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MAJOR GOALS:
o ANALYZE QCD SCGALING VIOLATIONS
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Harmonic Sums

2. z-Space Representation
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KEY PROBLEMS :

+ 2 LOOP WiIiLSON COEFFICAENTS
DEPEND ON N 80 FUONCTIONS
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——> EXP. SYSTEMATICS
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Harmonic Sums

COLLINEAR FACTORIEATION  (m~>0)
IMPLIES THE CONNE CTION:
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FEYNHMAN AMPUTUDES HAY BE SHPLIRED

BY COWVSEQLENT OB SERVATION OF THIS
CONNELTION -
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WE SHOW THAT :

SPLITTING MD COEFFICIENT POUNCTIONS
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POLYNOMIALS OF FINITE H#HARHONIC SUMHS

IN N-SPACE.

CF. kLSO
MOCH , VERMASER EN
1299
2 LOOP QULANTITIES HARHONIC SOUHS
E () €—> ULPTD
' TRAN S CENDEN TALITY
T 4
D e ALGEBRA
sines SIMPLIFICATION
CD NTOUR : :
1N TEBRAL MNALYTIC CONTINUAT.
MELLIN TRANS FORMS
2 LOOP QUANTITIES o M [Fx ] o)
NeC Ne T
l NON —~LINEXR
HMpPPING &

~ PHY SACAL ANOMALODS
Ditvensions



Harmonic Sums
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7 Appendix: Mellin Transforms
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FE) = 8 (3% + sa6-n - s, G
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LINEAR REPRESENTATIONS OF HeELLIN TRANS-

THROLUGH HARMOWIC SOWS:

MIF 0100 = S§ o o)

T T
+ P (slq-.-“_rl UI':.p-ka
™
w= Z lkil weeHT T

V= :
o HARHONIC SONS
T, T < W

P is a polgre smdal.

NOMBER OF FUNCTIONS F,Q0 & SOHS :

W # > 3
1 a 2
2 4 g

AMOH. DM
3 18 i 2 LDOP D
4 B4 80 OEFF. FOI.
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ALGEBRMC RELATIONS

L.EULER (A775):

Smnt Sam = Sm'Sa t S men
m,n >0.
FiRST ALGEBRMC RELATION .
ONE HAY GENERAMILE THIS T myn LO

Sun *Sam = Sm'Sa * Smanm
man = [ Iml+Inl] 2ignm) aign) .

TERNMY RELATION: SiTA RAMACHANDRA RAO
4= ARY —w— I8, KURXH {(198. b
THESE X OTHER RELATIONS +HOLD WiDELY |
INDE PENDENT OF THE VUALLE & TYPE OF
~ THESE OBIECTS.
DETEQHINED BY @ « INDEX STROCTURLE
. HULTIPLLCATION BEATION

M —

el —

—> @®LASI- SHUFFLE AL GEBRAS
reee LE ALGCEBRAS .



SHOFFLE

Depth 2

Depth 3 :
Sy (N) L Sz 05 (V)

Depth 4 :
Say (V) U Sgy 09,04 (V)
Soy,0a(N) LU S 0 (V)

Depth 5 :
Say (N) LI Sy 05,0006 (V)

S0 (V) LLI Soy 0p.0a(N)

Depth 6 :

Sy (V) LU Sy . 008,00 (V)

Sy oy (V) LI Sy 04,0000 (V)

Sermaae{N) LU Sgp g e (V)

+  SagmimoalN) + Say 000 N) + Sag 0000 (N)

+++ 01 +1

+

+ 4+ 40

* 4+ 4+ F4)

PRODUOS

S (NS V) = SaiaV) + g (V)

So1mama(N) + 8og.01,2 (N) + Sg 050, (M)

Sarmaraa(N) + oy 000\ N) + Saran e (N} + Say s (V)
(2.9)

(2.8)

Sermanau(N) + Saya.000(N) + Suy sp.ae0a(N)
(2.10)

S mannas(N) + 8o 010000 (N) + Say00.01.000 (V)
Sazmsasoian(N) + Sa s nnsm(N) .

Sy onmg.00mn (V) + Say 05,0000 (V) + Sy 0p.ni.09.0 (V)
S onmsmns(N) + Seg 01000008 (N) + Sy 0100000 N)
Sea s (N) + Sesnimsiosm{N) + Segasinanis (N}
LNp—)

{2.11)

(2.12)

SarmmsncaiceN) + Fosm 0000500l N) + Sona0.m.000806(N)
Sesmasm (N} + S np ol N + Sy i g0 (N}
(213)
Sear maanacn e (N) + Soyns.00.000000 () + Say05.0005.80.06 (N)
Sarmaisemoe(N) + Say 00008000 (V) + Seg.1,0.8000.26 (V)
Sesmrammnse (V) + Sag s e msinne (V) + San 1 ae.08 00000 (V)
Sesmearmnmnne(N) + Sogin0108.0.00(N) + Suyay,61.08 0009 (N)
Sugmag s 03(N) + Sognuon0,000(N) + Sag a4 00,81 0106 (V)
(2.14)
Sarmsasns s (N) + 5oy 000000000 (V) + Sy 03,0000 0500 (V)
Sarmsasnsnains(N) + Sopaimnmn (V) + Sapai s mas(N)
Seymsanmnanns (V) + Sosnmsmsmnm (N) + Sayaymmses(N)
Savncssmnsnie (V) + Soynsnsaimnns(N) + Sapagano00mm0(N)
Sy mnmmens(N) + Sopay anmms0e(N) + Sayn s osne(N)
Saymmosanas(N) + Sopa ymanalN) - (2.15)

(MAC LANE  445D)
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THE PALGEBRAC ERQULATIONS

Depth2:

Sa (VI 5 (N) — 8o, (N)5e (V) = Saynes (V) =0 [36] (2.17)
Depth 3 :
i 3-1':”] LLIS.'I- {H] e S.l {N}Su.u'[ﬂ] £ Ellﬂl.n [J"'"} ) Elullhh {H] = 0 {213}
Depth 4 :
Ser (W)U Sayaq(N) = Say (V)8 0800 (V) — Sy rasan e (V) = Sag,arne .00 (V)
= Suaganay(N) =10 (2.19)
Sanna(N) L Saai(N) = Sasa(N)Ss.00(N) = Say anrag s (V) = Sy ag,msnae (V)
= 3-..-.«..-.{-"‘] 5 S-n.-.m(i’“} = Suﬂquﬁ}
— SunayaimN) + Sunsginna, =0 (2.20)
Depth 5:
Say (N) Ll-h‘-""u.-.m{ﬂ} Su[NIIS-.-..-...-. ':H] = thm.u':”] ol -Fum.-{h’}

Sy e (V) LU Say 000 (V)

L1 % 1 0 k1

S“-'l-ﬂﬂﬂim T Suﬂﬂnm':m =0

Sum.u.-l:-”} 5 Sumfm iy Su.m{h'}
Sum.-ﬂun[fﬂ = S“m{ﬂ} i 3-.-..-::-.-{1"’}
E-luu-u- [N} e S-.um{”} o S-AMH{N}
Snﬂ{mm{m =" snhm.-{m i Sm.-..-.-[m

Sasnssnenson(N) + Saynasmanaiaa(N) + Saynayacssnas(N) = 0

(2.21)

(2.22)
Depth 6 :
Sn[NILUS-..-..-..-..-.EJ‘ﬂ Sqfﬂ}aumm{”] o S-m-..-..-.,-..-.{"]
Sesminasasssse(N) = Sesn50 00000 (N)
' Sasassemranse (V) = Sesasmsanmncd (V) =0 (2.23)
Sw.n{H} u-!'gn.u.-n[”} Emm.-n IIN'.I = Su [-H] o Sun.um{m

i 4+ 4+ |

&um {H] = S-nm[m - Snnm{m
Emm{m e 3-.-.-;.---.-4{"’1 i Sﬂuﬂﬂ“{"}
Mmtm o snnnn.-ﬂu ':N] - Su.-..-aw{!ﬂ
SMHM Em P Sw.uﬂu.n.h.h [”] o Snmhum{m
srn.ll-ﬁll.-rll.u ENJ o sllﬁ-u.ll.-.u.u IH} e En.n-..-..-..-.-[-’ﬂ

Sy nayagmyonns(N) = Saregngnmem(N) + su.-cﬂn-.-ﬂ::m
Sosminasmrnnne(N) + Suyaina sessrna(N) + Sognqninssn0nae (V)
Sainss seraqmnne (V) + Soynap i msras as [ IV) + Seynspncasseraa (V)

Saran(N)Sas 000 (N) = 0 (2.24)

ALOW FOR ANY INDEX PERMUTATION .
How HMANY OF THESE EG. ARE N DEPenCenT %

k BAC JUMS = 4 PERM. — & (WD €S,



S.;.....,{N} UJS.,,M{N] 5...-..-..-..-..[-""} qu Sn.nmm.nl:m ot SI'I.MMM{H}

E-.n.nm{”} = Siun Mn&{m o Snuu.lmw.u{m
5-..-..-..-.-:»-{1\'“1 3 5-..-.m.q-lh'ﬂ i En.m.-.{ﬁ"}
snmn{ﬁf] = Snm.u.u.u{m e 3...-.:»-..-.-..-;{”]
Eu.-.lu.m.-{”:’ = Sunﬂnm I[N'J - ppp—f

Sltﬂm.-[m AL SHAM.-M{N} Tii; Sum-mn[.”]
Slﬁlh-m [”] in Sunm {i'ﬂ 2 Sll-lq.ﬂﬁlhll.ll-lm
Muu[ﬁ} = Sn.lam{m o S-q.-w.u[m
thm.-fﬂ} — S-Anm[m = Suimw(ﬁ}
5-.m.-.-..-.- [N} = S-M{N} =t Sﬁmn{m
Sy sssanagmanas (V) + Soy igras.ssres,a0(N) + Soysarsessosras(N)
Saymmrasasra (V) + Sapninassynsens(N) + Sopoinagnscence (V)
Saynasassarssse(N) + Sayrasnsnsmnas(N) + Soynasssasnass (V)
Sarresssmsasnes(N) + Suyrasmsnas.an,ae (V) + Saynasasnas s (V)
Sarrasasrnsasias (V) = Say 000 (V) 5ai0006(N) = 0. (2.25)
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HMATRICE S
bxe <

24 x48 <
420 X 240 <

T0 % U0 < € 4 CPU dow (1GH%,
2LGBYTE)

NUHMBER OF BASIS SUHS

& BASIS SUHS (EXPL.TFoRH)
—3 ALL RELATIONS.






DEPTH = 5

{a,8,8,0,a}
{a,a,a,8,b}
{a,8,0,b,b}
{s,8,8,b,¢}
{a,a,b,b,c}
{a,a, b,c,d}
{a,b,¢,d, e}

i

{e,a,0,0,0,a}
{e,8,0,0,0,b)
{a,a,a,a,b,b}
{a,8,0,b,b,8)
{a,a,a,a,b,c}
{s,a,a,b.b,c}
{a,a,b,b,c,c}
{a,a,a,b,c,d}
{a,a,b,b,¢,d)
{s,a,b,¢c,d,¢}

a,b,c,d, e, f}

BlElEEER8EE =

EIRIE 3|le g B8 e «|~
SIBIE Bl2 8 ¥z 5 =
Bl m|e 2 2ajls & o



THE ALGEBRAC RELATIONS REDUCE
THE NUMPER OF HELLIN TRANSFOEMS
TO X4 (our of 80):

- .
log(1 + =) log*(1 + x) — log*(2) log’(1 + ) Lis(z)
T+l r—1 r+1 r+1
Lia(x) - {(2) Lis(—=) Lh! =)+ QIEHE - EI!I&:!IE
z2-1 r+1 r—1 r+1
z)Lig(z Lig(x) Liyg) - ¢(3) Lig(—=)

— . r-1 r+1 4 r+1l
Lig(—x) — 3{(8)/4 Sialz) Sialx) —€(3)  Sial—2z) —((3)/8
r=1 r+l r=1 r=1
Sya(—=) S1a(z?) Sua(=?) — {(3) Lig(~z)
r+1 r+1 ' =1 ;- r+1

o
logl1 + 1) —log(2) ;) losll Al ollD)y, () SO~ LD

T+7-
hex)
- ﬂtn:_tq‘{

o L (159) = 4a0m9 L (157))

3 (191)

—> IN  1- LOOP PHYSICAL PROCESSES
EVEN A OWER NUMEER DF BAZC
TRAMISFORHMS IS GoOING TD Occur!

— ANY  2-1L00P OQUANTITY ( m—0)
(AN BE REPRESENTED AS A HELLW
POLN NOMIAL ©OF THE ABOVE FOMCNOMS.



T (o

CMJ WE COUNT THE BASIS SiHPLER ¢
YES.

INTRODUCE FREE LIE ALGEBRAS & THE
THEORY OF CDDES INTO PARIICLE PHYSICS.

EVERY THNG GOES THROULGH
THE (NDEX SEY.

X- {a%ca .. § AruaseT
a<kecccad<.. ORDERED

O (&) ser or worps over &

W = ﬂ-{‘ﬂ;‘ﬂ# ﬂ.a' ﬂ'..’ —- n’m NGRD
~
NDMW- COMHUTATIVE  PRODUCT.

N = Pl- A S
$ _uy

PREFIiX SLFPIX

DEFnTION:

A LYNDON WORD IS SHALLER THAM ALL TS
SUFFIXES.
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THEOREH [RADFORD, 41479]

THE SHUFFLE ALGEBRA K<{O0 IS TREELY
GENERATED BY THE LYWDOOM WODRDS.

—> I.E. THE NUMBER OF LYNDON WORDS
158 THE NUMBER OF BASIC ELEHENTS.

EXERUSES:

{a,9,...,qb} aca.ab ALYNDON WORD

n PERHUTATIONS

Noaric . n= DEPTH
Nage n (OF THE
SUNS)

{a,0,a,b,b,b § aaa bt

oa ba &t
aq &fraky

Negt 2 b

3" LYNUN WORDS



CAN ONE DERIVE A FORHULA ON THESE
RELATIONS 2

(.. DiG THE HATHEMATICAL LITERATURE .)

! E.WiTT (HH) (493F): Journ. REINE & ANGEW:

HATHEHATIVC.

"TREVE DPARSTELLUNG LIESCHER RINGE’
I
£, (Ny,...,Ng) = L ¥ pLﬂ Gﬂ

N din

Ty ()

Iari A I“i = M.
i

L (daaia, & 68}) = '{L'[meig* P 2] =3
n({asinthil)= =L o 2TE

a8t 3! 2%
E{:l"'_'ﬂ = -a' < ‘i" ' - -
.y A e ipwTh

SUH OVER THE
A WATT FoRHMOLA.

!

| Wesght mmmrﬂmmm




CAN ONE REDUCE THE BASIS FurRTHER L

PrESENT RESULTS ONLY HNISHED for
Oy, i"E- DEP™H =4 SUMS (W=4).

e = =y
[Fie. |

e NO SYWEMATIC HATREMATICAL
THEDR Y YET,.

THE NUMBER OF LYNDON WORDS [,({q,..a})=0

(Z pey=o).
—> DO NOT COUNT SINGE HARHONIC SOHS,
POLYNDHIALS OR RAT. For's  in M.

M 200 fad () = g—:); MI4el o)

IF M40l N) (S KNOWN) , ANY DERIVATIVE (s
KNOWN  (ERSILY CALCULATED).

WN) known —> PpPm) Vi, -

123 Rrs —> 20Fas WL 4.

J. Bliimlein Oberwolz, QCD 2003



RELATIONS BETWEEN MELLIN TRANSTFORMS
LEAD TO A FURTHER REDUCTION.

— . EXPLICIT CALCULATIONS.

WORM IN PROGRESS.

IT‘H‘C LORD i8S l-tﬂl?.C.\El
FEYMMAN DIAGRAM CALCUOLATIONS S€BEM NOT
TO PRODUCE AlLL POSSIBLE SUMHSE.

O(a*)
1, H&x héﬂzL—H—(ﬂ L, (x) Syz(x)
L 4% At x At K At %
, S S
iy, (0 Lo (0~ Ha (=) (x) S4alx)
( + - '1‘"‘ ( Ll ‘*‘ \=x )+
J&, S. HDCH

MASSLESS @Q®cD @ 2LO00PS DEPENDS ON
ESSENTIALLY D FONCTIONS FOR ANDH.
DIMS. & WILSON COEFRCERNTS

REDUCTION: 77 — 5

THANKS TD HELLIN SYMMETRY.

W AOERRA FOBIEEER AT
& 41 - 4 ——e T pPrOBABLN
(4

44 3



EArtes

1
Mfe)m) = [ax x""feo  NeM o

o
N— C
WHERE ARE SINGULARITIES ¢ SINGLE POLES
Re (§) € ny fxed HARMONIC SUMS — N indegar

fixed order PT  Im(Ng)= 0

REPRESENTATION : (NiELSEN, HELLIN ~ 4905)

o STIRLING-LIKE ASYHPTOTIC REPERESEMTATIONS.
e USE RECURSION RELATIONS :
L M
Seby...bp ) = Sag 4, W) = Iﬂ:‘_"{:‘f] St,..4p N

weeefp MOVE FROM MY N#%Ng T Ro)>1
$eImN

»> ReN

NUMERICAL  INTEGRATION |
Mi{fwion is Merororewic N C.
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Q>
Figure 1. The dependence of the fit results for the

energy-momentum sum and for a,(Mz) on the
Q2-cut imposed in addition to W2 > 10 GeV2.
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