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1. Introduction

Consider hard scattering processes in massless field theories:
QCD, QED, m; —» 0

Factorization Theorem Leading Twist:

The cross section o factorizes as

o= Z orw @ fr
k
ow perturbative Wilson Coefficient
f non-perturbative Parton Density
® Mellin convolution

o1 1
IA® B](z) = /0 dxy /O deglls ~ 2yas) Ale)Biss)
M[A® B|(N) = M][A](N)-M[B](N)

with the Mellin transform :

MUE@IN) = [ des™ 1 f(a). RelN] >
Observation :

Feynman Amplitudes seem to obey the Mellin Symmetry
i.e. to significantly simplify in Mellin Space
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WHICH ARE THE FONPAHMEWSTAL
OBIECTS EXPRESSING SiINGLE- SCME
FEYNHAMA DIAGRAHS <

— HARMOWIC SUMS !

NOT HARMONMIC POLY LOGA-
RITHHS (N THE TRST PLACE .

LIGHT conE Expawmsion: Ql'=-q >0
—> %0
Yy = 0 (BNERGY)
& — = p.q
v - fixed. v= P9

MUELLER CUT-VERTEX HETHOD : {Qzen >0

: él = fned .
—> INTEGER WHWOKHEeNTS

OF “EXPECTATION VAL Les
ay = <plOIp> ne N, evus o sedd.

— (L rRREN ‘1‘) CROSSNG RELATIONS

TQp) — Tlap)

o NEZTED KARMONSIC SOHMS , N fxed —> PERiODSS

OF At las,
—2 HNRVLOMIC POLY LD G RATHIS
EVERGE AS MIALYTC CONTINOATION S
LP TO A HELLIN (NVERSION,
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2. = Space Results

Usual Starting Point of Higher Order Calculations :

— Nielsen type Integrals and their Generalization

( l)lnﬂ?-l:-q:—l 'L s (n—1) |
‘ ) = — In ” ’ | |‘p _— l | \qt r [
S p.g{(®) (= 1)iplg! f{a .- In (2) InP(1—2zz) In?(1+ 22)

Special Cases:

Lin(z) = Sn—11(z) w="n
dLiy(£3)
e = — Il = & [ =
n(z) n(lFz) w=1
Ligls) = 7= w =0

PHYSICS:
o MLL WiLSON COEFFICIENTS AND ANOHALDUS
DHENSONS TO 2-L00f ORDPER
— Dlg, ete —» H+ X, DRELL-YAN PROCESS,
- lhees PRODLUCIION My = »
CMEAVY BUARW PROD. Mg /Q" —> 0 , mg RwiTE:

—> SINGLE SCALE |WTEGRALS !
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van Neerven, Zijlstra 1992

ch,)_(m) = CF GCF = OA/Q)J *

i 2
{ = Hﬂ‘l n® (@) — 16 In(@) In(1 + 2) — 16Liz(~=) — 8¢3] In(1 — @)
1 —=

4 I]—21>m2(a:) + 20 In(z) In(l + =) — 812 (1 4 @) + 8Lig(l — =) + 16Lig(—z) — 8] 1n(x)

—16In(1 + @)Lig(—=) — 8¢y In(l + =) — 16 [L53 (— — l) ~ Liig (1 - T)]
14 = R4 =
—16Lig (1 — ) + 851 2(1 — =) + 8Lig(—=) — 1651 2(—=z) + 8(3]‘
+(4 + 202) [In® (@) In(1 + =) — 21n(z) 0 (1 + 2) — 2¢g (1 + =) — 4In(1 + @)Lig(—=)

T2 8
+2Lig(—=) — 451 2(—=») + 2¢3] + (3«2 + 320 4 4822 — ?w3 + 5—2)

X [Lig(—az) + tn(z) In(l 4 )] + 8(1 + =) [Lis(l — ) + In(z) In(l — =)] + 16(1 — z)In(l — =)

{

36 3\ o 1 g 8
4+ —=a )1 In“(z) + — (—26 — 106z + 72z~ — —); In ()
5 5

T

+ (—4- — 6 — i

72 1 8
+ (-4- + 200 4 4822 — —m3)l $o + 3 (_mz 4 82z 4 7222 4 4)}
5

. several other pages for c(;r)(az)l, c§ (), cfg’G)(aﬁ)’
= 77 Functions @ 2 Loops
—> partly rather complicated arguments

—> relations are not directly visible ...

The 77 functions do roughly correspond in number to the number
of all possible harmonic sums up to weight w=4: 80.
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r Space Results

| o #(2) MIfI(N) = [ dzzN "1 f(2)
ﬁ 1 §(1 — =) 1 T
2 2" 2
N 4+ r :
4 |
3 (1_2)+ —Sy(N — 1) 1
1 f
. 14 (-1~ log(2) — Sy — 1)]
i _ayN—=1 _ o yN—=1 B
+1+( 1) SL(N 1)_1 (—1) SL(N 2)
2 2 2 2
T log™ (_1)n P 1)
5 z' log (=) W (n +
Sy(N ‘
6 z" log(l — z) —% ’
7 2" log%(1 — 2) S%(N+1132(N+7‘)
8 2" log¥(1 — 2) ﬁS:f(N-I-'r)-ii-35‘1(N -I-;)fg(N-}-r)q_zss(N_'_r),
W s 105(1_z)]| Zs3(M — 1) 4 = S(m — 1)
I =% 2 2
log2(1 — z)7 1 2
10 l M]‘ —H—S%(N—I)+51(N—1):S2(N_1).+_SB(N__ 1)]|
1—= + 3 3
M lo 3'(1 — z) 1 3
P, | st o gsion - nser -y
+ZS§(N — 1) 4 255 (N — 1)Sz(N — 1)
3
#-Sa(V — 1)
log™( = i
12 lg (2) (—=1)"Hlr(n 4 1)-H.S'n+1,(N — 1) — ¢(m 4 1)]|

Only single sums.
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| |
1{ No. | (=) | Mf)(N)
| |
i Lig(—2) |
64 i 1 (—l)N_l{S&_l(N—1)—{;“5‘3(1\1—1)—S_3(N—l)]|bog2
; 14 = 1 3
+-C@S_2(N = 1) = ZCBS_1 (N ~ 1)
. 3
+2¢%(2) - ~¢(3) log 2}
i 8 4
1
65 Lig (1 — ) —[51(N)S2(N) = ¢(2)S1 (W) + S3(N)
—Sg 1(N) + ¢(3)]
Lig(1 — 2) 1 5 1
66 . —81,1,2(N — 1) + EC(Q)SI(N - 1)+ ;C(2)32(N = W)
2
—¢@S1V - D+ —¢*(@)
Lig (1 —
67 % (‘U‘N_IHS-L]_-,Z(N — 1) — {(2)8_3,3(N — 1)
T 2 1 9
+¢@S_y (¥ - 1)+ Lig (=) - — 2@
i 2/ 20
4-¢(3)log 2 4 —¢(2)log? 24 — log? 2]\
8 2 24 |
1 —z (—1)N |
63 Lig ( )a [=5_1,2(%) = 52,1 (V) + 51(N)S_3(N)
14 2 N
1 — =
—Lig (—1+z) +S_3(N)
1 7 3
+4()S_1(N) + ~CR)SLINY = —4(3) + ~¢(2)1og 2]
1r
r= H—S_1,—2(N)' — S2,1(N) 4 Sy (N)S2(N) 4 S3(N) |
1 21 3 |
— ~C@)S_y(N) = CDSIV) + —¢(3) - = ¢(2)Tog 2] |
2 8 2 |
69 (—1)N_I{51,1.—2(N—1)—31,:1,2(N—1) ;

+S5_3,12(N =1)=8_y5 3, —g(N —1)

¥ 2 1 2

#2681, 1 (N = 1) 4 ~C@STIV = 1) = Z¢@)52 ;(V - 1)
~¢(2)S1(N — 1)S_y (N — 1) — ¢(2)S_g(N — 1)

i 3
= H-¢(3)-— Z ¢(2) log 2]\ Sy (N — 1)

8 2

21 3
+[|Te@ - Zc@ o] sy - 1)

8 2

1 19 5 1 o 1 4.7
— 2y (—) 4 —¢2(2) + —¢(2)log? 2 — — log 2}
2 40 3 12

2 loop coefficient functions —> Nested Harmonic Sums of

Weight w = 4

J. Blimlein

MPI Bonn - March 2007 6




r Space Results

(—1 )N—i-lM { _|11_ [Fi(z) + log(1 — m)ng(—m)]} (N)

+(—1)N“M{ ix ﬂ S1,2(x%) — S1,2(z) — 31,2(—9;)}

%C@) [S—1,1(N) — S_1,—1(N)]
4 ﬂgcm ~ 2¢(2)log@) — ¢ hog362)1]| S_1(N)

(@) 4 () og(2) — T2 Iog(2) - 5 log(2)

Lo

__H__

with

14z o
. 5 | 4 = s ina s §1—8
+3 In”(2) In ( 2 ) — Im(2)Lis <--_[— +ﬁ]>

Fi(z), although of complicated structure, it reduces completely via
algebraic relations

= Mellin polynomial of simpler objects

These objects can be very complicated integrals.).B., van Neerven,
Ravindran, Kawamura 2000, 2003
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3. Multiple Harmonic Sums to Level 6

The simplest example :

1—2 J+
| N1 N—-2 4 N-1
da = — / dex” = — — = Si1(N — 1)
/n (1—a)y4 ,,Z,,,o ‘ ,Z |
Alternating sums :
- W Pl o 25 —1 N—1 (_~ e
S_1(N—-1)= (-1 "' | — N) — In(2) = d — = :
sl % (=1 - {1 + ,r} AN) ~ (@) /0 - (1 — =)y {"Z::] k
(Finite for N — o0.)
General case :
N N . _
S N (sign(a1))® ~—~ (sign(ag))*
aal) = 3 SR 57 Gt
ky=1 1 ky=1 2

Vermaseren, 1997

All Mellin transforms occurring in massless Field Theories for
1-Parameter Quantities can be represented by Harmonic Sums

(at least to 3—loop order).
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Algebraic Relations

First relation:

L. Euler, 1775
Sem + Snm = Sm - Sn + Smin, Mm,n>0
Generalized to alternating sums by
Sm + Sam = Sm-Snt Sman,
mAn = [lm|+ |n|]sign(m)sign(n)

Ternary relations: Sita Ramachandra Rao, 1984,
4-ary relation: J.B., Kurth, 1998.

These & other relations hold widely independent
of their Value and Type.
Determined by : e Index Structure

e Multiplication Relation

The Formalism applies as well to the Harmonic Polylogarithms.
Remiddi, Vermaseren, 1999.

Application to QED: T. Riemann et al., 2004
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Linear Representations of Mellin Transform by Harmonic Sums:
MIF, @)J(N) = S8k, (N) + P (ST, ks 0Fr.. ;)

w =" kil Weight

., 7" <w P is a polynomial.
w # )
1 2 2
2 6 8
3 18 26 2 Loop anom. Dimensions
4 54 80 2 Loop Wilson Coefficients
5 162 242 3 Loop anom. Dimensions
6 486 728 3 Loop Wilson Coefficients

2-3v1! v-_-1
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Shuffle Products

Depth 2:
Say (N) LW Sey (N) = Say,a0(N)+ Say,aq (N)
Depth 3:
Say (N) LW Sag,a5(N) =  Say,ag,03(N) 4 Sag,aq,05(N) + Sag,ag,aq (N)
Depth 4:

Saq (N) U Say,ag,aq (N) T TN ¢ . A ¢ [ p— . )
Saz,a3,a4,a1. (N)‘
Sal VAR AZ Ay (N) + Sal V3,204 (N) + Sal,a3,a4,a2 (N,

¥ Slgegiag ey (V) + Sag,ay 64,09 (V) 4 Sag,ey 00,04 (N,

4

Sa.l,a2 (N)' ULI'SG3.G:4(N)

Depth 5:

Say (N) LW Say,a3,04,a5 (N) Say,ag.a3,04,a5 (N) + Saz,aq,a3,a4,a5 (N)
Say,a3,01,04,05 (N) + Say,a3,04,01,05 (V)
L Appp—0 )

Say,az,a3,04,05 (N) + Say,a3,02,a4,a5 (N)
S%,ﬂsa%aaz,%(N)"* Say,ag3,a4,05,09 (N)
Saa,al'am%:as(N)"* Sas,am,w,%,ﬂs(N)'
Sag,a1,64,05,09 (N) + Saz,a4,05,01,02 (N)
Sag,ag,a1,05,02 (N) + Sag,a4,a1,a2,a5 (N)

+ =

Sal,ach)' Lt 'Sag,a4,a5 (N)

+ + + +
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Algebraic Equations
Depth 2:

Say (N) W Say (N) — Say (N)Say (N) — Saynaqg(N) =0

Depth 3:
Say(N) W Say,as(N) =  Say(N)Say,a3(N) — Saynag,az(N) = Saz,ayrag(N) =0
Depth 4:
SC"IGN)‘ e ‘Sazvas»ﬂ@ Ny - Sa] (N)'Saz,a3,.a4(N)' = SalAaz,ag,az;(N)'
. sz»%/\a3,a4 (N) - Sag,ag,am ANag (N) =0
Sﬂ,l,az (N)' ([ |Sa,3,ﬂ,4,(N)' - Sa,li,(],z (N)‘SG'S’G'4(N)‘ = Sal’azAas,G‘AL(N)‘
- Sal=a3’a2/\@4(N)'_ Sa3san/\a4-,a2(N)‘
= Sa’S’aliaﬁAa’ﬁl‘(N)'_Sﬂ'lAa3,a2,ﬂ4(N)‘
= San/\GS:aérﬂch)'_ll’ Js'.g,:u/\,‘.1,3161‘2/\&’4 = ()
Depth 5: .....

# Basic Sums = # Permutations - # Independent Equations

J. Bliimlein MPI Bonn - March 2007 12



Some Solution for d = 6

Sa.,a.,a.,a,,b,b =

1 3 1 1
fZSGSb,a,a,a,b + ;Sa/\b,a,a,a,b - Zsb,a,a,a,al\b + Bsﬂ'sa,a,b,b,a + Sa,,a,a,a,,b/\b
1 1 1 1 1
_1—2 aAa,b,b,a,a — Esa,b,b,a/\a,a - Bsa,b,b,a,a/\a - ;Sb,a./\a,a.,a,b b Zsb,a,a./\a,a,i
1 - lS 1S LS 1S
4 b,a,a,aNa,b 4 a,alha,a,b,b 4 a,a,aNa,b,b 4 a,b,aNa,a,b 4 a,b,a,aNa,b
1 1 1
+—S5 + — S — =8 — =5 + — 8
12 aNa,b,a,b,a 12 a,b,aha,b,a 4 a,a,a,b,anb 4 a,a,b,a,aNb 12 a,a,aNb,b,a
3 1 1
+;Sa,a,a/\b,a.,b = Sb,b,a,a,a,a + ;‘Sb,b,a,a/\a,a = Zsa/\a,a,a,b,b + TZ_ a,b,a,b,aNa
i S + . S + : ) : ) : 3
= — b b == = = = =
12 b,aAa,a,b,a 12 b,a,aha,b,a 12 b,a,a,b,aNa 12 b,aAa,b,a,a 12 b,a,b,aNc
1 1 1 1 1
+Zsb,b,a/\a,a,a + Zsb,b,a,a,a/\a - Zsa/\a,a,b,a,b = Z‘Sa,a/\a,b,a,b Ea ;Sa,a,b,a/\a,b
1 I 1 1 1
+Esa/\a,a,b,b,a + Esa.,a/\a.,b,b,a. w Esa,a,b,b,a/\a - Zsa/\a,b,a,a,b = Esb,a,b,a,a/\
1 1 1 1 1
":'BSQ/\b,a,,a,b,a L Esb,a,a,a/\b,a = Esa/\b,a,b,a,a + ZSaAb,b,a,a,a + Zsb,al\b,a,a,a
1 3 1 3 1
_Esb-,a,a/\b,a,a + Zsa,a,a,a/\b,b + Esa,a,b,a/\b,a + ;Sa,a/\b,a,a,b - Zsa,b,a,a,a/\b
1 1 1 1
+Esa,aAb,a,b,a + Esa,b,a,al\b,a = Esa,a/\b,b,a,a = Esa,b,a/\b,a,a - ZSGSa,a,a,b

1 1 1 1 1
——SaS ; 4+ —SaS — —SaS 4+ — SaS — —SaS
12 a2g.b,b,a,a 12 a”ag,b,a,b,a 12 a2b,a,b,a,a 12 a b,a,a,b,a 4 aa,b,a,a

1 1
+Sb3a,a,a,a,b + ZSaSb,b,a,a,a. - Zsﬂsa,a,b,a,b
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Depth d = 3

Index Set ‘ Number | Dep. Sums of Depth 3 - min. Weight Fraction of |
| | fund. Sums !
- {a,a,a} 1 1 3 0
| {a,a,b} 3 2 | 3 1/3
{a,b,c} | 6 4 4 1/3 |
Depth d = 4
Index Set Number [ Dep. Sums of Depth 4 " min. Weight Fraction of |
W fund. Sums ||
{a,a,a,a} 1 1 4 0 |
{a,a,a,b} 4 3 4 1/4
{a,a,b,b} 6 5 4 1/6
{a,a,b,c} 12 9 5 1/4
| {a,b,cay | 24 18 6 1/4
Depth d = 6
Index Set Number | Dep. Sums of Depth 6 | min. Weight Fraction of ‘
m fund. Sums 'N
I {a,a,a,a,a,a} 1 1 6 0 4U|
{a,a,a,a,a,b} 6 5 6 1/6
{a,a,a,a,b,b} 15 13 6 2/15
ﬂ {a,a,a,b,b, b} 20 17 6 3/20
{a,a,a,a,b,c} 30 25 7 1/6
{a, a,a,b,b, c} 60 50 7 1/6
“ {a,a,b,b,c,c} 90 76 8 7/45 ‘
” {a,a,a,b,c,d} 120 100 8 1/6
{a,a,b,b,c,d} 180 150 8 1/6
{a,a,b,c,d, e} 360 300 10 1/6
{a,b,c,d,e, f} 720 600 12 1/6 m

J. Bliimlein
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Theory of Words

Can we count the Basis in simpler way ? = YES.

Free Algebras and Elements of the Theory of Codes
Particle Physics

Only the multiplication relation
and the Index structure matters

A= {a,b,c,d,...} Alphabet

a<b<e<d<.. ordered

A*(A) Set of all words W

W =ay - ay - agy . ..as32 = concatenation product (nc)
W=p x-s p= prefix; s = suffix

Definition:

A Lyndon word is smaller than any of its suffixes.
Theorem:[Radford, 1979]

The shuffle algebra K () is freely generated by the Lyndon words.

|.e. the number of Il_ymud‘o»nu words yiielllds the number of basic
elements.

Examples :
{a,a,...,a0,0} = a0a...ab 1 Lyndon word for these sets

n a's: Npesic/Man =1/m  n = depth of the sums

J.Bliimlein —MIPI-Bonn—March 2007 ——— 15—



{a,a,a,b,b,b} aaabbb, aababb, aabbab 3 Lyndon words

Pbasic/Mall = 3/20 < 1/6. Symmetries lead to a smaller fraction.

Is there a general Counting Relation ?

E. Witt, 1937

n/d)!
In(m, ..., ng Z,ud) nl/d(/)(n T Zm:n

dlﬂw

p(k) Mobius function
2nd Witt formula.

The Length of the Basis is a function mainly of

the Depth.
] 7 bbbV 1 6! 2! )
lo({o, @, @, b, b,b}) = c ‘”([)31—31 + p(3) il =
| . 6!
ne({a, @, a,b,b,b}) = 2131 =20
Weight # Sums | Cum. # | # Basic Cum. # Cum.
Sums Sums Basic Sums | Fraction
1 2 0 0| 00
2 8 1 1 0.1250
3 18 26 6 7 | 0.2692
4 54 80 16 23 | 0.2875
5 162 242 46 69 0.2851
6 486 728 114 183 0.2513

i 2nd Witt formula

J. Bliimlein MPI Bonn - March 2007 16




=D Lil (K) /le(H'K)
X £4 ' X% 4

OBSERVATION IN QUANTUM FELD THEDRY:

———————
—

AT \EBAST (P T - s
" metasd e’ % * 1- " ﬁﬂﬁ — !f" 3 ? uf \ -
= Jr“*‘l‘”) -4, --- Qg AN) bBC

NEVER OCOL) EE O ses  COMPACT
ER OCCLR y IFF OE DEER 'C.Q‘Ht:&erjo
RERESEVTATIONS . -

=3 CONSDER TKS SUBSET FURIHEROW-

One may show that likewise the number of all harmonic swms of weight w, which do not

contain any index 2 = —1 1s obtained by expanding the following generating function (3]
_loe S Nlwe (14.8)
I=28—2" =6

with

Nog_1y(w) = round E (1 + ﬁ)ﬂ\ (14.9)

| ” R 7 RN
Noggy(w) = %L(m—\/i) +(1+v2) ) = f?@ (Zk)) #, (14.10)

with the recwms:ioar}ellamifom
Neog_yy(w) = 2 - Nogonyw = 1) + Nogonp(w = 2) (14.11)

and N_g—1y(1) =1, Nog—i3(1)=3, which easily follows by induction.

Tm thie following table the number of sums is given in dependence of the weight w. Here the
number of a-basic sums is the umber of sums obtained using the algebraic relations [5). The
qumber of s-basic sums counts the basic sums after using structural relations : single sums are
not counted; etc et [11].

‘ Wl Number of |‘
Weight } Sums \a-b-asi‘c sums “‘l Sums —{—1} a-basic sums l\ Sums ¢ > 0 ]a-—ba‘s-i‘c#_ sums L] :
1] 2] 2] . ¢ G 0 1]
] . 3| 3 20 2 N
o3| 18 g ! 7 4 4 2 \
" 4y 54| 18 17 ( 8 3
| 51 162 48 | 41 16 16 6|
| __6f s __ 110 | ... 2. ] -
7| 1458 312 || 239 68 | 64 18 |
8 4814 810 | 577 140 | 128 30 ||
| 9| 13122 2184 || 1393 308 || 256 56 ||
| 10| 39366 5880 || 3363 664 \ 512 | QQIJ,

ot S | P R ([ | 5 | NP



4. Structural Relations

WEIGHT w = 4:
l M - -
A= % A4 X

| |
oo * 33[(17'-?1 +@+x)l

AR = AL RR L PV
—W(—}’) N T R Tl O Rl
pon = 3 [0F) - ¢,
(N)

S (N) pEPENDS oON S,
Foh. Ne @ : ~v= %,

Ne R:
S, (W) =-J—% S+ B, el
FOR NER :
OMLY OME INDEPENDENT SINGLE SOM:
SR - N T B

ERRSEAS T
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Sums of weight two

(1 — z) | B _“\Ilﬂ(l+$)“ :
T }‘.(N) - ML Itz ](N)

(=1 [Su(N — 1)S_y(N — 1) + S_2(N — 1)1
4 [Su(N = 1) — S_a(NV — 1)]In(2) — ?(2) + 5@]I .
= [2E] (0) 09 3+ M0 + 00

Similar to (3.5) one may decompose

m(l —2) Inf )l 4 z)
(1 — %) = 1 (1 — ) +hg(]_ z) +]n(1\+$) % ni ++ )} .
1 — a2 20 1—= I+ = - T

which yields

(252) )3 - (=) oo 2o

1—o
+M ﬂlngljmm } [(m.-llﬂ, ) ] . —C .

Since the Llu.s. of (4.5) and the first and fourth term in the r.lis. are polynomials of single sums,
the remainder two terms are related. However, (4.4) does not yield a new relation. Therefore

‘13(_“*_)}

4=
is the first new non-trivial MELLIN transform.
As a historical remark we mention that NIELSEN [25] considered these functions a well using

——— 1 Fi(N):=M

}(N)‘ — S -1 (N)

the notation £(N), n(N), £1(N) and (), — .
00 = na| (2052 Jon = L pon -6 - w0 + o]
L 4]
= —Suu(N - 1)
+

+1n(2) (V) + 72) _
= 513V — 1)+ @) [Su( — 1) SLy(V — 1]

GN) = M [ﬁ—h“f = 1'”)} ()
) = m[2=D .

and [25]
[(2) + vel Wl — 2) + v5] = 2G —&(2) - €(1 — 2)
Al=)B(1—2) = nlz)—n(l - 2)
holds [25] for z € J0, 1[.

4%



The Reduction for le( m)/(w + 1)

In some of the harmonic sums Melhn transﬁonns of the type
]LL;,;(*-JI)
ikl

For odd values of k = 20 + 1 the harmonic sums S1,— -1y (NV), S—g—1,1 (V) and S_y—i(N) allow
to substitute the Mellin transforms of these functions in terms of Mellin transforms of basic
functions and derivatives thereof.

For even values of k this argument applies to M[Li,(—z)/(1 +$ J(NV) but not for
M{Lig(—=)/(1 @®z)](N). In the latter case one may use the rel'mtlom

1 LL}G(I‘Z) - Llﬁ;‘,(ﬂi)' Ll;b(’ﬂ) EJL[‘,(_Q:) ]le($)‘
%-21-—922 1-z l+= K 11—z t 14z
Since in massless quantumfield-theoretic calculations both denominators occur, one may use
this decomposition based on the first two cyclotomic polynomials, cf. [7], and the decomposition
velation for Lijy(z?). The corresponding Mellin transforms also require half-integer arguments.
Tn more general situations other cyclotomic polynomials might emerge. The relation

() 257 - [(52) Jow(25) o
o[ (555) o+ [ (552) o
determines M[Lig(—z)/(1 + 2)](N). For k = 2,4 the last integral in (7.16) is given by

Libiz2y
f dmll—:(i:—) = g._,,lum(z).—ﬁgg

f dx L;Ll_(fr) g]ﬂl( 2)¢5 + 3(aCs — —ﬁCs

The corresponding relations for M[Lix(—z)/(1 + 2)]|(V) are :

Moo - 3](359) )5 (55
[ (LE2) Jom—na[Z55] em

20— 5GM)
N-1 Liy(z)
( 2 '+M[($“I)IJ

2o - (5
(7)o 5]

W g 3 25
— 5% In(2) — ngCa + 350

—

/) o

(V)

"



Sums of weight three

There are 18 harmonic sums of weight w=3 [3]. 12 of these sums are related to the remaining 6
harmonic sums by shuffle relations [18]. The latter are represented by the MELLIN transforms

M (llzl(ljzi)),J () M %@—“‘—)]{ ()
D) e )

The first two functions in (5.1) correspond to the harmonic sums of the type S_1,1,-1(N) and
S1,1,-1(NV), which are not related. Using the general relation

M [in(@)f(2)] (30) = -5 MF@)] ()

the MBLLIN transform M [ln(z) n(1 + )/(1 + 2)] (V) can be calculated from Fj(N). By
this we cam use EULER’S relation for the sums S1,—2(N) and S_g3(N), [3], to express
M [Lig(—2)/(1 + )] (N) in terms of M [Liy(z)/(1 + z)] (N),

M[L?S_ﬁ:)] () = M[I'f—i(%)]; () — Mhm( )hi(llf;ﬂ“ (V)
G2

~20(N) ~ W) + ) S N) + (1)1,

Furthermore, the identity

1 Lip(a?) Lin(:zs)-_;_Liin(m)- Li, (- :c) L, (—2)

27 | — g2 l—z 14z -z 14

- ()]

holds and one obtaing :

| 3
+%1‘1'1'(2)C2 - gCa ’

(5.5) can be used to express M ﬁ(]Li’Q(—Z')‘/ (1 — =) +]| (N) in terms of the remaining MELLIN
transforms.

“[2),

(N) = %EL (ﬂ) — Fy(N) — 2F5(N) + FI(N)

2
+ 2500+ ) + 9] ) + (1
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WEIGHT W= 4:

1+ -4 HWRHOMC SUNS :

— L-l 2 (X) . S4,2 (K)
xE 4 ' X + 4

S, ) = LIt + s,00)

»4i '{%@\J &) - H[Mx)

¢ — 1

=3 oMLY
ki, ) S %)
X+ A ‘ x £ 4

Lia 01 60,
% -4

ONTRIBUTE AS
Vew fuovcxigws .

2L



WEIGHT N=S":
The above multiple harmonic sums obey the following representation fls
Sep(N) = —M H(ELL—_(%)): jh (V) + Su(N)Ca — S2(N)Gs + Ss(N) ¢z (12.5)
.I.
S_gu(N) = (-1)M'M [%“%})J (N) 4 S_1(N)Ca — S_a(N)¢s + S_3(N)Ca
(@) + 26l — 356 (12.6)
Sua(N) = (~1)'M [Li-d—a:) — In(z)Lis(—=) + l'nzrizﬂ})-ﬁfg(—m)/Z + In®(2) (1 + :1:)/6}‘ (V)
LGS — Si(] - 36abs + gl + 55 (127)
Sz1u(N) = M ﬂ(%ﬂ)) } (N) + (352(N) — C—%Sl(N). (12.8)
z—1 " 4
S_spa(N) = (-1)¥M %_j_%)} () 4 ¢3S_a(N) — %Sfl(N)
- H—gg&@ + -}ig In(2) + gg?, n?(2) — %gg 1Im3(2')]~
_;—245 + 21n(2)Liy (%). 4 2Lis (%)r 4 1% 1n(2) (12.9)
S2110(N) = —M [(%%) ] (N) + CaS1(NV) (12.10) .
& _
Soanaa) = ("84 | 28] () 1+ G500 + Gu@) — 566 - gD
+-17—6C3 In*(2) — %§5+ In(2)Liy G) + % In®(2) + Lis @) (12.11)
Sppa(N) = M M252’2'($l‘_1;12($)'/ 2)} ] (N) + (2522 (V) + %ggsl(N) (12.12)
e/ T}
SLaua(N) = M Msz.a(—fﬂ) = 52,2(15)':1'1“'(5)51,2(3»’)' = El%(*-’ﬂ))l ] (N)
+ (56 — 3 @)Ga) Sl
(—%%cg + 2Ly @) + 2o ln(2) - %gz 2(2) + 1% i) () (12.13)
Sgg"‘-*Li'%"' ' 9
Soapa(N) = (-1)"M HQ al2) - () 2}1 () + GoSaa(N) 4 S+ ()
4415 (%)l + 4Lk (%)1 In(2) — %Cs = g@Ca 4 %hﬁb‘r’@) — %Cg l‘uu-3(2)‘
i 3 o ‘ .
56 *(2) = 756 n(2) - (21
S o(N) = (~1)" M |:Sg'2($) — Soo(—2z) — In(z)Sy2(2) + Li%(—x)=/2]~ ()
. . 14 =
L ‘ S’ x) — S Lol = — Im(: 'S]’Q L-.'2 =i 2 1
[ anBaet) = Saloo) ~ WidSip) + L ey

I (] 1 1 9
- [zmi (5) + 3G In(2) - SC21(2) + - n(2) - %g&] S_y(N) (12.16)



. [(m(l«) (321 — 5 — ﬁ 3 (80,51 — 2) — @) } -
+3¢,Sy(IV) (12.18)
S_za(N) = (-1)"M ﬂhﬂ(-’ﬂ) [S12(1 — z) —fz]_‘; 3[S13(1 — =) — C4]] (V)

FBGSA(N) + 26+ 36 In(2) — 26ty

(12.19)
e
T

- 2m( )Lin(~3) — 2n(a)Lis(~w) + 3Lis(~)] | (V)
+315a(V ) SN - FGSAN) ~ 556~ =G + GG (1220)
S o d(N) = { 1 By~ )—Zlnn'(:r)Li:g(ﬁ:r)%-3Li4(~:z:)>l]+}(N)

1 -3
76 1S5V — Sa(N)] = T GSi() (12.21)

S W) = (= 1)N+11vx[

In the above integrands we use the relations

Sl,g-cl = &,") = —]1113(33) I 1'1&*(33)E12'($) i %Bml(]_' == $)5 l'nz(ﬂ’l) + Ca
Sys(l —z) = —Liy(2) + In(z)Lis(z) — % In®(2)Lig(z) — élime’ (@) In(l — z)+ ¢
Sg,z-(l‘ c— Z')’ = —SQ 2( ) i hil( )Sl’g(iﬂ')‘ = g

4
— [Lig(z) — In(z)Liz(z) — G)n(l — z) + il‘m2 (z) (1 — 2) ,

Ll‘.q. ("\
X£t 4

L¥



W=§ BASIC FUNCTIONS::

Liy, () Sus (¥ Sa,2 (X) Li; (%)
x4 X+ 4 Xt 4 x+ 1

S22 (-¥) - Lig(-x)/2
Xt 4




Sums of Weight w = 6

Twofold Sums

The following sums occur : Sys1(N), Sea,42(N), S_s3(N) and Sz3(N), S_3_3(N). The latter
sums arve related to single harmonic sums through Fuler’s relation. In the case of the former
sums we only consider the algebraically irreducible cases. We show that all sums can be related

to Sis1(N). Their representation is : ‘

S5 (N) = MH(LmlS—(ﬁl)j |

(v
S_su(N) = (=1)¥ [Lll:_( )1 (N) — Clsa — S_u(N)Gs + S_a(N)Cq

— 8 (G5 T Ol

) — Su(N)Cs + Sa(N)Ca — S3(N)Cs 4 Sula

with -

15
075,1 = 85— Ehﬂ(z)(ﬁ -

The other two-fold sums are

Seua(N) = _M“‘mia( z) — In(z)Liy(— )]. )

2 =1
| 21 15
G ISUN) — Sa(W)] — S6aSuIV) + ) — ()

|dLig(z) — Lig(z) lﬂﬂ‘(m)']! (N)

Seaatpt) = (-tyeerma [AREL
+2¢35_5(N) — 3CuS—_a(N) + 4¢SS 1 (N) +

239 4 3.q 15
—(x — — s I 2 4
84'0C & ) (s 1n(2) + 4se

4
Sua(N) = 3615 4(N)— Su(N ) - S6aS-a0) + T uS-a N) — G5

| AL (—z) — Iz )Liy
+(_1)NHMH4L( )lﬁi) (-a )}

(V)

313C2 —Cg + 45 In(2) — 4sg

Bl = = MM4L1|5( 2) — In(z)Liy(z )M

(N)' W 2C35'3=(N) = 3‘C¢52‘(N)' A 4*C531(N)‘

z—1

Sio a(N) = 2 [S%(N)+ Ss(M)]

2
S_s3(N) = 3¢uS_o(N) — 6¢sS—1(N) + (—1 )NHGMMS“ (11+) Q) }‘ (N)

HEDYH M Mb’ In(z) [S1,3(1 — =) — Cs]ll':}*ll (z) [Sy2(1 — 3?) C31 /2)&'

(V)

271

&l 45
2 Py G ni(2) — 6
280'(;2 4 32C3 + 8 CS 1( ) 6



S33(N) = % [Se%(N) + Sﬁ(N)']\

= 3¢uSa(IN) — 6¢5S(N) — 6 M L(S“‘(I =%)= CS)J' ()

z—1
_ Mh'lz(m)' ﬂsl,z(]-‘ e, m) — CS] /2 -[‘-.3 1;11-(:1:) [LSL,s(l = SE) = Ql]) jh (N) ’
z—1 +
where
Sia(l—a) = —Lis(e)+m(z)Lix(z) - %1”12(3‘")%("3) ¥ %hl(m)mg(m)

+% In(z) ln(1 — =) + s

The algebraic relations for S5 3(IV) can be used to express M(Lis (z)/(z—= 1)) J(N). Su2(N) and
S_33(IN) do not contain new Mellin transforms. Similarly, the S_z _3(/V) determines the new
Mellin-transform in S_y_o(N). The two representations for S_51(NV) velate MiLis(—=z)/(1 +
2)J(N) and MiLis(z)/(1 + «)](N). Therefore contributing the double sums at w=6 are deter-
mined by only one new baswic function MLis(z)/(1 + )](V).

S si(N) = S_s(N)Su(N)+ S-e(N)
—{(;l)N M [Lig,.(—:r:) — In(z)Lig(—2) -+ I (a:)Ibi-;;(—@/le )

z+1

+(ﬁ1)IN M H— 1nu3(m)Liz(*m)/i;]f(x) In(1 + 55)/2ﬂ\ (V)

| 3 1
-I-%Cs [1S_1(N) — Sy(N)] + %_CS - %qg? — ¢ 1n(2) + sﬁ} _

Lig (x)
A+ X

=




Threefold Sums

Sua() = —MM?Q—(?)'J

+¢3S_3(N) + 074 1,1

1 Sya(z 29, . . 3
074‘1,1 = .[D dx—:l%?) == %CZ C;J? 4 §<5 ]310.\(2)‘ = <2C3 hﬂl(?) + —2-55

(N) + Su(N)(2¢s5 — G2C3) — gS?(N) + (353(N)

(M) + (265 — oGS (N) — S, (00)

+ e meore Mo owce

The gquadruple index sums are :

Sl = -y 220 [ 00— s 6a5-00) — 06 - o)1)
S3p01(N) = [(523 ) } )+ CaSa(N (2(5f§2_g3)‘51(N)
Sl
CL3,1-,1,1 = / dx 123_(:;
= —%C2C3 In(2) + %@ (2) + CaLig (%) = %gg n2(2) + %@, n?(2)

4, 33 U T

—7¢3 + 356 n(2) — 21n(2)Lis (5), — n?(2)Liy (5)' - ()
Al 1

—ZLl's (E)l + 585

+  sraee eesve Ao (o<



Finally, two 5-fold sums contribute.

Sopana() = —MH(&—"‘_@\ } (N

SauussM) = (~17"13a {SU] .

where

; 1 . 1 1
0—21111 = / 814 = 111 Cs + C2C3 ( )"‘ 1|—|2§2 hf@)““‘ é@ﬂ:iu (—)l

2
49
_égz I\]lb ( ')|— %Cf;hm ( )\— 4—(:; )/ ( )\_ 1_28_C2

— In(2)Lis G)} £ %m%z)m (;) - %hl (2) — Lig @)} ;

AE ML NUHERATORS NiELSEN INTEGRALS ©

TO BE CAARUFIED | BRUT HAY BE WOT:

1% Ly

COULD ©CCCULR.

x
> Syatexy = 1 }é‘? EU-y) .



5. Factorial Series

CON HADER -
' & -1
Q@ = [t pa)
PA-+) = T Qe t &)

QL&Y =2 Q.4 ! |
B(2H) . .. (Bt

THS REPRESEMTATION CAN BE OB TAINED

foR ALL BASIC FouwcxiOns.

SOHE “SOFT”’ TERMS WAVE TO RE SUBTRACIED

T©O WeeT (owd. (*\) TKEY CAV RE TREATED
Bven A6 BRAWCALLY.

Ly ~ L 2 LRl e
k=t 2%
6= Q, ; Z("‘)e ‘i;i-- Q. e

R=0o
T Shrting -2 siwebus.
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QE @ FNiTE =

APPLY RECURSION : z— 2+1

—> OTHER BASIC FUNCTIONS OF LOWER
WEGHT.

S (¥) S MEROMORPHIC.

—> DIFFERENTIAGLE.

EXM’\PLES_:

® E‘ (‘%) - [J‘bﬁ;ﬂ] (N)le:% %1 (‘{)'

Wielaem
F@) = Flee) -4 [ - Fcqu
@ = 3 en's,0) ——
"I &0 N
F, () Y e Lr(dk- (2 S
&l = o
F A Gy d ...
Tl ( . e =z,



e L (® = ﬂ*ﬂ Ez}.’f--"!\ (&) .
d4x )

T

‘FS(?-H): - FS =) + -% [-gz - *('%-%24—&]

P uaphohic % o ow : U, R) — L, (-%).
Mgy Lo -2 4 -8

IS It 442 2% N® S WS
N2 00

exc..

& S,(N) = Yned) + ¥

@)= Y (- p
b ¢ Y (%- ﬂ+:H

SN » @+ g -7 B
IN= oo ke 2K 72

Y(142) = — ¥ + S _z
" &21 R(k+ 2) .




6. A Basis

1 F —4.
W= A !
U-x)
W= 2 SUBSADIARY : ““AE:" < gerPs A LoT
w
FfoR w > 4.
W= 2 ki, )
Xt A
W = * L.lz ) ’ Sﬂ-l (.x‘
X *+A Xt 1
. 1®
—“ Lig ) §4y (0 Sp(0 U (x)
K& 4 XdpA RE 4 x1
Sap (¥ - Liy€x) /2
Xt 1
W= 6 Lis(e) Sye () Sz S3, ()
AND HORE TO COME.
(A FEW rORE).
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7. Conclusions

A) THE SINGLE SCALE QUANTITIES IN QFT's
(MASSLERS OR SINGLE HASS /@' — o) TO
3 LOOP ORDER & W=6 HARHOWNC SOMS
ARE € POLYMOHIUAL RING SPANKNED BY
A FBW BASIC HELLIN TRANSFORMS ONLY.

v §f
2y W=4 : 4
W= 2 : 1
= 3 : 3

w= 4% : 6e+1=1
W= S : A5

W= 6 ' ....8+ F+...

3) THE BASIC FUONCTIONS ACE HEROHORPHIC
+ SOFT CGomPoneNTs ' 20 4N |IN(= e

4) THE TOTAL AMOUNT OF HARMONIC SUHS
ReEpuCES &Y ALGERAIC RELATIONS [ INDICES
OF H-SUMs].
STRU CURAM. RELATIONS @ Ne QL

N e R
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5) ANALYTIC (OWTINUATION TO Neq
IS POSSIBLE BY EXPRESSING THE 3BASIC
SUMS iIN TERMS OF FACIORIAL SERIES
LP To THEIR “SOFT COMPONENT. THE LATTER
IS USVALLY ©F (OWER INECHT &ND/OR
ExXPRESSED By SINGE HARHONIC SOMS N
PART .

€) AS WE oBseRVe THE SAME SET OF BASIC
Foncxions (N AWRDE CLASS OF PHsiCAL
PRo cessex , ey seemn T BE oF SoHE
GENERAL KNATLRE .

T) VP TO w=6, PHASICAL QUANTITIES OF Tke
PMROVE TTYPE APPEAC TO BE FREE OoF INOECES
(=1} N THE AARMHONIC SUMs  CONTRIBUTING .

UP TO WeEeHT w=5 AL NUHERATCR S
UN Be ExPees<en RY WIELSEY INTERRALR



