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Abstract

Matter effects modify the oscillation probabilities of atmospheric neutrinos when compared
to their vacuum values. A step function density profile for the Earth is used to investigate
these matter effects for both normal and inverted neutrino mass hierarchy schemes. From a
realistic simulation, the oscillation probabilities as a function of energy and zenith angle are
shown, comparing matter and vacuum cases. Detector restrictions specific to IceCube are
then imposed, with an preliminary indication of whether the neutrino mass hierarchy can be
determined.
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1 1 INTRODUCTION

1 Introduction

As neutrinos propagate freely through space they undergo flavour changing oscillations. When
travelling through matter, the rate and amplitude of these oscillations are modified in a manner
dependant on the electron density. Experimental measurements of these matter effects is desirable
in order to obtain further details and constraints on the nature of the elusive neutrinos. Alterna-
tively, for a well understood neutrino source these measurements may provide information about
the matter it has passed through. This report focusses on atmospheric neutrinos and their detection
by the IceCube experiment.

IceCube is a neutrino observatory situated at a depth of between 1.5km and 2.5km within
the Antarctic ice [1]. At this depth, few photons from the surface can penetrate and the ice is
remarkable clear. The detector comprises a total of 5160 digital optical modules (DOMs), each of
which is equipped with a Photo Multiplier Tube, connected to cables buried vertically in the ice.
DeepCore is a region at the heart of the IceCube array in which the DOMs are positioned closer
together; and hence is optimised for low energies (down to ∼ 10GeV). The neutrinos detected
by IceCube may originate from three main sources: from atmospheric cosmic ray showers, from
astrophysical sources and from the decay of hypothetical dark matter particles.

Atmospheric neutrinos are produced by cosmic ray showers in the Earth’s atmosphere, at an
average height of around 15km [2]. They encompass a wide energy range from MeV to PeV, with
a peak flux at a few GeV [3]. Various models estimating the flux of atmospheric neutrinos are
available; in this project the Honda flux model is used [4].

At the energies to which IceCube is sensitive (10GeV−109GeV), the primary type of neutrino
interaction with matter is Deep Inelastic Scattering (DIS), which may be either charged current,
νl +N → l+X in which the lepton corresponding to the neutrino flavour is produced; or neutral
current, νl +N → νl +X in which the neutrino remains, but a hadronic cascade is also triggered.
The particles released by these interactions have sufficient energy to travel faster than the local
speed of light, thus emitting Cherenkov radiation, which is detected by the DOMs as an ‘event’.
The signatures of these events fall into two main classes of track-like and cascade-like according
to the dominant feature, which also varies with neutrino type. Track-like events produced by muon
neutrinos in charged current interactions are used for this study [1].

As the effect of neutrino oscillations is enhanced over longer baselines and lower energies
(see section 2), in this project we are concerned with upwards travelling (zenith angle 90◦ ≤
θz ≤ 180◦) muon neutrino events in DeepCore. This ensures that the neutrino trajectories have
passed through a significant amount of matter, namely the Earth, prior to detection. Therefore, in
simulating the influence of matter effects on neutrino oscillations, we consider a density profile
suitable for the Earth prior to adding detector effects specific to IceCube.

In this report, a brief theoretical overview of neutrino oscillations and matter effects is given
in section 2. The algorithm used is described in section 2.3, with some illustrative plots of the
consequences of matter on neutrino oscillation probabilities. Incorporation of various detector
performance features specific to IceCube is outlined in section 3 and followed with some prelimi-
nary indications regarding the effects detectability. We then conclude in section 4, mentioning the
direction of further work.
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2 Theory

2.1 Neutrino Oscillations in Vacuum

A fundamental property of neutrinos is that their familiar flavour states do not directly correspond
to mass eigenstates, but to a superposition of massive neutrino states. This may be accounted for
by converting between mass and flavour neutrino states where necessary by the use of a mixing

matrix, U . A flavour state is then given by |Ψα〉 =
3∑

k=1

U∗αk|Ψk〉, where the indices k and α refer

to the mass and flavour eigenstates respectively. U is completely defined by a set of four terms;
three real and one imaginary. The most common formulation of U comprises terms dependent
on real mixing angles between the mass eigenstates; θ13, θ23 and θ12; and also on an imaginary
phase, δCP . The form of U is: (using sin θ12 = s12 and cos θ12 = c12 etc.)

U =

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13

s12s23 − c12c23s13e
iδCP −c12s23 − s12c23s13e

iδCP c23c13

 . (1)

Particle evolution through space and time is described quantum mechanically by the Schrödinger
equation; which requires a particle description as energy, or equivalently mass, eigenstates. The
solution to the Schrödinger equation in the case of neutrinos is the evolution matrix operator:

M = diag

(
1, exp

(
−i∆m2

21L

2E

)
, exp

(
−i∆m2

31L

2E

))
, (2)

where ∆m2
21 = m2

2 − m2
1 and ∆m2

31 = m2
3 − m2

1 are the squared mass differences, L is the
distance travelled and E the neutrino energy. The flavour amplitude of the neutrino oscillation
state is therefore given by:

|Ψα〉 = UMU∗|Ψα〉, (3)

and the probability of a neutrino being detected with a particular flavour after travelling is obtained
from the square of the amplitude in equation (3).

For the simplified case of two flavour neutrino oscillations,1 there is only one mixing angle θ
and one mass difference ∆m2, such that the probability of flavour change is simply given by:

Pνα→νβ = sin2(2θ) sin2

(
∆m2L

4E

)
. (4)

Here the first term is dependent on the mixing angle and determines the amplitude of the oscil-
lation, whilst the second term is a phase term. As can be seen from the dependence on L/E,
the oscillation probability is enhanced over longer distances and lower energies. If L/E varies
too slowly, the sin terms in which it features go to zero, whereas if L/E varies too quickly (i.e.
L� Losc = 4πE

∆m2 , the oscillation length) the terms are averaged out.
As the final state amplitude in equation (3) is a vector, the probability of each flavour individ-

ually is obtained from the appropriate element. The final expression for the probability consists of
terms of the form of those appearing in equation (4).

1For the sake of brevity, the standard derivation of the oscillation probability in a vacuum case is not reproduced
here; see for example [5].
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Parameter Experimental Value
∆m2

21 7.590.20
0.18 × 10−5eV2

|∆m2
31| 2.34+0.1

0.09 × 10−3eV2

sin2(2θ12) 0.312+0.017
−0.015

sin2 θ23 0.51± 0.06
sin2 θ13 0.089± 0.01(stat.)± 0.005(syst.)
δCP Unknown

Table 1: Parameter values used in this project, from most
recent experimental results as of July 2012 [6]

The current best experimental values for
the mixing angles and squared mass dif-
ferences are given in table 1. Note that all
of the mixing angles have non-zero val-
ues, and that between the mass squared
differences:

∆m2
21 � ∆m2

31 ' ∆m2
32. (5)

As no experiment yet has been able to dis-
tinguish between ∆m2

31 ' ∆m2
32, they

are set to the same value, denoted |∆m2
31|. Atmospheric neutrino experiments are only sensitive

to one of these mass differences, whilst solar neutrino experiments are only sensitive to the other.
Therefore, ∆m2

21 and |∆m2
31| are termed the solar and atmospheric mass squared differences re-

spectively.

Figure 1: Schematic of normal and in-
verted mass hierarchies

The relation between the masses in (5) may be
accommodated into two different neutrino schemes,
termed normal and inverted hierarchy, as shown in fig-
ure 1. At this point in time, the nature of the neutrino
mass hierarchy as normal or inverted is not determined.
As can be seen from figure 1, a change in hierarchy cor-
responds to a change in the sign of ∆m2

31.2

2.2 Matter Effects in Neutrino Oscillations

When neutrinos travel through matter, the Hamiltonian
in the Schrödinger equation becomes modified by the
addition of an extra potential term which depends on the
Fermi constant, GF and the electron number density, Ne(x):

V (x) =
√

2GFNe(x), (6)

which comprises an arbitrary density profile. The matter modified Hamiltonian isH = 1
2E (UMU∗+

A), where A is a matrix with only one element; A = diag(ACC , 0, 0), and ACC = 2EV (x), the
CC subscript emphasising that charged current interactions are under consideration. In the case
of a constant matter density profile Ne(x) = Ne, the mass squared differences and mixing angles
take on effective values within the medium. The effective value of ∆m2

31 in matter is given by:

∆m2
M31 =

√
(∆m2

31 cos 2θ13 −ACC)2 + (∆m2
31 sin 2θ13)2 (7)

and the effective value of θ13 is given by:

cos 2θM13 =
∆m2

31 cos 2θ13 −ACC
∆m2

M31

, sin 2θM13 =
∆m2

31 sin 2θ13

∆m2
M31

. (8)

It is perhaps illustrative to consider the tangent expression obtained by equations (8);

tan 2θM13 =
tan 2θ13

1− ACC
∆m2

31 cos 2θ13

, (9)

2Note also that in figure 1 the order of ν1 and ν2 does not change; this has been fixed by solar neutrino experiments,
as the neutrino with the highest νe content is the lightest [5].
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from which it can be seen that there is a resonance when ACC = ∆m2
31 cos 2θ13; then θM13 = π

4 ,
at which point the mixing is maximal and hence the transition probability is also maximised.
In calculating the matter modified mixing angle, the cosine expression in equation (8) is used
to provide the correct phase. For atmospheric neutrinos, only θ13 is modified, θ23 retaining the
vacuum value and the mixing matrix (equation (1)) becomes:3

UM =

 cM13 0 sM13e
−iδCP

−s23s
M
13e

iδCP c23 s23c
M
13

−c23s
M
13e

iδCP −s23 c23c
M
13

 . (10)

It should be noted that equations (7) and (8) include a dependence on the sign of ∆m2
31. With

experiments sensitive to matter effects it may be possible to distinguish between the different
values of ∆m2

M31 expected to result from the hierarchy schemes in figure 1, thereby determining
which of the two hierarchies is correct.

2.3 Matter Effects due to the Earth’s density profile

Up until now only the case of constant electron density has been discussed, whilst the atmospheric
neutrinos reaching the detector actually cross the Earth. Although the Earth’s density is not con-
stant, various density profiles may be used to describe it, such as parabolic, 1

x , polynomial, etc.
(see [7], [8]). The simplest approximation for the density (which has been widely used [2, 12, 14])
is as a series of constant density layers. To obtain the state amplitude for a neutrino trajectory
which traverses multiple (n) layers, equation (3) must be applied successively through each layer
[5]:

|Ψα〉 = [UMM(xn − xn−1)U∗M ]n . . . [UMM(x2 − x1)U∗M ]2[UMM(x1 − x0)U∗M ]1|Ψα〉, (11)

Figure 2: The PREM model as approxi-
mated with a simplistic mantle-core-mantle
step function. Adapted from [10].

where the distance travelled in layer n, xn − xn−1 =
Ln is used in equation (2). As the density changes
through different media, so the potential and hence
the effective values of θM13 and ∆m2

M31 will also
change, as shown in equations (7) and (8). Com-
parison with the Preliminary Reference Earth Model
(PREM) shows that the approximation is reasonable;
to a first approximation, a two layer step function of
core and mantle only may be used (see figure 2) [9, 5].
Equation (11) is used with n = 1 or 3, depending
on whether or not a neutrino crosses the core. Distin-
guishing between mantle-core-mantle and mantle-only
trajectories is possible given the direction of the neu-
trino. Those neutrinos with a zenith angle less than
θz = 146.83◦ do not traverse the core4, as shown in figure 2.

In this work, the above matrix formulation was used in calculating the expected flavour proba-
bilities as a function of baseline length L (i.e. direction) and as a function of energy. By imposing

3When considering atmospheric neutrinos, the effects due to the solar components are not detectable, and the pa-
rameters ∆m2

21 and θ21 may be set to zero. Conversely, in solar neutrino experiments the terms due to the atmospheric
components are averaged out.

4This critical angle is obtained from the geometry of the Earth; trajectories with a zenith angle greater than 180◦ −
sin−1

(
Rc
R⊕

)
, where Rc and R⊕ are the mean radii of the core and Earth respectively, do not traverse the core [11].
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a check to determine whether a given direction corresponds to a core-crossing trajectory, and sub-
sequently looping over the number of layers, the following plots were produced.

Figure 3: Muon neutrino flavour probability against baseline through the Earth for vacuum (V) and matter
(M) cases with both normal and inverse (inv) hierarchies, at (left) 5GeV and (right) 8GeV. The deviation
from the vacuum case due to matter effects for the normal hierarchy is greater than for inverse hierarchy.
The effect of the mantle-core boundary is noticeable at 10,665km. The deviation of matter effects from the
vacuum case, whilst pronounced at 5GeV, have decreased significantly by 8GeV.

Figure 4: Flavour probability for muon (left) and tau (right) neutrinos as a function of neutrino energy using
the diameter of the Earth as a baseline (zenith angle of π), in vacuum (V) and matter (M) cases. Both plots
use normal mass hierarchy, and are in agreement with [12], the deviation due to matter effects decreasing
with increasing energy.

Figure 5: Electron neutrino probability as a function of
energy for normal mass hierarchy and an initial electron
neutrino, in agreement with [14].

Figure 3 shows the oscillation probability as
a function of length for an initial muon neu-
trino. As the matter effects are more pro-
nounced in the case of normal hierarchy, in
figure 4 the probability is shown as a func-
tion of the neutrino energy for normal hierar-
chy only, again for an initial muon neutrino.
Here it can be seen that the oscillation prob-
abilities only deviate appreciably from the
vacuum case at low energies; beyond about
25GeV the effects are washed out. Compar-
ison of figure 4 with [13] shows that this is
indeed the expected behaviour with the Earth
as a baseline. The survival probability of
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electron neutrinos in particular, figure 5, is in agreement with the result presented by [14], also
using the Earth’s diameter as a baseline.

3 Matter Effects in Detection of Atmospheric Neutrino Oscillations

3.1 General neutrino interaction rate

To address the likelihood of the detection of matter effects in atmospheric neutrino experiments,
firstly the case of a general atmospheric neutrino interaction rate is addressed. This would hold
true in the vicinity of any neutrino detector, as no detector specific effects were added at this stage
in the simulation. The Honda atmospheric flux was used to provide a suitable initial neutrino rate,
and the GENIE5 neutrino simulator provided realistic details of neutrino interaction kinematics
[4, 15]. Based on information from the simulation, the code implemented distinguishes whether
the trajectory is core-crossing or not, and calculates the state amplitude using equation (11).

Figure 6: Neutrino oscillogram showing the ratio of
vacuum to no oscillation survival probabilities for muon
neutrino/anti-neutrino events combined with energy and
zenith angle.

The final probability is a vector comprising
the probabilities for each neutrino flavour.
The equivalent probabilities for the vacuum
(same energy and baseline) and no oscilla-
tion cases are also calculated. In all plots
within this section of the report, δCP is set to
zero and the neutrino flux that could be ex-
pected in one cubic kilometre after one year
was used [16].

Neutrino oscillograms show the ratio of
muon neutrino and anti-neutrino events com-
bined to the no oscillation case for a given
energy and zenith angle. In figure 6 the vac-
uum case is presented, which is unaffected
by the hierarchy change (see section 2.2). The oscillograms showing the ratio of the matter effects
to no oscillation case are depicted in figure 7 for both cases of normal mass hierarchy and inverse
hierarchy, in agreement with the results in [17].

Figure 7: Neutrino oscillograms showing the ratio of matter to no oscillation survival probabilities for
muon neutrino/anti-neutrino events combined, as a function of energy and zenith angle. The left plot is for
normal and the right for inverse mass hierarchies. The mantle-core boundary is seen as a feature occurring
at cos(zenith)=0.84.

The probability ratio scale may be seen to rise slightly above one; as the initial neutrino flux
is mixed, this is due to the additional contribution to the muon neutrino total by the oscillation

5Generates Events for Neutrino Interaction Experiments
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of electron neutrinos into muon neutrinos. The ratio between these vacuum and matter cases is
shown in figure 8, with the high ratio in some bins due to a change in phase between the two
cases causing division by a small number of events to occur. It is more instructive to consider
the integrated number of events, shown in figures 9 and 10. In all of figures 6-8, the energy scale
is limited to below approximately 25GeV, since the influence of matter effects was shown to be
negligible at higher energies (see section 2.3).

Figure 8: Ratio of matter to vacuum oscillations: left in the case of normal mass hierarchy; right in the case
of inverted mass hierarchy.

The number of neutrino events expected in the three cases; no oscillations, vacuum oscilla-
tions and addition of matter effects; varies between them due to the different probabilities. This
variation is depicted in figures 9 and 10, alongside the ratio of the vacuum and matter cases to
no oscillations, which drops below one as the difference in the probabilities becomes significant
(towards longer baselines and lower energies, section 2.1). Due to a recently discovered issue with
the flux calculation in IceCube, simulation events with energies lower than 8GeV were cut from
figure 10, similarly figure 9 is shown for the energy range of interest, 8− 25GeV.

Figure 9: The number of muon neutrino events can be seen to deviate between oscillation and no oscillation
cases at low energy. Whilst the difference between matter and vacuum cases is far from obvious, it can be
seen in the deviation of the green line from one at low energies in the ratio plot.

Figure 10: The number of events with zenith angle. The ratio can be seen to drop below one as oscillations
become significant, whilst the variation between matter and vacuum is more pronounced.
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3.2 Addition of IceCube detector effects

Principally due to its size, the flux of atmospheric neutrino interactions detected by IceCube is far
greater than that of many other, smaller neutrino experiments[1]. However, detector effects such
as triggering and filtering must now be added to the results in section 3.1. All results presented in
this section use Monte Carlo (MC) values.

Figure 11: The number of events as a function of zenith angle after triggering and filtering of the detector
have been applied. A difference between normal and inverted mass hierarchies is apparent in some bins
below cos θz = −0.2. In all plots black corresponds to no oscillations, blue to vacuum oscillations, red to
matter oscillations with normal hierarchy and green to matter oscillations with inverted hierarchy.

Figure 11 shows the situation after triggering and filtering of the detector has been applied.
The inverted hierarchy case often coincides with the vacuum case; this is due to the resonance
(equation (9)) occurring within the parameter space for the normal, but not inverted, mass hierar-
chy. There is a 10-20% difference between the number of events occurring for normal and inverted
mass hierarchies in some bins. However, further cuts are applied to this data as outlined below.

Figure 12: Energy spectrum of combined muon neu-
trino events prior to application of cuts.

As can be seen in figure 12, the deviation in
number of events between the cases of nor-
mal and inverted mass hierarchies only begins
to emerge below approximately 25GeV. This
suggests the use of a cut on energies above
25GeV as appropriate to focus into the region
of interest in measuring matter effects. Fur-
ther cuts to the data have been used as follows;
firstly the requirement that the first DOM trig-
gered must be within DeepCore. Additionally
we require that an interaction is charged cur-
rent and therefore track producing, whilst to
provide a sufficient angular resolution a cut on
track-lengths shorter than 20m is made. Fi-
nally, for the reconstruction at least 6 DOM
hits are required in order to adequately fit the
5 event parameters relating to the direction of
origin; x, y, z location, azimuth and zenith an-
gles. Figure 13 shows the number of events
after application of the cuts mentioned above as a function of zenith angle. Despite the restric-
tions, the flux is still about 25 thousand events over five years. The shape of the zenith angle graph
in the no oscillation case is unsurprising due to the detector geometry and DOM acceptance.6

6Since all of the DOMs are orientated downwards, upwards travelling muon events are detected (and their direction
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Whilst the overall number of events has decreased in figure 13 by the cuts made to figure 11,
the shape of the plot remains similar. As is shown in figure 13, after the application of cuts there
is still a difference between normal and inverted hierarchy event rates of approximately 10-20%
in several bins in the ranges cos θz = [−0.9,−0.7] and cos θz = [−0.4,−0.2], which remains to a
lesser extent after reconstructions are applied.7 Provided the data points are not within statistical
error of each other, and that the difference is not bridged by systematic errors either, then it may be
possible to determine which of the two hierarchy values mostly closely matches an experimental
value. For example using the top right plot in figure 13, information from downgoing neutrinos
may be used to normalise to the bins in cos θz = [−0.6,−0.4] at the bottom of the curve, from
which a fit to the data may be extended. Comparison of the fit with the expected vacuum value
would indicate the hierarchy is normal if below or inverted if in agreement with the vacuum value.

Figure 13: The number of events in 5 years of data collection as a function of zenith angle, top for MC
data and bottom after fit reconstruction. There is a clear difference between the values for the two hierarchy
schemes in several histogram bins. The errors shown are statistical only.

As a first approach, we naively impose three bins on the bottom right plot in figure 13; the bins
from cos θz = [−1,−0.3], the next 4 and then the remainder. By simply counting events, we obtain
a significance of 4.95σ for the first bin, 1.54σ for the second and 0.3σ for the final bin. However,
the signal region has been isolated by the cuts on MC values, enhancing the difference, and only
statistical errors are included; the effect of systematic errors could easily cause the significance of
the first bin to drop below 3σ if not controlled. To help circumvent this, the large region of overlap
at higher values of cos θz may enable the data to be rescaled, reducing some of the effect of
systematic errors, but other aspects need further investigation (see section 4). Therefore, five years
of data with an accurate reconstruction method may be sufficient to determine experimentally the
nature of the mass hierarchy, if systematic errors are mitigated.

reconstructed) with far greater efficiency than those due to downwards travelling muons, the light from which is detected
after scattering within the ice.

7There is work ongoing in further developing IceCube low energy reconstructions
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4 Discussion

In this report, we have presented the theoretical case of matter effects in atmospheric neutrino
oscillations due to the Earth, justifying the use of a layered constant density profile. The flavour
oscillation probability as a function of both length and energy was calculated and is shown in fig-
ures 3 and 4. A realistic neutrino flux was used to produce the plots in section 3.1, whilst addition
of IceCube specific detector effects indicated the potential capability of IceCube to determine the
neutrino mass hierarchy. For a deviation between normal and inverted hierarchy of that shown in
figure 13, the required flux for detection is of the order of 25 thousand events which may be achiev-
able with IceCube in five years. In contrast to new experimental proposals for deducing the nature
of the hierarchy (such as Daya Bay [18], T2K [19] or PINGU [20]), which could take 3-4 years
to become operational, IceCube is one step ahead in two aspects; it already exists and is already
collecting data. This drastically reduces the time-scale for collecting the necessary amount of data.
Nevertheless, the difference shown in figure 13 may be rendered undetectable by the presence of
systematic errors, such as the efficiency of the DOMs, the rejection of the cosmic ray background,
the properties of the ice and the atmospheric neutrino flux. An in depth study of these systematics
would be required in order to realise the significance given in section 3.2. Improvements to the
reconstruction fit would also enhance the capability of distinguishing between the two cases.

Interesting further lines of investigation could involve introducing a non-zero value of δCP or
changes to the density profile, such as the inclusion of further constant density layers as deemed
appropriate, which may affect the difference in effects between normal and inverted hierarchies.
The energies at which matter effects are currently detectable with IceCube lie within a narrow
region of∼ 10−25GeV. Whilst the upper limit on this window is determined by earlier simulation
results, as shown in figure 3, the lower limit may be extendible by correcting the flux estimator such
that lower energies can be correctly fitted. Figure 13 shows, however, that there is a possibility of
the nature of the mass hierarchy becoming detectable by IceCube, if combined with improvements
to the fitting algorithms, further effort in understanding the systematic errors and isolating relevant
energy range.
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