
Intro Max. twist Renorm. det(Dh
Mtm) Observ. with s and c

Remarks on Nf = 2 + 1 + 1 LQCD at
maximal twist

Roberto Frezzotti

University and INFN of Roma Tor Vergata

ETMC meeting - Glasgow - Sept. 29th–30th, 2008

Roberto Frezzotti Remarks on Nf = 2 + 1 + 1 LQCD at max. twist



Intro Max. twist Renorm. det(Dh
Mtm) Observ. with s and c

Action for 2+1+1 MtmLQCD

Slatt = SYM + a4 P
x [L

`
Mtm + Lh

Mtm]

with SYM a suitable (chosen: Iwasaki) gluonic action and

a) Nf = 2 light degenerate flavours (ψ` = (u,d)t ) with γ5τ
3–twist

Ll
Mtm = ψ̄` [ γ · ∇̃ − iγ5τ

3(W + m0) + µl ]ψ` , W ≡ −r(a/2)∇∗ ·∇

b) Nf = 1 + 1 flavours (ψh = (c, s)t ) with γ5τ
1–twist

Lh
Mtm = ψ̄h[γ ·∇̃ − iγ5τ

1(W + m0) + µh + εhτ
3]ψh

Mass parameter renormalization:

m0 = Mcr for max. twist – O(a) part of m0 tunable to reduce O(a2) artifacts

m̂ud = Z−1
P µ`

m̂s = Z−1
P (µh − ZPZ−1

S εh) , m̂c = Z−1
P (µh + ZPZ−1

S εh)

Gauge links in L`,h
Mtm can be replaced with stout ones without affecting

symmetries and renormalization pattern...
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Symanzik LEL and optimal Mcr – I

Symanzix expansion of lattice operator vev’s in terms of continuum ones

〈O〉MtmL = 〈O〉cont − a
R

d4y〈OLMtm
5 (y)〉cont + a〈∆1O〉cont + a2〈∆1O〉cont+

+ a2

2

R
d4yd4z〈OLMtm

5 (y)LMtm
5 (z)〉cont − a2 R

d4y〈OLMtm
6 (y)〉cont + . . .

with matched renorm. cond. on the two sides above and

LMtm
5 = L`

5 + Lh
5 ,

L`
5 = η1SWψ̄`σ ·Fγ5τ

3ψ` + (η`
1aµ

2
` + η`

1bµ
2
h + η`

1cε
2
h)ψ̄` iγ5τ

3ψ` + Λ2
QCDδ1ψ̄` iγ5τ

3ψ`,

Lh
5 = η1SWψ̄hσ ·Fγ5τ

1ψh + (ηh
1aµ

2
` + ηh

1bµ
2
h + ηh

1cε
2
h)ψ̄h iγ5τ

1ψh + Λ2
QCDδ1ψ̄h iγ5τ

1ψh

The structure of LMtm
5 follows from (spurionic) symmetries [see JHEP 0410 (2004) 070]

H(4), charge conjugation, P ×Dd × (µ` → −µ`)× (µh → −µh)× (εh → −εh)

Vector3`, Axial2`
π/2 × (µ` → −µ`), Axial1`

π/2 × (µ` → −µ`)

Vector1h
π/2 × (εh → −εh), Axial2h

π/2 × (µh → −µh), Axial3h
π/2 × (µh → −µh)× (εh → −εh)

Terms containing Λ2
QCD are needed to describe N.P. O(a) artifacts in the determination of Mcr

(its value is part of the specification of 〈 〉MtmL)

Roberto Frezzotti Remarks on Nf = 2 + 1 + 1 LQCD at max. twist



Intro Max. twist Renorm. det(Dh
Mtm) Observ. with s and c

Symanzik LEL and optimal Mcr – II

Generic estimate of Mcr: the Symanzik expansion of 〈O〉MtmL contains

powers of [ξπm−2
π Λ−1

QCD]µ`,(µh,εh) with

ξπ |µ`,(µh,εh) ≡ 〈Ω|aLMtm
5 |π〉|cont

µ`,(µh,εh)
= 〈Ω|aL`

5|π〉|
cont
µ`,(µh,εh)

• last equality above follows from vector2`,1`-invariance of continuum theory;

• L`
5 = η1SWψ̄`σ·Fγ5τ

3ψ` + (η`
1aµ

2
` + η`

1bµ
2
h + η`

1cε
2
h)ψ̄` iγ5τ

3ψ` + Λ2
QCDδ1ψ̄` iγ5τ

3ψ`

As in the Nf = 2 theory (see Frezzotti-Martinelli-Papinutto-Rossi’05), also here

C``
VP(x0) ≡ a3 P

~x 〈V 2`
0 (x)P1`(0)〉MtmL = 0 ⇒ ξπ |µ`,(µh,εh) = O(aµ`)Λ

3
QCD + . . .

Define the optimal critical mass m0 = Mopt
cr [µ`, (µh, εh)] by

|mPCAC| = |∂x0 C``
VP(x0)/C``

PP(x0)|m0,µ`,(µh,εh) = 0 (in practice � µ` )

Mopt
cr (in the sense of FMPR’05 – and also of χPT: Aoki-Bär’04 and Sharpe-Wu’04) depends

significantly on (µh, εh) – however the mild µ`–dependence is treated
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m0-value for evaluation of Z ’s

For practical reasons: mass-independent renormalization schemes (RIMOM, SF)

⇒ must work at small → zero mass parameters, e.g. with

[µ`, (µh, εh)] = [µ, (µ, 0)] → [0, (0, 0)] and m0 → Mcr (generic).

How to choose m0 if the Z ’s “feel” χSSB-enhanced (e.g. ∼ a/m2
π) cutoff effects?

A) work at [µ, (µ, 0)], µ small and m0 = Mopt
cr [µ`, (µh, εh)] ⇒

ξπ |
m0
µ,(µ,0)

= O(aµ2
h,aε

2
h)Λ2

QCD + O(aµ`)Λ
3
QCD � O(aµ)Λ3

QCD

m0 already known, mPCAC|
m0
µ,(µ,0)

6= 0: any χSSB-enhanced cutoff effects in Z ’s?

B) work at [µ, (µ, 0)], µ small and m′
0 = Mopt

cr [µ, (µ, 0)] ⇒

ξπ |
m0
µ,(µ,0)

= O(aµ)Λ3
QCD by construction,

extra tuning to find m′
0: mPCAC|

m′
0

µ,(µ,0)
' 0 ! Can show: m′

0 −m0 ∼ a

Exploit suppression of χSSB-enhanced artifacts at small L (SF) or large q (RIMOM)
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Choice A): mPCAC at [µ`, (µh, εh)] and [µ, (µ, 0)]

Theory & data at β = 1.9 → ∆(aMopt
cr ) ∼ 0.40∆(a2ε2h)− 0.71∆(a2µ2

h)

With choice m0 = Mopt
cr [µ`, (µh, εh)] : expect ∆(aMopt

cr ) ' −0.0015

i.e. amPCAC|
m0
∼0,(∼0,0)

' 0.0075 or (bare) mPCAC|
m0
∼0,(∼0,0)

' 16 MeV

To get an idea of χSSB vs FS effects at L = 1 fm: (L22BmPCAC)1/2 '
√

2

β = 1.90 µ = 0.0040 µσ = 0.185 µδ = 0.236

β = 1.90 µ = 0.0100 µσ = 0.150 µδ = 0.190

β = 1.90 µ = 0.0080 µσ = 0.150 µδ = 0.190

β = 1.90 µ = 0.0060 µσ = 0.150 µδ = 0.190

β = 1.90 µ = 0.0040 µσ = 0.150 µδ = 0.190

β = 1.90 µ = 0.0060 µσ = 0.110 µδ = 0.120

β = 1.90 µ = 0.0040 µσ = 0.110 µδ = 0.120

β = 1.90 µ = 0.0040 µσ = 0.110 µδ = 0.090

1/2κ

a
m

P
C

A
C

3.06403.06303.06203.06103.0600

0.020

0.015

0.010

0.005

0.000

-0.005

-0.010
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det(Dh
Mtm) and the case of µ2

h < ε2
h

µ2
h > ε2h ⇒ det(Dh

Mtm) > 0 on each gauge configuration, for any V .

µ2
h < ε2h : det(Dh

Mtm) has fixed sign on the relevant U-ensembles, as we find

• median of the spectral gap of Qh ≡ γ5τ
3Dh

Mtm = Q†
h (though EO-precond.)

well > 0 and nearly proportional to µh − ZPZ−1
S εh = ZPm̂s (Gregorio’s plot)

• width of the spectral gap of Qh seems to decrease with 1/
√

V (G.’s plots)

This makes plausible the hypothesis that in infinite volume Q2
h has zero (positive)

eigenvalue density for α < ᾱ (α = ᾱ) – at least for sufficiently small a

Under this hypothesis and in infinite volume: ᾱ = (µh − ZPZ−1
S εh)2 + O(a2)

renormalization of eigenvalue density (and gap) understood and related to

that of quark mass(es), up to O(a2) ⇔ consistent with G.’s plot

Proof parallels that in hep-lat/0512021 (Del Debbio et al.) (γ5-hermiticity of Dm and

individual valence quarks there → γ5τ3-hermiticity of Dh
Mtm and pairs of valence quarks here)
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The case of µ2
h < ε2

h on finite lattices

Spectral gap of Q2
h vs (µh − ZPZ−1

S εh)2 (but EO-preconditioned)

β = 1.95 µ = 0.0035 µσ = 0.135 µδ = 0.17 L = 32
β = 1.90 µ = 0.0060 µσ = 0.110 µδ = 0.12 L = 24
β = 1.90 µ = 0.0040 µσ = 0.110 µδ = 0.12 L = 24
β = 1.90 µ = 0.0040 µσ = 0.110 µδ = 0.09 L = 24
β = 1.90 µ = 0.0040 µσ = 0.150 µδ = 0.19 L = 32

(aµσ − ZP /ZS × aµδ)
2

λ
m

in

0.00400.00350.00300.00250.00200.00150.00100.00050.0000

0.0012

0.0010

0.0008

0.0006

0.0004

0.0002

0.0000

Hypothesis on the spectral density: true in the continuum; can and should be

checked (for the unpreconditioned Qh) on our lattices (large V , small a)
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The case of µ2
h < ε2

h on finite lattices – cont’d
β = 1.9, (aµh,aεh) = (0.15, 0.19): distribution of Q2

h (but EO-preconditioned)
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L/a = 24, aµ` = 0.006 and L/a = 32, aµ` = 0.004

Width of the Q2
h spectral gap distribution: check whether it scales with a/

√
V

Philosophy: if in our small a, large V simulations, by numerical checks of this

type, we find good evidence that det(Dh
Mtm) has constant sign on the relevant

(for PHMC importance sampling) U-ensembles, then we also understand why:

because we work close enough to the continuum and V = ∞ limits. ⇒

self-consistent picture supporting the safety of our MC simulations at ε2h > µ2
h.

Roberto Frezzotti Remarks on Nf = 2 + 1 + 1 LQCD at max. twist



Intro Max. twist Renorm. det(Dh
Mtm) Observ. with s and c

Unitary vs. mixed action setup

Possibility of using OS fermions for the valence strange and charm quarks: avoid

s-c mixings, retain unitarity in the continuum limit.

Easy matching of s and c bare masses (requires knowledge of ZP/ZS):

ms = (µh − ZP/ZSεh) and mc = (muh + ZP/ZSεh)

No anomalously large cutoff effects seen in Nf = 2 observables (other than

mOS
π ): see e.g. BK . Indeed no such problems expected for masses and matrix

elements involving only one-particle states.
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