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1. Infroduction

Let us consider massless Quantum Field Theories as QED or QCD.

Integral cross sections are NO scale quantities
Single differential distributions are single scale quantities

Anomalous dimensions and coefficient functions belong to the
latter class.

e What are the classes of basic objects, through which these
objects are built order by order in perturbation theory ?

e HOw can the multiple, nested integrals e expressed and
simplified?

asic building blocks

Harmonic Sums, ... CAPPOS, April 2005
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No Scale Quantities: — Basic ¢-Values

Single Scale Quantities : = Basic Mellin Transforms

Consider:

e polylogarithms and Nielsen infegrals of one scale
e Mmultiple polylogarithms of one and more scales
e (Multiple) harmonic polylogarithms

e mulfiple finite harmonic sums and their representation as
infeger valued Mellin tfransforms

e mulfiple infinite harmonic sums = mulfiple (-values and their
relations

e Study the algebras of these quantities

e Continue the above Mellin tfransforms to rational, real, and
complex values of the Mellin variable to obtain

Harmonic Sums, ... CAPPOS, April 2005
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No Scale Quantities : limy_o Mellin transforms of
Single scale quantities.

Mellin fransform :

/O drz™ f(x) = M[f(x)](N)

Mellin convolution :

[f1® fa] ( / d901/ dxad(z — x122) f1(21) f2(22)

M |f1 ® fo] (N) =M[f1] (N) - M[f2] (N)

— Essential Structural Simplification

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 —pa
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2. Polylogarithms and Nielsen Integrals

Feynman parameter integrals :

1 ! 1
= / dx , and more involved
ab Jo  (ax+b(1—x))?

One obtains integrals like

% :]n(g[j), / dz :111(1 —33),...
0

0 Z

A 2nd integral (Euler, 1768) :

< & —

T dz . b odz :
/o — In(1—2) = —Liy(x), /:1: 7 In(z) = Lia(1 —2),

Harmonic Sums, ... CAPPOS, April 2005
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lterate infegrals (J. Landen, > 1760; W. Spence, 1809):
Li, (z / —Lln 1(

The denominators z=! and (1 — z)~! doin general iterate in a
wider class, in which the NIELSEN INTEGRALS occur:

S ()= DT / C ) P (1 — a2)

n—l )Ip!

N. Nielsen, 1909

Harmonic Sums, ... CAPPOS, April 2005
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Fig. 42. Den 15/2 1919 fldte professor Zeuthen 80 dr, og i den anledning gay venner og elever ham en
guldmedaille. Danmarks ledende matematikere foretog overvakkelsen, og blev fotograferet il bladet Verden og
Vi. Personerne er fra venstre Bonnesen, Mollerup, Juel, Harald Bokr, Niels Nielsen, Crone, Hjelmslev og
JL WV, Jensen. Foto, Matematisk Instifut.

courtesy C. Berg, Copenhagen
J. Blumlein Harmonic Sums, ... CAPPOS, April 2005
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Serial representations :

Li, (x i

k=1

T

S12(x ZkQSl —1), S2.2(x

k
Harmonic Sum : Si(k)y=>" %

d

@Sn,p(x) = Sn—l,p(x)

Harmonic Sumes, ...

Zk?’Sl - 1)

CAPPOQS, April 2005
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(some) Relations :

Lio(1 —2) = —Lig(z) — In(z) In(1 — x) +

Li, (_1) — Liy(—a) — %1112(:1:) — 6

X

Lis(1—2) = —S12(2)~In(1-2)Lis (z) — 5 In(z) In* (1) + In(1-2) 4

Li4 (— 1 _ :Ij) — ln(l — :U)[ng(llf) — 51,2(33)] + SQ’Q(ZE) — L14(ZE) — 51,3(33)
— %1n2(1 — x)Lig(x) — i In*(1 —x)

Li,(2?) = 2" [Li, (z) + Lin (—2)]

Harmonic Sums, ... CAPPO5, April 2005 —p.9



Some values of Nielsen Integrals :

Lin(l) — Cn — T

Liy (%) = % [¢2—In*(2)], Lis (%) = g@ - %@ In(2) + é]n?)(z)

These relations hold because of the above z « (1 — x) relations.

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 ~p.10



Some values of Nielsen Infegrals :

S1,p(1) = (pt1

1
S2,2(1) = 1—043
Soo(—1) = ——g2 + 2Liy (1) + 76 In(2) — —<;2 In?(2) + %1&(2)

Sta(-1) = -2+ Lis (5) + e - LR+ o k)

Due fo this Lis(1/2) cannot be expressed by other
consftants in use.

J. Blmlein Harmonic Sums, ... CAPPOS5, April 2005 —p11



Basic Numbers :

{<al<oo>, 10(2)); G5 G Lia(1/2); (Gs, Lis(1/2)):

(Lig(1/2), 0—5-1); (¢7, Liz(1/2), 0511, 05,1,1);..}

J. Vermaseren

|
NE
| =

01(00)

&
|
—_

J. Blumlein Harmonic Sums, ... CAPPQOS, April 2005
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3. Poincaré iterated Integrals

Poincaré-Lappo-Danilevsky—Chen lteration:
Let p; e{w_1;wo; w1} e differential forms

dz

_1)9(F)
(1)

Wr =

Pehi) = [ oriei= [ 010 [ o2

Examples :

Lin@) = [ wf7or Spa@) = [ ool Ha,@ = [ T om
0 0 0

cf. M. Waldschmidt, 2003

Harmonic Sums, ... CAPPO5, April 2005 —pi3
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4. Shuffle Algebra and Theory of Words

Harmonic Sums :

We will explain details of the shuffle algelra for the case of
harmonic sums and use this structure for other quantities later.

First relation: L. Euler, 1//5

Smn + Snm = Sm - Sn + Sman, m,n >0

Generalized to alternating sums:

Sm,n + Sn,m — Sm . Sn + Sm/\na

mAn = [lm|+ |n|]sign(m)sign(n)
Harmonic Sumes, ... CAPPQ5, April 2005 _pl4
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Determinant relation:

S_1 1 0
—52 S_1 2
1
S—l,...,—l ~ S-3 =52 S
& .
(—1)k+15(—1)kk (_1)k5(—1)k—1(k—1)
1 k
Sa,,, _ _Z a(N - a(N)
H,_/ k 1—0 m:l
k z

Harmonic Sumes, ...

CAPPOS5, April 2005
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These & other relations hold widely independent
of their value and Type.

Determined by : e Index Structure
e Multiplication Relation

} . Faa di Bruno:
4 rootfs of multivar.
B Clgcbraic equations

Ramanujan:;
infeger sums

The Formalism applies as well to the Harmonic Polylogarithms.
Remiddi, Vermaseren, 1999,

J. Blumlein Harmonic Sums, ... CAPPQOS, April 2005
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Linear Representations of Mellin Transform by Harmonic Sumes:

M[Fu(@))(N) = S o, (N) + P (ST i Ty

w = Zyil \kz| weight, 7", 7" < w P is a polynomial.

W i >

1 2 2

2 6 8

3 18 26 2 Loop anom. Dimensions

4 o4 80 2 Loop Wilson Coefficients

S 162 242 3 Loop anom. Dimensions

6 486 728 3 Loop Wilson Coefficients

2.3w—1 3w _ 1

J. Blumlein Harmonic Sums, ... CAPPQOS, April 2005
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Shuffle Products

Depth 2:
Say (N)LWSey, (N) = Saj.as(N)+ Sag,aq (N)
Depth 3:
Sai (N) W Sag,a5(N) = Say,az,a5(IN) + Saz,a1,a5(N) + Sag,ag,a1 (V)

Depth 4; .....
benih 2 Algebraic Equations

Sa; (N) L Say (N) — Say (N)Say (N) — Saynas (N) =0
Depth 3:
Sa; (N) LW Sas a3 (N)  —  Sa;(N)Sas,a3(N) — Sainras,as (N) — Sas.a;ras (IN) =0
Depth 4; ...

# Basic Sums = # Permutations - # Independent Equations

J. Blmlein Harmonic Sums, ... CAPPOS5, April 2005 —p18



J. Blimlein

Sa,a,a,b,b,b —

1

§Sa5b,a,b,a,b —

1

1

ESb,a/\a,b,b,a —

+§Sa/\a,b,a,b,b +

Sa,b,a a/Nb,b —

+ - Sa ,aAb,a,b,b —

+

+

Sb,b,a/\b,a,a +
Sa,b,a/\b,b,a -
Sa,b,b,a,a/\b —

Sb a,a/\b,b,a +

— Sa/\b,b,a,b,a +

1
6
1
3
1
3
1
6
1
3
1
6
1
6
1
2

Sbaaab/\b_

1
gSa/\a,b,b,a,b

1
=S
6 b,aAb,a,b,a
1

=S
6 a,a,b,aNb,b
1
=S
3 b,aAb,b,a,a
1
-5
6 b,a,aNb,a,b
1
=S
9 a,bAb,a,a,b
1
3
1

_Sbbaaa/\b
3 b} 9 )

1

_Sa/\babba
6 ) Iy

Harmonic Sums, ...

1
6
s

+

Sb,a,a,b,a/\b + -

+

Sa,b,b,b,a/\a +

Sa/\b,b,a,a,b

Sa ,aAb,b,a,b

Sb/\b,a,a,a,b

1
3
1
6
1
3
1
6
1
6
1
2
1
3
1
ESb,a,a,a/\b,b
1

3

Sa,b,b,a/\a,b +

Sa ,a,b,b,aNb +

Sa,b,b,a/\b,a +

Sa a,a/N\b,b,b + -

Sb,b,a alNa,b +

_Sb,a/\a,b,a,b —

1

3
1

6

1
3
1
S

3 b,a,b,a,aNb
1

=S

6 a,b,aNb,a,b
1

=S

9 a,b,a,a,bAb
1

S

3 a,b,a,b,aNb
1

-5

6 b,a,b,aNb,a
1

3

1
_Sa/\a,b,b,b,a

6
_Sa/\a,,a,b,b,b +

_Sb,a/\b,a,a,b +

_Sb,a,a/\a,b,b +

Sb,b,b,a/\a a Tt

CAPPOS5, April 2005

1

_Sa,b,a/\a,b,b

3

1

gSa/\b,b,b,a,a

1

gSaSa,a,b,b,b

1

_Sa a/Nb,b,b,a
6 ) I I

1
_Sa/\b,a,b,a,b

6
1
2
1
-5

6 b,b,a,aNb,a
1

=S

6 b,b,a,b,aNa
1

Sbbbaa/\a
3 I I Y
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1 1 1 1 1
_ESb,b,a/\a,b,a + _Sb,a,b,a/\a,b + _Sa,a/\a,b,b,b + _Sb,b,a/\a,a,b + _Sb,a/\a,a,b,b

3 3 3 3
1 1 1
_ESa,a,b,a,b/\b — Esb,a,b,b,a/\a — Sb.bb,a,a,a T gsa/\b,a,a,b,b + gSaSb,b,a,a,b
1 1 1 1 1
—=SaSabbba— =5aSbb,abat =SaSb.a,a,bb + =SaSababb — =5aSb.a.b.b,a
6 6 3 3 6
1 1 1 1

1
—§5b5a,a,b,a,b — ESbSa,b,a,a,b + §Sa5b,b,b,a,a — ESbSb,a,a,a,b + gSaSa,b,b,a,b

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 ~p.20
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Theory of Words

Can we count the basis in simpler way ? = YES.

Free Algebras and Elements of the Theory of Codes
— Particle Physics

Only the multiplication relation
and the Index structure matters

A= {a,b,c,d,...} Alphobet
a<b<c<d<.. ordered
A% () Set of all words W

W =a1-a2-as7...a532 = concaftenation product (nc)
W=p-x-s

P = prefix; s = suffix o

Definition:
A Lyndon word is smaller than any of its suffixes.
= lexicographic ordering

Harmonic Sums, ... CAPPQOS, April 2005
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Examples

©® {a,a,...,a,b} = aaa...ab 1 Lyndon word for these sets
(n—1) a's: npasic/Maiy = 1/n  n = depth of the sums

© {a,a,a,b,b,b} = aaabbb, aababb, aabbab 3 Lyndon words
— Symmetries lead to a smaller fraction. nryndon/man = 3/20 < 1/6

) {al,ag, .. .ak},a,,; =+ aj,— 1/k-H! Lyndon words

© Homework:
construct all Lyndon words for {a, a, a, a, a,a,b,b,b,b,b, b} using
lexicographic ordering.

Theorem: (Radford, 19/9)

The shuffle algebra K (1) is freely generated by the Lyndon words.

l.e. the number of Lyndon words yields the number of basic ele-
ments.

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 —p.22
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Is There a general counting relation ?

E. Witt, 1937
1 (n/d)!
bu(na - ng) = cuzwﬂ(d) T 2

(2nd Witt formula.)

p(k) - Mobius function

p(l) =
,u(p1p2 pr) =0,  if one prime occurs twice
w(pipz ... pr) = (—1)%,if no prime occurs twice

The Length of the Basis is a function mainly of the Depth.

Harmonic Sums, ... CAPPO5, April 2005 —p23
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S. Harmonic and Mulfiple Polylogaritms

Definition: Harmonic Polylogarithms

Remiddi & Vermaseren, 1999
fO;2) =27, f(Lz)=0-2)"" f(-Lz)=0+z)""

d
- H(a,z) = f(a;2)

H (s ) = / 0 f (@ 2) H (15 2)

. 1 . (—1)v . 1

H(Ow;x) = — In“(z) H(lw;z)= In“(l—2z) H(—1ly;z)=—In""(1+2x)
w: w! w!
Examples
T odz
H(0,0,1,1;2) = Ss 2(x); H(-1,0,0,1;x) = / Liz(2)
o 1+2

Harmonic Sums, ... CAPPO5, April 2005 —p.24



Properties:

H(mw§ 33) — (_l)wH(_mw§ 33)

H(my;z)- H(fig;x) = H(g; o) LU H (1745 x)

shuffle algebra — algebraic relations  cf. sect. 4
Counting of basic HPL's vs weight:
3 elements

Nbasic(w> — m % (—) 3d

d|w+1

(3:8:18:48; 116;: 312: 810:...)

H(m; 1 —x)is a polynomial of HPL's of highest weight (w-1)

non-negative indices

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 —p25



H(m,; x*) can be represented in terms of Y H (7 ; x)
non-negative indices

Mappings: y — 1/xz —1ie;  y— (1 —x)/(1+ x)

Mellin Transforms:

Consider :
1 N H’r_fbw (37)) N B
/0 dr x ( it ) Sttysr (N) + ...
1 H,
/ dx ( 10,1(:1:)) = 521(N) = (251 (V)
0 — X +
(—1)N L /1 dx a;NH(i%lf) = S_911(N)—(35_1(N) + Lig G)

0

1 1 1 1
—2G — G n?) - 7¢I (2) + - n%(2)

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 —p.26



Shuffling of letters ;

Vw e A* 1w =wll]1l =w,
Ve,ye A,V u,v, e A", zullyv = z(ulldyv) + y(zu Ll v)

Generalized Maurer—Cartan
(Knizhnik-Zamolodchikov) EQuaAtion :

dL(z) = |w_1x_1+ wozrg+ wiz1] L(2)

L(e) = explzgln(e)] + o(ve),
e—0".ceR

Drinfeld :

L(z) = ZLw(z)w, V2C\{-1,1}

J. Blmlein Harmonic Sums, ... CAPPOS5, April 2005 —p27



= Monodromy around {—1,0, 1}

Examples :
p = 2m
MiLiz, = Ligz, = In(x)
Miliz; = Liz; —p=—-In(l1—xz)—p
MiLiz_, = Liz_, =In(l1+=)
MiLigz,2 = Ligz,e —pliz, + %Liio + p¢(zox1)Lizg +pCp2,,

One may derive directly relations between different
arguments, such as :

Li4(1 — :C) = —Lig,l,l(w) -+ Lil(a:)Ligjl(a:) — %Li%(ax)Lig(a:)
+2 (@)L (@) + LT (@) - GsLis (@) + 23
Lis 1 (1 _ i) —  _Lis(z) + In(2)Lis(z) — %1n2(w)Lil(w) _ %ln?’(w) +é

Liz1(xz) = S1,2(z); Lig1(z) = S2,2(x); Liz;1,1(x) = S1,3(7)

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 _p.28



Definition; Multiple Polylogarithms
A. Goncharov, 1998

Lisk,...,sl (:Bkh R 7561) — >\ (

Equivalent expression:
Borwein, Bradley, Broadhurst, Lisonek, 1999

S1, ..., Sk L -~
()= Y

I/1,...,I/k:]_ ]:1

J. Blimlein Harmonic Sumes, ...

k k
H b; Z Vj
=7

CAPPOS5, April 2005
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Z-Sums

(Moch, Uwer, Weinzierl, 2001)
- 5’3% k
Z(ns g #) = ) 72 (1= Ll 215)
1=1
classical polylogs = Nielsen infegrals =— harmonic polylogs
—> mulfiple polylogs =— Z-sums

multiple (-values — multiple harmonic sums — Z-sums

PROGANG nestedsums Weinzierl
xsumimer Moch, Uwer

(M.E. Hoffman, 1999) — Hopf-algelora structure

Harmonic Sums, ... CAPPQOS, April 2005
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6. Harmonic Sums and Mellin Transforms

Apply the shuffle algebra to reduce the number of sums.

Find basic Mellin tfransforms for Harmonic Sums

—> One-dimensional integral representations ;

L12(1 — ZC)

T (N) 4+ C251(IN) — 3

S12(N)=M

Lis(1 — ) = —Lis(z) — In(z) In(1 — x) + (o

not yet minimal —

S2.1(N) = M [(Iﬂ"j) ] (V) + S ()
+

S2’2(£C)

1l —=x

(3
)J (N) + (352(V) — 1—051(N)

S311(N)=-M [(

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 _p3l



S 1 2(N) = (~)NHIM [F 1() ““S;f)““_x)] (V)
— 1 (—DNFIM {51,2(372)/2 - ilf(lx) — Sl’z(_x)] (N)

+%2 [S_11(N) — S_1._1(N)]

9 3 1
+lg8 5 In(2) — g n (2)] S—1(N)

12 17 7 2 1 4
_ —CaIn(2) — =Co 1 2)0-1 2
1OC2+8C3H() 4C2n()6n()

— can always be reduced algebraically.

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 —p32



7. Multiple Zeta-Values

Euler-Zagier Values :

o0 :|:1 sign(a)
Z 11l S(Mw; kb —1)
k=1

S(m.; N) denotes a mulfiple harmonic sum of wei
it vm; > 0: Mulfiple ¢(-values
Otherwise : Colored ¢-values

The numerators are ({/1)%e"(m:) Here we consider: n = 2 only.

Building blocks : Basic numbers infroduced lbefore.
What is known about these numbers ?

In(2) is franscendental Lindemann, 1882: (s is franscendental
Apery, 19/9: (5 isirrational /udilin, 2000: one out of {(5, (7, (9, (11} is irrational
unknown whether ~g is irrational  Rivoal, 2000: infinitely many (2,,+1 values are irrational

J. Blimlein Harmonic Sums, ... CAPPO5, April 2005 _p.33



. G.H. Hardy offered his Cambridge Chair to any-
B one who would proof that g is irrafional.

J. Blmlein Harmonic Sums, ... CAPPOS5, April 2005 —p.34



Basic Numbers :

{<al<oo>, n(2)); G G Lia(1/2): (Go, Lis(1/2);

(Lig(1/2), 0—5-1); (¢7, Liz(1/2), o0_51.1, 05,1,1);---}

J. Vermaseren

L
x| =

o1(00) =

X
I
=

J. Blumlein Harmonic Sums, ... CAPPQOS, April 2005



Relations :
() Shuffle relation LLI :

Cwl : sz — C(wl LL] wQ)

(i) Stuffle relation x (M. Hoffman, 1997):

Cwl 'ng :C(wl*wg); *IQ[* X Q[* —>~6

EXW =W*kxe=1W

YsU * YU = Ys (U * YU) + Y (Yst * V) + Yspi(u % v),
s,te N; s,t>0

:>C(w1 L1 w9 —wl*wg) =0
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Examples :

Shuffle: (21(a =6(31,1 + 3C2.2.1 + (21,2
Stuffle: (2102 =2C21 + Ca1 + (a3 + (21,2

e 6(3.1.1 +C221—Ca1—C23=0

(i) Duality :

1 m 1 m
/ 33—1—1 rj—i—l / 7“3—1—1 sj—i—l

Exomples | C({2,1) = C({8h); C2, {1}) = ((n +2)

(iv) Sum Theorem :
(Granville, Zagier, 1997);

Z C(s1,-..,81) =C((s)
s1>1,8]l_,>1
S1+...+8 =38
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(v) Hoffman’s relation (1992) :

l [ Sk—z
ZC(gylf_l) Sk 1 17 g‘%-}-l) — Z C(Sl_la Sk — ]7.] + 17 g‘gﬂ—i—l)
k=1 k=1 5=0
Euler : (s = Zj;% Cs—jjs S =3

Other Theorems more :

e Le-Murakami Theorem;

e Cyclic sum Theorem;

e Derivation Theorem; and others.
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Which infinite nested harmonic sums are reducible ?
Examples :

_ P N U
C2,1 =(3, Ca1 =20 —¢( = 5C2 =750
m—2
2Cm,,l = mCm—i—l — Z Cm—ka—#la 2<m
k=1
2(2m)2 1\t
C({2hn) = (2n 4+ 1)! (5)
B 10(27‘(‘)2n 1—}—\/3 10n+5 1 _\/5 10n+5
C({10}n) = 10 1 5)] [1+< : ) - >
311 = L (r4),)) = 2m
C({3,1}n) = 4—nC({ tn) = @t 2

Harmonic Sums, ... CAPPQOS, April 2005

-p.39



Evaluated 1o :

mulfiple ¢-values:

Bigotte et al., 1998 rank 12
Broadhurst, 2000 rank @
Vermaseren, 2000 rank @
Minh, Petitot, 2000 rank 10
Vermaseren, 2003 rank 16
Minh, Petfitot, 2003 rank 16

N = 2 colored mulfiple ¢-values:

Gastmans & Troost, 1981 rank 4

J.B. & S. Kurth, 1998  rank 4 completed
Vermaseren, 2000 rank @
Bigofte et al., 2002 rank 7
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Examples: (Pefitot et al.)

19 , 511 , 26907 6639743
2,1,1,5,1,2)= — — il - il
¢( ) 1 C3 + 1 C2C5 16 C5C7 + 63000 Co
1377 , 3740 7723 o ., 1943
+ 20 (5¢3¢5 3 ¢3Co + 510 (3¢5 + 3 (7¢2(3

1107 1943 o 123 7045
+ 3 C2C8,2+ m C2C6,2‘|‘7C8,2,1,1— ™ C10,2

295 1469 3 23
~1,1,1,1,—1,2)= =— 2 4 Z¢ ¢ ——(*
¢( ) 256C2C5+ 13440C3C2 + 8C 1(—5.1 192C 163

85 1, 5 5 o
+84C5,1,—1 2C—1C3 ----- 6C—1C3,1,1,1,—1 12C_1C3,1,—1
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Counting basic elements :

/Zagier; Broadhurst & Kreimer conjecture,similar to the 1st Witt relation.
Nw)= =" u (%) P
w) = — —
w ILL d d7
d|w

Pr=0,P=2 PR=3 P;=PFPj2+P;3 d>3

P, - Perrin numbers.
{0; 1; 1; 0; 1; 0; 1; O;...}

{2; 1; 1; 1; 2; 2; 4;...}
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8. Structural Relations

To consider the N 1o be integer is not necessary.
We need analyfic continuation to N ¢ C.

Proceed as follows:

N e N=NecQ=N<¢ecR=N € C

() N, rational:

1 Li,(z? Li,(x Li,(x Li,(—x Li,(—x
| Lin@?) _ Lin(e) | Lin(e) | Lin(=2) | Lin(=2)
2" 1l —=x 1l —=x 14+« 1l —x 1+

Express one Mellin fransform knowing M|(Li,,(x)/(1 — z)](V) for
N and N/2.

Harmonic Sums, ... CAPPQOS, April 2005

- p.43



J. Blimlein

(i) N, real:

One may infroduce differential operators d/dN.

1

l—=x

S.o s(N) = M { { (% In2 (2)Lia(—2) — 2 In(z)Lis(—2) — 3Li4(—x)>] +} (N)
+2C3 [S2(N) — S_2(N)] + %QSl(N)

IS NO basic function, neither is any of its contributions.
Map back to Lis /(1 + ) and functions of lower weight.
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9. The Basic Functions to w=5

Here we list all basic function contributing up to the level of the
3-loop anomalous dimensions.

Weight w=1,2 .
Only weighted logarithms contribute = single sums

Representative : S1(N) =¢(N +1) + g

Remark on the only irreducible function at w=2

In(1+ x)
14z

Fl(N)M[

(V)

This function does not occur in physical quantities genuinely.
However, it is useful in reductions of large classes of functions.
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Weight w=3 :

Fy(N) =M [LiQ(m)] (N), F3(N)=M [(Lb(m))J (N)

1+ x

Yndurain et al., 1981: F5(N)

Weight w=4:

~

Fy(N) =M [5172(5”)] (N)

1l +2x

Fs(N):=M [(5172(5”))J (N)

1l —=x

F5(N) — F5(N): J.B., S. Moch, 2003; J.B., V. Ravindran ,2004
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Weight w=5:

For(N) = M (T‘ﬁ))m] ). A =M| 220 )
Fono(N) = M (Sf’j?)m] W), ) =M [ 2] )

Fio15(N) = M [(52,2(—33)1;122(—@/2)(+)] (V)

Fs(N) — Fi3(N) : J.B., S. Moch, 2004.
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10. Analytic Continuation fo Complex Arguments

The basic functions need to be represented for V ¢« C.

General behaviour for complex N:

Vieromorphic functions: with poles at the non-negative integers.

trough factorial series, %) -functions and
polynomials out of both.
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The basic functions need to be represented for

Three possibilities:

() highly accurafte semi-analyfic representations through
in (J.B. 2000; J.B., S. Moch 2005.)

Ll%(-%) B C22/4] (N) S bl(f)

1 — _ZN+k+1

|
k=0

Inversion for = € [1079,0.98] more accurate than 5 - 108,

b2 = —0.6764520210934552D-0 b'? =  —0.6764520137562308D-0
b2 = 0.3235476094265664D-0 b{P =  —0.1764446743143206D-0
b = 0.10819406722469930-0 b =  —0.7181309059958118D-1
b = 0.4940999469881481D-1 YY) =  —0.3290941711692155D-1
b = 0.1916664887064280D-1 b\Y =  —0.8589741767655388D-2
B2 = 0.2508898780543465D-2 b'2) = —0.3476710199486832D-3
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(i) Known functional forms :
Analytic continuation of single harmonic sums :

Nk
Sp(N) = (;j)l),w(k)(NﬂLl)Jer; c1 =Yg, Ck = Cr,k > 2
(—1)E+N) k—1
S_k(N) = 1) BN +1)+di; di =—In(2);dp = —(1—1/2" )¢, k > 2

o =50 (57) - (3)]

Recursion relation :

1
YN +1) =9(N) +
Asympftotic representation :
1 1 1 1 1 1
YN =In(N) = 0%~ 582 T Toont ~ 256n36 T 2a0ns T C (W)
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(ii) New functions :
Example :

51,2(513)

1l —=x

F5s(N) :=M < )J . Spa(z) < Lis(1 - 2)

Recursion relation :

(3 ST(NA+1)+ Sa(N +1)
N +1 2(N +1)2

Asymptotic representation :

F5(N +1)= —F5(N) +

Lig(l—w)} 1 1 11 1 1243 49 ( 1 )
M N) = — — — — O —
{ 1l —=x (N) N+8N2 216 N3 288N4+54000N5 72OON6+ N7
Apply :

Lig(1 — x 2 1
F5(N) = —M{ 31(_90 )} (N>+%2[S%+Sz} —2GS1+ G + 5 [S193 — 5152]

+S4 — 51521 — 2531, Sk,
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Mellin inversion:

Im N
2_.
1__
¢
O \ Re N
o fo—eo—¥% *—fe——1 a T
-2 -1 O 1 2 3
-1y 0 y,,1.0 GeV?
0y, ,10° GeV?
271 x Py
* (, ginput

f(m):—/ooodzlm {eiqﬁ " “M[fI(N =C)|, C=c+ ze?.

Harmonic Sums, ...
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11. Summary

© Harmonic polylogarithms are a tool to organize the results of
infegration for single scale quantities in z space.

© Harmonic polylogarithms are generated by a generalized
Knizhnik-Zamolodchikov-Drinfeld DEQ.

Special cases are usual polylogarithms and usual Nielsen intfegrals

A high degree of simplification can be achieved expressing the
results in terms of harmonic sums.

© Harmonic sums of the variable N are associated to Mellin
tfransforms of weighted harmonic polylogarithmes.

© Harmonic sums can be simplified through algebraic and sfructural
relations.

© The number of basic functions conftributing fo
1 loop anomalous dimensions and coefficient functions is 1,
2 loop anomalous dimensions is 2,
2 loop coefficient functions is 6,
3 loop anomalous dimensions is 14,

e o
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o All numerator functions are polynomials of Nielsen integrals.

© The analytic continuation of the basic Mellin transforms are known
exactly and in form of highly accurate numerical representations.

© Mulfiple Zeta-values are related by shuffle- and stuffle-algelbra
relations, duality, an others.

© The conjecture that these are all relations was checked up 1o
weight w=16 for numerators v = 1. The number of basis elements is
connected to the Perrin numbers.

o A larger basis is obtained for the case of numerators v = +, with a
yet unknown counting relation.
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