Theoretical Status of Nucleon

Structure Functions

Johannes Blumlein

DESY

Introduction

Scaling Violations up to 3 Loops

Small x Resummation

Recombination Corrections

Polarised Structure Functions

Some Sum Rules

Scaling Violations in Diffractive Scattering
Structures behind Feynman Diagrams

Conclusions

J. Bliimlein

JLAB, June 2004



1. Introduction

GOAL S
PDE'S :  UNPOLARIZED ——™Vi{Z My ... dy
wwe Yo &, 8
POLARI ZED —  Auy ,04y
AG
a» ’uu‘a ab
porw bt
——> wwfotd: INDIV. SEA QUARK
PENSITIEDS
s HEKSLLE Sq
SEE
—p o TWANN Y, TisT 4 2
(PERHAPS)

— AOL (M) = £ A

J. Bliimlein JLAB, June 2004



Motivation
L

WHY DO WE STUDY POLARIZED DEEP
INELASTIC SCATTERING 7

e Study of short distance structure of nucleon spin

e Understand and finally solve the spin puzzle

o Test of perturbative QCD in spin sector: Agcp

e Test of fundamental and less fundamental sum rules
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Unification of the Coupling Constants
in the SM and the minimal MSSM
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2. Scaling Violations up to 3 Loops

e WHAT DO WE KNOW 7
o APPUCATIONS TO DPATA

. CONSEQUENCES FOR oy oT.

. (DUPARISON WITH LATT icE RESOUS

J. Bliimlein JLAB, June 2004



3. QCD PERTURBATION THEORY
TO O (o3)

How CAN WE HEASLRE o (Q%) FRoH THE
SCALING UOLATIONS OF STRuCTURE FULUNCTIONS ?
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MAIN OBIJIECTIVES :

e PRECISE MEASUREHENT OF dg (Hg)

e REVEAL POLARIZED & UNPOLARIEED
PARTON DENSITIES WIiTH hiGH PRECISION

e HND NOVEL STRLCILVRES

e PRORE @QCD

- PERTURBATIVE QCD : WO
‘ NEW TECHNOLOG.
—> LATTICE STUDIES
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4.1. The Running Coupling Constant
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4.2. The Splitting Functions and
Evolution Equations
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Detailed contribution of various diagrams 10 T (%@ 1 /)
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O@2): The FiRST HOWENTS
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Tree 1-loop 2-loops 3-loops Lorentz projections

qyary 1 3 27 413 2
qeqe 1 24 697 1
gvgY 2 20 366 2
iy ty 2 53 2
goge 1 11 241 7219 1
hohe 1 36 1266 1
TOTAL 3 23 399 10846
# DirGRAMS

Table 1. Number of diagrams and Lorentz tensor structures in the classes qyqy,
qoqo, gyey, hyhy, goged and hohe. Notation: q = quark, g = gluon, h = ghost,
= photon, ¢ = scalar particle that couples only to gluons.
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4.3. Coefficient Functions
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'3 Loop A

nomalous Dimensions

S. Moch, J. Vermaseren, A. Vogt: non-singlet: hep-ph /0403192 :
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3 Loop Anomalous Dimensions

S. Moch, J. Vermaseren, A. Vogt: non-singlet: hep-ph /0403192 :

Slope of the NS™ d'ilstribu-tion
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3 Loop Anomalous Dimensions

S. Moch, J. Vermaseren, A. Vogt:
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3 Loop Anomalous Dimensions

S. Moch, J. Vermaseren, A. Vogt:
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\

Fit

Results

o Parameter values at the input scale Q2 = 4.(

rqi(x, Q3) = Az (1 —x)"(1+ pix? + %)

) GeV*

v | a | 0.285 4 0.007
b | 4011 + 0.045
p -1.108
| 26.283
"d, | @ | 0339+ 0041
| b | 5.160 + 0.292
p 0.895
v | 18.179
- AGp | 219 % 31 MeV |
X7 /ndf = 688/T57 = 0.91 |
o Covariance Matrix at the input scale Q2 = 4.0GeV?
W NLO
gil Agé D . | b @y b,
“LAQCD | 9.86E-4 | |
g, | 521E5 | 5.11E-5 | |
bo, | -7.08E-4 | 2.07E-4 | 2.06E-3 | |
| @, |[| 606E5 | -145E-4 | 1.07€-3 | 1.72E-3
by || -2.61E-4 | -8.01E-4 | -6.04E3 | 1.12E2 8.50E-02
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Valence Parton Densities at Q3 = 4.0 GeV?

e 441 parameter non-singlet fit to F data:
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Evolution of the Parton Density zd,(z)
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Evolution of the Parton Density zu,(z)

e 441 parameter non-singlet fit to [ data:
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4
| Agep: MeV || as(M3)
. 0.0
This Fit 219 + 31 0.113 AU (expt)
| —0.002

— Comparison with global QCD analyses (significant sea
and gluon contributions and correlations):

as(M %) expt theory model Ref.
NLO |
CTEQ6 | 0.1165  =0.0065 [1]
MRSTO3 | 0.1165  =40.0020 +0.0030 [2]
A02 0.1171  +0.0015 +0.0033 3]
ZEUS 0.1166  +0.0049 4+0.0018 | [4]
H1 01150 400017 =+0.0050 000 | [5]
BCDMS | 0.111 40.006 [6]
BB (pol) | 0.113 +0.004 e [7]
NNLO
SYOl(ep) | 0.1166  +0.0013 [8]
- SY01(vN) | 0.1153 +0.0063 [8]
 MRSTO3 | 0.1153  £0.0020  +0.0030 2]
A02 01143  +0.0014  £0.0009 3]

[1]: CTEQ Collab.: J.Pumplin et al., JHEP 0207:012 (2002). [2]: MRST Collab.: A.D.Martin
et al., hep-ph/0307262. [3]: S.Alekhin, hep-ph/0211096. [4]: ZEUS Collab.: S.Chekanov et
al., Phys.Rev.D67 (2008) 012007. [5]: H1 Collab.: C.Adloff et al., Eur.Phys. €21 (2001) 33.
[6]: BCDMS Collab.: A.C.Benvenuti et al., Phys.Lett. 223 (1989) 490. [7] J. Bliimlein and H.
Béttcher, Nucl. Phys. B636 (2002) 225. [8] J. Santiago and F.J. Yndurain, Nucl. Phys. B611

(2001) 447.



Comparison of Moments at Q* = 4.0 GeV?

—

f |n| ThisFit | MRST03 | A02 |
o | 2]0284+0003 | 0289 | 0304 |
3 | 0.085+0.002 | 0.084 | 0.087 |
4| 0033+£0001 | 0032 |0.033 |
i, |2 |o114+0004 | 0113 | 0120 |
| 3| 002940001 [ 0028 | 0028 |
| 4| 0.010£0.001 | 0.010 | 0010
u,—d, | 2| 0170£0005 | 0176 | 0.184 |
| 3| 0.056+0.002 | 0056 | 0.059 |
| 41002340001 | 0023 |0.024 |
; QCD Lattice
f |m| ThisFit QCDSF
u, —d, | 2] 0.170 £ 0.005 [ 0.191 +0.0129 |

— T4(Q%) = [, 2" ' f(2,Q%)da

Lattice simulation: Scale p? = 1/a? ~ 4GeV?.

%) G.Schierholz, private communication.
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: : _
Fvolution |

auations of Structure or Fragmentation Functions do

normally exhibit FACTORIZATION AND RENORMALIZATION

SCHEME DEPENDENC] INSTEAD OF PROCESS-INDEPENDENT
SCHEME-DEPENDENT EVOLUTION EQUATIONS FOR PARTONS
ONE MAY THINK OF PROCESS-DEPENDENT
SCHEME-INDEPENDENT EVOLUTION EQUATIONS FOR
Observables.

Evolution Equations :

0 | FY 1 i k¥, Kip FY |
M N | T3 N N .
o \ Fp 4\ Kz, Kpp Fg

evolution variable

physical evolution kernels

N .801{%1(” wy ! Boas(Q?) N N AN
KIJ’ = L = 4——_8*15 (C )Wm,J (?L) = mcf,ﬂra(t)'?’m.n(t) (C )]n

with

(n)
1J

oo
Ky =3 a2(@) (k)
n=>0
Possible choices for F4 and F are 5 and 9Fy /0t or I and F,. For these
sets of physical observables we will examine the crossing-behaviour from S to
T-Channel.

The dependence on the remormalization scheme is only removed if the
perturbation series is summed to all orders.
J. Bliimlein JLAB, June, 2004 8
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4. Recombination Corrections
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Figure 1. Direct diagrams contributing to (5). The grey oval symbolizes the set of diagrams in Figure 3.
Orthogonal dashed lines stand for the time ordering. The separated white ovals symbolize the two parts
of the non-perturbative 4—gluon density. 1,3, 2] and z} are the longitudinal momentum fractions, with
@y + @ — 2 — ah = 0. The circle stands for the forward subprocess y* 4 ¢ = ¥* + ¢ through which the
virtual photon couples to the amplitude.
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Figure 2: Interference diagrams associated to the process in Figure 1.
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Figure 3: Diagrams symbolized by grey ovals in Figure 1 and 2.
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4. Numerical Results
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Figure 4a: The slope dFy(z, Q%)/dlog Q? at Q% = 5GeV2. Full line: leading order twist—2 contribu-
tions (parameterization Ref. [24]). Dash-dotted line: Eq. (7) with twist—4 mass scale R? = 5GeV~2, -
and dashed line: R? = 2 GeV 2.
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6
=1 A
(4

Recatl: Py — &

0 e
P,;;\ -» G-

M iro

tributing powers. Ist: 2°, 2nd: 2 etc. (dotted lines). Dash-

1 Q-"%)l U‘f%’x— 32 -M'&l

4
b %%k.
R=0



5. Polarized DIS and the Next Twist 1
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LONERT ORDER QcD :
@ TWO OPERATOR EXPECIATION VALVLES

Q, , dn n = SPIN
T '
TWAST 2 TWiST 3 + HHGHER TWistS
~N 4/@1“

V1 2 sF's | Aq+ag —» 4 Revation

Iy+2°|* 5§ sF's | bq t H—> 3 RELATIONS

MORE PRECISELY : ONE REL. PER LOWEST TWiST |

-

— —

I+ !
l(x&‘)--—g!(x&‘ & ot (9,87
Y (&) = - gyt w&.% g (9 &%)
x N-WD%URA'N“-CEEK
‘ 1977
E‘ : 4M2x2' E _a\ Ly 2\
'y (x, &) = & l 2 048 2}%%!:("&)&
B, TkxeLADEE 1978
(PKLL MASSES NEED TO BE
RESLYMED O
HH’-?,"”\Z: DACLS a2 k TWIST 2 aeev.
38, KOCHELEV 1926 |

I, TKABLADZE 1993 TWIST 3 OTHER 28&

EXPEMAHENTAL STUDY POSSHIBLE AT SLAC Soow.



A

(4)
QCD

= ozS(M%)

8 parameter fit

\ (4
AQ-CD Al gl
“VALUE | ERROR || VALUE | ERROR
| | | |
FS/RS=1.0/1.0 | 0.235 | &+ 0.060 - 0.242 | £ 0.067
| ! | |
"FS/RS=0.5/1.0 | 0.185 | —0.050 || 0.193 | — 0.049
“FS/RS=2.0/1.0 | 0.293 | + 0.058 || 0.318 | + 0.076 |
“FS/RS=1.0/0.5 [ 0.330 | +0.095 || 0.349 | + 0.107 |
“FS/RS=1.0/2.0 | 0.175 | — 0.060 || 0.187 | —0.055 |
| SYST. ERROR | -+ 0.121 | -+ 0.130 |
= ; - 0.077 || - — 0.084
Al: +0.004 0.004 0.007
* ‘ai(Mz) =0113 i-0.005 (exp) J—ro.004 (fac) io.oos ()
* gl 0.005 0.005 0.008 .
as(Mz) = 0.114 J—r0.006 (asp) J—ro.004 (fac) f0.005 o)

e SMC: 0.121 % 0.002(stat) & 0.006(syst + theor)
0.108 — 0.116(> 0.120 bad)

E154:
ABFR:

WORLD AVERAGE

0.120

+0.004

—0.005

0.

r— 4+0.009
TP} _0.006

118 + 0.002

(theor)




Fully correlated lo statistical
GeV>2.

— Yellow error band:
error band at the input scale Q% =40



rAG(x) with error bands

T

0.6

xAG(x) — NLO

0.5

0.4

- e "I‘ 1% T T T m e T R

— Yellow error band: Fully correlated 1o statistical
error band at the input scale Q% = 4.0 GeV>.



Comparison of Moments

'. QCD Scemario 1 lattice results

A f n moment QCDSF LHPC/

at Q% = 4GeV? SESAM
Aw, | -1 | 0.926%£0.071 | 0.889(29) 0.860(69)
o | 0.163+0.014 | 0.198(8) | 0.242(22)
1 | 0.055+0.006 | 0.041(9) | 0.116(42)
Ad, | -1 | —0.341+0.123 0.236(27) | -0.171(43)
o | —0.047 +0.021 | -0.048(3) | -0.029(13)
| 1| —0.015+0.009 | -0.028(2) 0.001(25)
o Ad | -1 | 1.267+0.142 | 114(3) - 1.031(81)
o | 021040025 | 0246(9) | 0.271(25)
1 | o0.070+0011 | 0.069(9) 0.115(49)

— Taf(@) = Jp 2" Af (2, Q7)dx

| attice simulation:
the n = 0,1 values of the QCD

extrapolation was performed.

[ Refs: M . Gockeler et al., QCDSF Coll., Phys.Rev. D53
B414 (1997) 340; hep-ph/9711245; Phys.Rev.
et al.. Nucl.Phys.(Proc. Suppl.

Scale u? = 1/a® ~ 4GeV?. For
SF Coll. no continuum

(1996) 2317; Phys. Lett.

D63 (2001) 074506; S.Capitani
) B79 (1999) 548, S Giisken et al., SESAM Coll.,

hep-lat/9901009; D.Dolgov et al., LH PC and SESAM Coll., h:ep-lwat/02'01021.]




¢’(x) + Higher Twist - Scenario 1

10 -
P 2\ 4
1 91(X,Q ) . C(X)
8 k SUSSEY x = 0.0063 (+7.5) ¥ SMC
[ RIS * EMC
|
| x = 0.0141 (+6.2)
6 I x = 0,0245 (+5.2)
i x = 0,0346 (+4.5)
p T , e, S x = 0,0490 (+Et,o) :
- @ [EI43 e~ i X = 0,0775 (+3.5
f Ppe— R 0.122 (+3.0)
. A HERMES . . o a—at—mn %x=0173 (+2.5) |
i ey %= 0.245(420) |
2 [ — :‘lhlig oy  Segems N0 0.346 (+1.5) |
Haadl - PR JI———T T P TCAR)
i NLO + HT2 I a x = 0,735 (+0.5) |
m | it il | bttt | it il il | il |
-1 2
10 1 10 10

0’ GeV’

propagation through the evolution equation.

o Higher Twist Contribution: gi(z, QH1 + HT (=, Qz)]!
- HTL:  1/Q%="(1—=x)")
- HT2:  1/Q%(a + b + cz”)

. Hatched error band: | Fully correlated 1o Gaussian error



Evolution of Polarized Parton Densities

e 8 Parameter Fit based on A1(g1/F1) Data:

2 L XAG(x) NLO 1 cev
L 88
1 [
0
- | 1|l||||| | I|I!||l| | llllllli
107 107~ 107"
x
2 [ XAG(X) NLO  4Gev |
"
0 |
| | Il||l|'] I | ||||.||_,l‘___]_]_|_|_l_|_u_
107 10” 107"
X
[ %86) Mo oo |

— BB

i
| |
0T |

C
T 1 |||ll|| 1 1 ||||||“ 1 1 ||||||‘
107 107 107"

» £ xAG(x) NLO
- B8

=

I Illllll-l | IIIlIIIl

100 GeV*

e |

107 107 10

1

X

xAG(x) NLO

| | IIIIII‘I‘ | Illllll.-l

1000 GeV* |

10° 107 10
X
2 L xBG(x) NLO 10000 GeV*|
- |
1 l_ ... GRSV ‘
I

| !illllll

1 R Y Y A1

10" 10° 10

X

— Yellow Error Band evolved to the Q2 indicated.



Evolution of Polarized Parton Densities

0.02

-0.02 |

e 8 Parameter Fit based on A1(g1l/F1) Data:

xAg(x) NLO 1ceV

1 llllllll

0.04 Lol Aty
10 & 10 -2 10 -1

X

o2 [ X63(x) NLO  4cev |

— |

0 |

-0.02 ‘

L llllll.ll

0-04 1 { [0 T 1 | | | (M N
10° 1072 10"
X
0.02 |

xAg(x) NLO  10GeV |
. BB

X

002 |

0.04 L

0.02

1000 GeV* |

| Y I A S M

| I.lIlIII‘l | IIlIIIIl

10000 GeV|

I 1 IlI|I|'|

I IIIIIIIi

1 1 IlIIII'l

-3

10

-2 -1

10 10

X

— Yellow Error Band evolved to the Q? indicated.



TARGET HASS CoeRrs.

IR, A.TKABWADRE 99

™ 14
x 1.4 e R
o 2 2
,g!). Q=1 GaV
<
B—- — — - - Q%=3GeV? ’
= J
T (R Q°=10 GeV*? |
O 1.2 '—|
1
I
|
R e
; R o
| |
0.8 I .
L i e i gl | ; i 11L',__.!
2 g
10 10 X 1

Figure 1. The ratio gi ¥ (2)/g1(z) versus z.
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Figure 2. The ratio g7 ™ (2)/ga2(z) versus z.



6. Some Sum Rules
o KEY ROLE. OF CERIAMN (INTEGRALS DueER
sTeucTLeEe. FOLCTIONS

— 5 HEASURE o4

) GROSS- LLEWELLYN SHITH SR:

\
Vpe Vp , ol A
.S‘)“ F;? Vt(,q= 6{4— _"_‘s - (%s) [ % | f]
hagt 4
ﬁ

@ (%5)3 [_ L

*’(m?*i‘ “"-’)4

4,~) “;.,,1

g S*

Q) PoL. BIoemen S

{an grmca- 4131~ <[ (S

A29% Sy 3

VERHASEREN, L ARAN

3) unpoL, . BIoRMEL SKR:

gamr" Tod = = 5 (&) + ) (__2._34. 2 W)

*(&s { 4::; 6,::‘3 p5 t:
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J. Bliimlein JLAB, June 2004



TWIST 2

POLARIZED . WARDEO EA-\iLCEew TF

‘

%,,(K.Q') v - 340“&1) +a§ %ﬂ' 31(7/&'?

STANODS: TH } DS
Heavy FLAvOR )
DAEFRACTIOV
NOW- FORWARD SCATTERING .

4 = 1% + By
44 s -~

\ . | wr

W= x|

&

TWIST 3

Ak < 1
| @1 O “;: | g, ) -2 ):{ i;l; %L(y.a‘)\

§ l
+H2: S é;? “}‘r(&rQ‘)

X

%3('&(.&“ » %%(NQ?') (1_‘_ tt‘g'«'.\ . 3

axq () = - 1% q.0.6)
I8, TkARLADZE ‘9%



7. Scaling Violations in
Diffractive Scattering

J. Bliimlein JLAB, June 2004
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Diffractive Scattering: Operator Approach

2. Lorentz Structure

P" Pz_
® = Ql '(‘Ic (e~ 2 9 | 2
\NQ} QZFM‘L L f" P‘l} | HK:Q(%'*‘PT—IZ\
W)-: @:'(‘Wq)
N
n - @B o [oq =X }
; (’1 (p2+ P/t) 2-X
(Sl 8% - W - AW,
WPV h (H%v* %;%, W,‘ ¥ B.f) P—‘W 2 + P’Q‘P P.ZV —t-/lv-‘;-
g A A n P
+ E 1 Plv + P sz)’k %i + W o
P - p,-9q, Pt
fLrJ Pﬂﬁ %’J __6_“__1
3

J. Bliimlein Small x Workshop, Cracow, June 2004



Diffractive Scattering: Operator Approach

4. Evolution Equations

How DO DAFPRACTIVE PARION DENSHTIES
EVOLVE 1

START WITH GENERAL NON- foRWAR D ﬁ)RHMJ'SH)

TO TRACE r],- DEPENDENCE.

A o . , |

A Qi) = | DK YA ek

d)l,og“.)’- ©) .
x O S\(“"

THE OMHE Py, —PalO) pyymp,y  ARE  INTRODUCED.

P k_Kp_~"
5 o) = gci‘;_iP— Y -0 1 O B
— 4
¢ (KpD)

LT

- dia,
d&“"‘ :q
aA.= 2 : G

T NO K4 DEPENDENCE FOR "

TS PROJECXION.

A8 ,
Vs, ko, G W) = (o) Wy WG L)

J. Bliimlein Small x Workshop, Cracow, June 2004 ]



ALL —ORDER RESCALING PROPERTY:

AR : , 4
N (K, Y, ki, k!)=0 “}g“(ak,,an_,m;pk:)
dpe - 2+dh _dg.

N\

. f [
S‘Dx”’ "idienk 't CEFR - FR X p°)

= SD“ kfl.vdh ﬁ»‘a(dﬂdz,f})

FURTHER CONVERSION:

i -W(&)/r?.
Pk £t - fau (a5 0% 0d™9)
| 0 v R KB ]
Kk("hf’x) e W;f).r”a

~ AB i | 6(1&0!-\3) A=0B
0" (w¥-¥)= {’OKS('M«?'—'&) A=q , B=6
B (ud'-v) /v A=6&, %"@1

N FVOLULTION ERUATION



EVOLUTION EQUATION iN

- fmﬂ(m/rl

Pl%zfACf’ﬂ'l'Pl)z L%‘ P (\% P’H%(‘TWP)

ACTION OF THE ABSORPRTION CONDITION :

§ (v~ 2p)

A

9\5 PAB( 'P)f' br"ml"’

'—@l—-—'—)_;

P ’aP -FA (% w P

X |S A BARE PARAMETER (LikE W),
AND DOES NOT EVOLVE,

THE EVOLUTION AFFECTS @,.



Diffractive Scattering: Operator Approach

5. Conclusions

e DIFFRACIIVE ep SCGAITERING DeEPENDS OW
4 UNPOLARIZED £ 2 POLAR{ZED SF's.

e POR T,M2 >0 2UNPOL. + 2POL. 8F¥‘s
CONTRIBLTE. ‘ |

« TWE ASSOUATE OME's HaAY BE ForreD
APPLY INE HUELLER'S OPTIicAL THeoneH

* THE STUPY OFf THE COMPTON AMPLITUDE
FOR THE NEW 2- PARTICLE HADR. INITIAL
STATE YIELDS

2 (B reb)= B xenpt)
S B Xg,p2) = — @‘1( K‘,‘z)*‘ SQ’E‘«: G rk“ )
3 (B X g, ?) Ry X NS 1 (Brxg

MODAFIED CALLAN ~GROSS AND
WANDEORA- WILCEBEK RELATIONS- IN O(a}).
« AT TWIST 2 THE USVAL EWLLTION €8§8.
ARE OBRTMNED X (rD RETHAVUES AS A
PLAIN PARAMETER .

)

- THE MHMETHOD APPLIES TO ALL TwWeTs.
THE EVOLLTION (S ALWAYS FORWARD

@ LET2 WELL SUITED PRESCRIPTION
FOol, LATTICE HEASUREMENTS.

J. Bliimiein QCD'’ NO2 Ferrara, April 2002 7




8. Structures behind Feynman Diagrams

ARE WGUER ORDER RESULTS

SIMPLE AETER ALL ©

J. Bliimlein JLAB, June 2004
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van Neerven, Zijlstra 1992

052)_(50) =Cp (Cp — Ca/2) X

1—=

[ 1 4 z2 9
{ ﬂ[z; In“(x) — 16 In(z) ln(1 + =) — 16Lig(—=) — 842]| In(1l — =)

+ E—21>n2(:1‘,) + 20 1n(s) In(1 4+ @) — 8102 (1 4+ @) + 8Lig(1 — @) + 16Liy(—2) — 8] In(=)

1 — = 1—=
—161n(1 + z)Lig(—=) — 8¢9 In(1l + x) — 16 I:Lig (— ) — Lig ( )]
14 = 14+ =

—16Lig (1 — @) + 831’2(1 — =) -+ 8Lig(—=) — 1631'2(—m)-+ 8C3}]
+(4 + 20x) H[;nz (z) In(1 4+ =) — 2 1n(z) Dn2(1 4+ 2) — 2¢ In(1 + 2) — 41In(1l + @)Lig(—2)

H2Lig (—z) — 457,2(—=) + 2¢3] + (32 + 320 4 488% — % 4 —
5

x [Lig (— ) + In(o) In(l + )] + 8(1 + @) [Lis (1 — =) + In(e) In(1 — 2)] + 16(1 — @) In(1 — =)

. 36 1
# (—4 — 162 — 24z2 4 ——a:‘?') 12 (=) 4 — (—2@ — 106w 4 7222 — —)_\ In(z)
5 5 ®

€T

72 1 8
+ (—4 4 200 4 4822 — —ﬂ’:a)l i 4 — (_162 4 822 4 7202 4 »—)r}
5 5 |

... several other pages for C(;L)(QE)', § (z), cg?’G)(az)
—= 77 Functions @ 2 Loops
— partly rather complicated arguments

— relations are not directly visible ...

The 77 functions do roughly correspond in number to the number
of all possible harmonic sums up to weight w=4: 80.

J. Bliimlein LL2004 Zinnowitz, Germany 4



3. Multiple Harmonic Sums to Level 6

The simplest example :

1+ = 2
put = (22 =k e

g TNfl N—2 —1y
I lzz" = — =—-81(N -1
[ =3 [ o Y b=y

(¥ — =)y o

=

Alternating sums :

S_i(N-1)=(-1)""'M [—1—} (N) — In(2) = /-I' P sl Nijl =
4 14 2 I (1+.’L‘)_|_ _k.:l
(Finite for N — o0.)

General case :

N N ’ k
: sign(a1))® <= (sign(az))™
Sur ) = Y BB 5 (gnics
Kl k
]C]::l k2:]1 2

Vermaseren, 1997
All Mellin transforms occurring in massless Field Theories for
1-Parameter Quantities can be represented by Harmonic Sums

(at least to 3—loop order).

J. Bliimlein LL2004 Zinnowitz, Germany



Algebraic Relations

First relation:

L. Euler, 1775
Sunt Sum=58a-5+ Smin, Wm,n>0
Generalized to alternating sums by
Smn+ Snm = Sm:Sa+ Sman
mAn = [m]+ n|)sign(m)sign(n)

Ternary relations: Sita Ramachandra Rao, 1984,
4-ary relation: J.B., Kurth, 1998.

These & other relations hold widely independent
of their Value and Type.
Determined by : e Index Structure
e Multiplication Relation

The Formalism applies as well to the Harmonic Polylogarithms.
Remiddi, Vermaseren, 1999.

Application to QED: T. Riemann et al., 2004

J. Bliimlein LL2004 Zinnowitz, Germany



Linear Representations of Mellin Transform by Harmonic Sums:

..........

MIFu@))(N) = SE, (V) + P (ST ks Fr )

w=3 ki Weight

v, 7" < w P is a polynomial.
w # )
1 2 2
2 6 8
3 18 26 2 Loop anom. Dimensions
4 54 80 2 Loop Wilson Coefficients
5 162 242 3 Loop anom. Dimensions
6 486 728 3 Loop Wilson Coefficients

2. Sw—l 3w _ ]

J. Bliimlein LL2004 Zinnowitz, Germany
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Theory of Words

Can we count the Basis in simpler way ? = YES.

Free Algebras and Elements of the Theory of Codes
Particle Physics

Only the multiplication relation
and the Index structure matters

A= {a,b,c,d,...} Alphabet

a<b<e<d<.. ordered

A*(A) Set of all words W

W = ay - as - ayr . .. aszo = concatenation product (nc)
W=p-z-s5 p = prefix; s = suffix

Definition:

A Lyndon word is smaller than any of its suffixes.
Theorem:[Radford, 1979]

The shuffle algebra K (2) is freely generated by the Lyndon words.
l.e. the number of Lyndon words yields the number of basic
elements.

Examples :
{a,a,...,a,b} = aca...ab 1 Lyndon word for these sets

net a's: Mpasic/Mat = 1/m  n = depth of the sums

J. Bliimlein LL2004 Zinnowitz, Germany 15



{a,a,a,b,b,b} aaabbb, aababb, aabbab 3 Lyndon words

Nbasic/Mall = 3/20 < 1/6. Symmetries lead to a smaller fraction.

Is there a general Counting Relation ?

E. Witt, 1937

1 (n/d)!
bim,...,ng) = - Z“(d)(m/d)!./.. ik Zm =n

dlm;

p(k) Mobius function
2nd Witt formula.

The Length of the Basis is a function mainly of

the Depth.
1 6! 2!
le({a,a,a,b,b,b}) = F p(l)ﬁ + pu( )ﬁ} =3
_ 6! :
ne({a,@,a,b,b,b}) = = 20
Weight # Sums | Cum. # : # Basic Cum. # Cum.
Sums { Sums Basic Sums | Fraction
1 > | 0 0
2 6 8 1 1 | 0.1250
3 18 26 6 7 | 0.2692
4 54 80 16 23 | 0.2875
5 162 242 46 69 | 0.2851
6 486 728 114 183 | 0.2513

I 2nd Witt formula

J. Bliimlein LL2004 Zinnowitz, Germany 16



4. A Quadratic Law ?

The anomalous dimensions and Wilson coefficients for m; = 0 can
be expressed in terms of multiple harmonic sums to 3—loop order.

What are the irreducible functions behind this representation 7

We will not count Euler's I'-function neither all derivations of the
functions occurring.

The final set of functions:

Trivial functions:
Sen(N)  — (N +1)

For w = 1,2 no non—trivial functions contribute to the anomalous
dimensions and Wilson coefficients.

Non—trivial functions:

N = 3 : Two—Loop anomalous dimensions

142 } (N)

M|
Yndurain et al., 1980

N = 4 : Two—Loop Wilson Coefficients

le(ﬂ&‘) L]g(:U) Sl 2(1(3)
- M N M| ——=| (N
20 ), M [ ), 123 | ()
J.B., S. Moch, 2003,
also: J.B., V. Ravindran, 2004.
J. Bliimlein LL2004 Zinnowitz, Germany 19
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N =5 : Three—Loop Anomalous Dimensions

(B, w2, w322 o

M [5220) (), g [Saaloe) L] o,
o

J.B., S. Moch, 2004.

The number of Non-trivial Basic Functions seems to grow as :

N, = 0(w —2) - [w — 2]°

Essentially 14 Functions seem to rule the single scale
processes of massless QCD.

This is a rather small number if compared to the number
of possible harmonic sums 3% — 1.

J. Bliimlein LL2004 Zinnowitz, Germany 20



9. Conclusions

4. Qcp RTS TO S PATA ALE POSSIBE
NOW AT 3 LOOP ORDER S : LWNPOL . DATA .

— POL. PASOH DiHS. TD COHE .

2. Dol £ A% is WiTHiN REACH.

THEDRY ERRORS ON PDF's @ POL & UMPOL.
NiLL DikiNVise SooN. ALSO: SEHEHE iNv. EVOL .

3. SHALL x EFFECTS: VERY SHALL iN THE
HER A REGION

® NOT LEADING IN THE SENSE OF PRESOMH.

DUE TD ERUAL ORDER SOBLEADING TERKS.
...

4. MATREMATICAL STRUCTURE OF Ho COLRS:

DPRASTIC REDOCTION iN COMHPLEXI TY
A BNCionSs & TI(x) + THE(R DERIVATIVER
RoLE  O(2)!  For sSTRUCTURE FuUNCTIONS

5. HORE DATA WANTED:
92,99; EW foL. SFS — HE v FACTOUES.

EVERYWHERE : LARGE x : @ W*> 4 c*

J. Bliimlein JLAB, June 2004 11



