qjjσ
z
j +

∑n
j,k=1
j<k

Qjkσ
z
j ⊗ σzk

> Task: find lowest energy⇔ shortest path

> Same mathematical description for problems in traffic, logistics, particle tracking,

...

www.DLR.de Chart 8 > DLR > TM, EL and TS > Quantum Heuristic Algorithms for Hard Planning Problems from Aerospace Research

Flight Gate Assignment - Decision Variable

Gate 1 Gate 2 Gate 3 Gate 8 Gate 9 Gate 10

Gate 20Gate 19Gate 18Gate 13Gate 12Gate 11

...

...

Gate

Flight i

Decision variable

xi =

(
1 if flight i is assigned to gate

0 otherwise
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Quantum computing the flight gate assignment problem

> Started with QUBO implementation

> Implementation of various improvements

– using binary encoding

– reformulation of Hamiltonian through projectors

– Using Conditional Value at Risk (CVaR)

Feasible ratio
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Quantum hardware runs of flight gate assignment problem
(Y. Chai, E. Epifanovsky, K. Jansen, A. Kaushik, S. Kühn, arxiv:2309.09686)

> hardware runs on IonQ’s Aria trapped ion quantum computer

> circuit: efficientSU2

> real VQE and inference runs
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Center for Quantum Technology and Applications
at DESY (Zeuthen place)

Classical Computing
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The CQTA group
> The group in Zeuthen in September 2021
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The CQTA group
> The present group in Zeuthen (missing 3 female members)
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Center for Quantum Technology and Applications
> Quantum Field Theoretical models from condensed matter and high energy

physics→ sign problem, real time phenomena
> Optimization/classification

– Particle track reconstruction/jet classification

– Flight gate assignment

– Gene/exon classification
> Quantum art

– Quantum music, Quantum painting, WS 9.7.-11.7.
> Others

– factoring, Feynman diagrams, matrix models, ...

> training
> Algorithm development

– Expressivity

– controllability

– warm starts
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ERA Chair QUEST
(QUantum computing for Excellence
in Science and Technology)

> European Research Executive

Agency funding (2.5 million Euro)
> focus activities

– Building up a quantum computing group

at the CyI

– develop applications of uses case

for industry, governmental agencies

and academia

– Act as hub for Eastern Mediterranean region

– closely connected to

Center for Quantum Technology

and Applications (CQTA) at DESY
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QC4HEP whitepaper, arXiv:2307.03236

Quantum Computing for High-Energy Physics

State of the Art and Challenges

Summary of the QC4HEP Working Group
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Abstract

Quantum computers offer an intriguing path for a paradigmatic change of computing in the natural

sciences and beyond, with the potential for achieving a so-called quantum advantage, namely a significant

(in some cases exponential) speed-up of numerical simulations. In particular, the high-energy physics

community plays a pivotal role in accessing the power of quantum computing, since the field is a driving

source for challenging computational problems. ...
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QC4HEP: Experiment summary
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QC4HEP: Theory summary
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Quantum computing enhances biomarker discovery
(Frederik Flöther, Daniel Blankenberg, Maria Demidik, Karl Jansen, Raga Krishnakumar, Rajiv

Krishnakumar, Numan Laanait, Laxmi Parida, Carl Saab, Filippo Utro, arXiv:2411.10511)
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Summary and outlook

> It took 40 years to start realizing Feynman’s vision of using quantum computers

> Now: first computations in high energy physics with O(10) qubits on NISQ devices

– experiment: particle tracking, Boltzmann machines, quantum neural networks, ...

– theory: low-dimensional, abelian and non-abelian models

in 1+1 and 2+1 dimensions, scattering, ...

> soon: demonstrations, O(100) qubits and circuit depth of O(100)

– identify and evaluate applications for quantum computers

– develop further quantum algorithms and methods

– evaluate scaling with the number of qubits

→ quantum advantage? for what? when?

> future: fault tolerant quantum computing

Quantum Computer Music (2022)
Eduardo Reck Miranda (Editor)

3
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Thank you!

Contact

DESYª Deutsches Karl Jansen

Elektronen-Synchrotron 0000-0002-1574-7591
Center for Quantum Technologies and Applications
karl.jansen@desy.de

www.desy.de +49–33762–77286

DESYª | Quantum Computing: , a future perspective , for scientific computing | Karl Jansen | University of Padova, 10.4.2025 Page 57

https://www.orcid.org/0000-0002-1574-7591
mailto:karl.jansen@desy.de

