Solution of Evolution Equations in

Leading and Higher Twist

DESY Summer Student Programme 2007 Project Report

Harald Haakh^{a,b}

Supervisor: PD Dr. Johannes Blümlein^b

aUniversität Potsdam, Am Neuen Palais 10, D–14469 Potsdam, Germany

bDeutsches Elektronen–Synchrotron, DESY, Platanenallee 6, D–15738 Zeuthen, Germany

Abstract

We study the evolution equations for operators of leading and higher twist in scalar ϕ^3-theory. The evolution equations for operators of leading twist τ = 4 are solved. At next to leading twist, τ = 6, so-called ”spin-towers” occur due to the mixing of operators. There are linear dependencies between tree-level operator matrix elements, which are evaluated for general spin. In the limit of large spin, the coefficients depend only on the second quantum number. The operator mixing matrices are then calculated up to the first order in the coupling constant and are diagonalized. The eigenvalue spectrum is real and shows saturation as the spin grows.

1 Introduction

Deeply inelastic scattering experiments have been conducted since the 1960’s in order to examine the nucleon sub-structure. In these experiments, typically charged lepton or neutrino beams are scattered off the target. From the outgoing energy and momenta, the structure of the scattering object can be determined.

The SLAC-MIT experiments revealed the sub-structure of the nucleon. The scattering centers were identified with the quarks of the static quark model proposed in 1964 by M. Gell-Mann and G. Zweig [1].

The cross-section for unpolarized single-photon lepton-nucleon scattering can be described in terms of the two structure functions F_2(ν, Q^2) and F_L(ν, Q^2), that depend only on the transferred energy ν and the squared momentum Q^2 between the lepton and the nucleon. At low values of Q^2 the whole proton recoils. The cross-section decreases until at very high virtualities scattering off the constituents becomes most probable.

The experiments [2] found that in the Bjorken-limit Q^2 → ∞, ν → ∞, Q^2/ν = const. the structure functions do not depend on the absolute values of Q^2 and ν, but only on their ratio, which is described by the Bjorken-variable x = Q^2/2Mν. This behavior is called scaling. It had been predicted by Bjorken in 1969 [3]. A phenomenological explanation was given by R. Feynman, who introduced the quark parton model [4]. Here, the proton is described as a set of point-like partons, which are quasi-free during the very short interaction time. Hence, the total cross section can be considered as the coherent sum of all the elastic electron-parton cross-sections.

Quantum Chromodynamics (QCD) was proposed a candidate theory of the strong interaction [5] and was proved to be asymptotically free [6], [7]. This property enables to conduct perturbative calculations at high enough energy scales, where the coupling constant is small enough.

The parton model is only valid for x ≪̸ 1, x ≉ 1 and high Q^2, which is equivalent to the domain of the lowest twist. For large virtualities Q^2, the light-cone expansion allows a factorization into Wilson-coefficients and operator matrix elements [8]. Here, the input-densities have to be calculated non-perturbatively whereas the evolution kernel can be calculated in perturbative QCD, cf. e.g. [9].

If x ≈ 1, the quark contributions dominate the parton distribution. In the small x region the gluons rise steeply which leads to a strong growth of the structure function. If this rise continued further, the unitarity of the inclusive scattering amplitude would be violated. Contributions beyond those of leading twist are therefore required to preserve unitarity. Higher twist corrections also occur in polarized lepton-proton scattering, cf. e.g. [10]. Dynamical effects of higher twist has been considered e.g in the References [11]. The study of higher twist contributions to deeply inelastic scattering provides detailed test of predictions in QCD [12]. The eigenvalues of QCD mixing matrices have been considered in [13].

In this paper, scalar ϕ^3-theory in D = 6 dimensions is studied. This theory shares two important features with QCD. First it is asymptotically free and second it has a 3-boson vertex, which in the case of QCD dominates the gluo-dynamics [14].

We start by considering the unpolarized deeply inelastic scattering process in section 2. In section 3 we introduce the light-cone expansion. Leading twist τ = 4 in scalar ϕ^3-theory is considered in section 4.We use the light-cone expansion to solve the evolution equation of the parton density distributions up to first order in the coupling constant. This corresponds to the operators of leading twist. In section 5 operators of next to leading twist (τ = 6) are considered, closely following [15]. There are linear dependencies between the tree-level operator matrix elements, that limit the number of independent elements at a given spin. We obtain numerically, that the coefficients depend only on the second quantum number in the limit of high spin. In order to get an evolution equation, the anomalous dimension matrix is calculated. This leads to spin-towers, i.e. the mixing of more and more operators as the total spin rises. Then we diagonalize the anomalous dimension matrix, and examine the eigenvalue spectrum. The spectrum turns out to be real and saturates as the spin increases. Section 6 contains the summery. Some technical details such as Feynman rules, operator relations and anomalous dimension matrices are given in appendices.

2 Deeply inelastic scattering

2.1 Deeply inelastic scattering at sub-lowest order

Figure 1: Schematic scetch of deeply inelastic scattering

Deeply inelastic lepton-nucleon scattering (DIS) provides a clean way to investigate the structure of the nucleon [16]. The process is depicted schematically in Figure 1. The kinematic variables that describe the process are

Q^2 = −q^2 = −(l − l^′)^2, ν = P.q M^2 (1) x = Q^2 2P.q , y = P.q P.l (2) W^2 = (P + Q)^2 = M^2_p + 2P.q − Q^2 . (3) Here l and l^′ denote the incoming and outgoing lepton momenta and P is the nucleon momentum. The space-like virtuality Q^2 = −q^2 describes the squared momentum transfer q from the lepton to the nucleon, whereas the invariant ν is the transferred energy. M denotes the nucleon mass. It is convenient to express the scattering process in terms of the dimensionless Bjorken-variables x, y ∈ [0; 1]. In regions, where the hadronic mass W^2 is high enough, the process hadronic final state clearly indicates an inelastic process

In the following, we consider the region of single photon exchange only. Effects due to the weak bosons and two-photon exchange lead to a more involved picture, where QED- and electroweak corrections have to be taken into account. For these contributions more hadronic structure functions have to be considered.

At tree-level, the matrix element of the deep-inelastic process is given by M_{fi} = e^2 q^2 ū(l, λ)γ^μu(l^′, λ^′)⟨P_F |J_μ|P, σ⟩ . (4) Here e denotes the electric charge of the lepton. The differential inclusive cross-section reads

l^′_0 dσ d^3l^′ = 1 32(2π)^3(l.P ) ∑ λ,λ^′,σ,F (2π)^4δ^4(P_F + l^′ − P − l)|M_{fi}|^2 = 1 4P.l α^2 Q^4 L^{μν} W_{μν} . (5) L_{μν} and W_{μν} denote the leptonic and the hadronic tensor, respectively. The leptonic tensor can be calculated analytically using the trace formalism,

L^{μν} (l, l^′) = 4(l_μl^′_ν + l^′_μl_ν −

Q^2 2 g_{μν} ) (6)

As unpolarized scattering is considered here, we average the initial helicities and sum over the lepton helicities. To construct the hadronic tensor, we consider the electromagnetic quark current

J^{em}_μ (ξ) = ∑ f Ψ̄_f (ξ)γ_μλ^{em}Ψ_f (ξ) . (7)

Here Ψ_f (ξ) are the quark fields and λ^{em} is the corresponding matrix of the SU(3)-group. In the unpolarized case the hadronic tensor is given by W^{μν} (P, q) = 1 4π ∫ d^4ξ exp(iqξ)⟨P |J^{em}_μ (ξ)J^{em}_ν (0)|P ⟩ , (8) which is the Fourier-transformation of a composite operator expectation value. Interchanging of the currents leads to P^2_F < M^2 which is unphysical, so this contribution must vanish. Hence, the operator product J^{em}_μ (ξ)J^{em}_ν (0) may be replaced by the commutator [J^{em}_μ (ξ), J^{em}_ν (0)].

2.2 Structure functions Since in the unpolarized case all antisymmetric parts of the hadronic tensor W_{μν} will be cancelled by the symmetric leptonic tensor, the hadronic tensor for pure photon exchange only contains contributions proportional to the tensors

g_{μν} , q_μq_ν , P_μP_ν , and q_νP_μ + q_μP_ν . (9)

Two (scalar) structure functions F_2 and F_L are sufficient to describe the hadronic tensor. The requirements of electromagnetic gauge invariance,

q_μW^{μν} = q_ν W^{μν} = 0 , (10)

lead to the structure W^{μν} (P, q, x) = 1 2x ( g_{μν} − q_μq_ν q^2 ) F_L(x, Q^2) + 2x Q^2 ( P_μP_ν +

P_ν + P_μ + q_μP_ν 2x − Q^2 4x^2 g_{μν} ) F_2(x, Q^2) .

(11) The contraction of W^{μν} with the metric tensor and P_μP_ν yields

P_μP_ν W^{μν} = − 1 2x (P.q)^2 q^2

F_L and g_{μν} W^{μν} = D − 1 2x F_L − D − 2 2x F_2 . (12)

From these relations we obtain the structure functions F_L and F_2. Here D denotes the dimensionality of the space-time used for dimensional regularization^1. Often, another structure function, that is not independent of the latter two, is introduced:

F_1(x, Q^2) = 1 2x [ F_2(x, Q^2) − F_L(x, Q^2) ] . (13)

2.3 Parton model and scaling In the Bjorken-limit the hadronic structure functions at lowest order of the coupling constant of QCD obey Bjorken-scaling:

Q^2 → ∞, ν → ∞, x = const. ⇒ F_i(x, Q^2) → F_i(x) , (14)

i.e. the two structure functions depend only on the ratio ν/Q^2, but not on the absolute values [3], [2]. Furthermore the scattering of leptons off the nucleon bears clear evidence of scattering from pointlike scattering-centers inside the nucleon. Feynman [4] introduced the parton-model, in which the partons are described by individual momenta p_i in terms of the momentum fractions z_i. Individual distribution functions f_i and partonic scaling variables ξ_i, analogous to the Bjorken-variable x of the nucleon, are introduced as well, p_i = z_iP, ξ_i =

Q^2 2p_i.q_i . (15)

In the collinear parton model, p_i ‖ P is assumed and ξ_iz_i = x holds.

1D = 4 + ε is considered in the case of QCD. Later, in scalar ϕ^3-theory D = 6 + ε will be used.

An estimate of the ratio between the interaction-time and the lifetime can be made, cf. [17]. In the infinite momentum frame P ≫ M, P ≫ √ k^2_⊥ the ratio is given by τ_{int} τ_{life} ≈ Q^2xP (1 − x)^22k^2_⊥xP = Q^2 (1 − x)^22k^2_⊥

. (16)

Here k_⊥ is the transverse parton momentum. If x is neither too close to 0 nor 1, and k^2_⊥ is much smaller than the virtuality Q^2, DIS will give information on the individual partons. Since the numerator and the denominator in Eq. (16) are proportional to xP , one has to demand that x ≪̸ 1. Small values of x yield P̄ = xP and the approximations which are possible in the infinite momentum frame can no longer be made. Likewise the single parton picture fails in the region x ≈ 1 and/or k^2_⊥ ≈ Q^2.

Conversely, approaching these domains, one expects the excitation of other degrees of freedom, which describe the nucleon sub-structure as partonic correlation functions due to the higher twist operators discussed below. If the condition τ_{int} τ_{life} ≪ 1 (17)

holds, the single-parton model can be applied, because in this case the time-scales separate and the individual partons can be considered as quasi-stable during the interaction. Now the hadronic tensor W_{μν} is expressed in terms of the parton distributions in the region, where the single parton picture is applicable. Introducing the non-perturbative partonic density functions f_i, f̄_i and the partonic tensor w^i_{μν} , the hadronic tensor has the form of a Mellin-convolution:

W_{μν} (Q^2) = 1 4 ∑ i ∫_1 0 dz ∫_1 0 dτz [ f_i(z) + f̄_i(z) ] w^i_{μν} (τ, Q^2)δ(x − zτ) (18) w^i_{μν} = 2πe^2_i q.p^i δ(1 − τ) ( 2p^i_μp^iν = p^i_μq^i_ν − g_{μν} q.p^i ) . (19)

The structure functions at lowest order in the coupling constant are given by

F_L(x, Q^2) = 0 and F_2(x, Q^2) = ∑ i e^2_i x ( f_i(x) + f̄_i(x) ) . (20)

Here the structure functions do not depend on the scale Q^2 and the Callan-Gross-relation [19] holds:

F_L(x, Q^2) = F_2(x, Q^2) − 2xF_1(x, Q^2) = 0 . (21)

3 The light-cone expansion

Operator products of the type ϕ(x)ϕ(y) will generally diverge as x → y. According to Wilson [8] products of this type can be expanded into series, in which the remaining operators will be local.

We had shown before that the hadronic tensor can be written as the Fourier-integral of the current-current commutator (8). According to the Rieman-Lebesgue theorem, for large values of Q^2 this integral is dominated by the contributions, in which q.ξ ≈ 0, because only here the oscillation is slow. In the Bjorken-limit (14) the product obeys

q.ξ ≈ 0 ⇒ ξ^2 = ξ_μξ^μ ≈ 0 . (22)

Hence the relevant contributions to the integral stem from light-like vectors ξ. This property is called light-cone-dominance.

The commutator [J^{em}_μ (ξ), J^{em}_ν (0)] is therefore expanded for values of ξ near the light-cone,

[J^{em}_μ (ξ), J^{em}_ν (0)] = ∑ i,N,τ c^N_{i,τ} (ξ^2, μ^2)ξ_{μ1} ...ξ_{μN} O^{μ1...μN}_{i,τ} (0, μ^2) . (23)

The canonical dimension of the Wilson-coefficients d_c is given by

d_c = N − d_O + 2d_J = −τ + 2d_J . (24)

Here N denotes the spin of the operator, d_O is the canonical dimension of the operator and 2d_J is the dimension of the current product. Since d_J is constant, the quantity that describes the order of the expansion is the twist [20] τ = d_O − N . (25) In the Bjorken-limit, the partonic distribution function is identified with the operator matrix element (OME) of leading twist:

⟨P |[J(ξ), J(0)]|P ⟩_i (N) = f_i(x, Q^2) . (26)

Now the partonic distribution function is expressed in terms of its Mellin transform F^N_i , which can be expressed as the Mellin-convolution of the Wilson-coefficients and the OMEs:

F_i(x, Q^2) = [c_{i,j} ⊗ f_j] (x) (27)

F^N_i (Q^2) =

∫_1 0 dxx^{N−1}F_i(x, Q^2) (28) = c^N_{i,τ} ⊗ ⟨P |O^N_{i,τ} |P ⟩ . (29) 4 Leading twist operators in ϕ^3-theory

4.1 Evolution of operator matrix elements Let us derive the evolution equation for operator matrix elements. We follow Ref. [22]. The light cone expansion of the current commutator reads

G = [J(ξ), J(0)] = ∑ i,N,τ c^N_{i,τ} (ξ^2, μ^2)ξ_{μ1} ...ξ_{μN} O^{μ1...μN}_{i,τ} (0, μ^2) . (30) To obtain a compact notation, we introduce the operator D = ( μ ∂ ∂μ + β ∂ ∂g_R − γ_mm_r μ∂ ∂m_r )| | g,m . (31)

If the currents are not conserved, their anomalous dimension does not vanish. The electromagnetic current is conserved, whereas the scalar current is not. Therefore, in scalar ϕ^3-theory the current anomalous dimension has to be kept in the renormalization group equation (RGE)

(D + 2γ_J − nγ) G = 0 . (32)

The RGE of the operator O_{i,τ} is given by ( D + γ_{Oi,τ} − nγ ) O_{i,τ} = 0 , (33)

where γ_{Oi,τ} denotes the operator’s anomalous dimension and Z_{Oi,τ} is the respective Z-factor, γ_{Oi,τ} = μ ∂ ∂μ Z^{−1}_{Oi,τ} | | g,m , Z_O = ⟨P |O_{i,τ} |P ⟩_r ⟨P |O_{i,τ} |P ⟩ (34) ⇒ (γ_{Oi,τ} )_{ij} = −(Z^{−1}_{Oi,τ} )_{ik} ∂ ∂ ln μ (Z_{Oi,τ} )_{kj} | | |_{g,m} . (35) The RGE of the Wilson-coefficients is obtained by inserting (30) into (32) and by applying the product rule. It reads ( D + 2γ_J − γ_{Oi,τ} ) c^N_{i,τ} = 0 . (36)

The bare parton density f(N) does not depend on the renormalization scale μ. This property and the other two RGE yield μ ∂ ∂μ f(μ^2, N) = −γ_{Oi,τ} (N)f(μ^2, N) . (37) We change the variable from μ to a(μ) by inserting the running coupling

a(μ^2) = a_0 1 + β_0a_0 ln(μ^2/μ^2_0)

, a_0 = a(μ_0) (38)

in order to refer to an experimentally more convenient quantity. The anomalous dimension is expanded into the Taylor series in the coupling constant

γ_{Oi,τ} (N) = γ^0_{Oi,τ} (N)a + O(a^2) . (39)

The evolution equation of the scalar parton densities and its solution read now df(μ^2, N) da = 1 a γ^0_{Oi,τ} (N) 2β_0 f(μ^2, N) (40)

⇒ f(μ^2, N) = f_0(μ^2, N) ( a(μ^2) a(μ^2_0) )_γ0_{Oi,τ (N)/2β0} . (41)

This result enables us to calculate the parton density function from the operator anomalous dimension at all scales, once it is determined at a reference scale μ^2_0.

4.2 Leading twist anomalous dimension in scalar ϕ^3-theory

Figure 2: Leading twist contributions of scalar ϕ^3-theory.

Let us now calculate the leading twist anomalous dimension in scalar ϕ^3-theory in D = 6 dimensions. In this case, only the two types of diagrams, shown in Figure 2, contribute. The scalar fields are massless m = 0, so we have to assume off-shell external particles −p^2 > 0, to set the scale for the process. Δ is an arbitrary light-like vector, such that Δ^2 = 0. The evaluation of the diagrams yields

S_a = ig^2 (4π)^3 (Δ.p)^N [ − 2 (N + 1)(N + 2) ] 1 ε + O(1) (42)

S_b = ig^2 (4π)^3 (Δ.p)^N [ 1 6 ] 1 ε + O(1) . (43)

The total amplitude of the process is given by

S = S_a + 2 · 1 2 S_b . The anomalous dimension is obtaind from the pole terms. It can also be expressed in terms of a splitting function [14].

γ^{(0)}_{τ =4} = g^2 (4π)^3 [ 1 6 − 2 (N + 1)(N + 2) ] = g^2 (4π)^3 M [ 1 6 δ(1 − x) − 2x(1 − x) ] (N) . (44)

5 Higher twist in ϕ^3-theory

5.1 Operators To this point, only contributions of the lowest twist τ = 4 have been considered. We will now examine the structur of operators of higher twist. Generally, there are two ways to construct operators of given twist and spin.

1. The first type of operators contain only fields and differential operators. The twist is twice the number of fields, due to the canonical field dimension of two in ϕ^3-theory. The spin is equivalent to the number of differential operators. Further quantum numbers describe the number of differential operators between the fields.

2. Another class of operators is created by contracting two derivatives. This yields d’Alembertian operators □ = ∂_μ∂^μ, each of which adds an additional field’s dimension to the twist.

In the case of the next-to-leading twist τ = 6, spin n and second quantum number m, type 1 operators have the structure

O_1 =^{μ1...μn} (y) = ϕ(y)∂^{μ1} ...∂^{μm} ϕ(y)∂^{μm+1} ...∂^{μn} ϕ(y) + trace-terms + symmetrization . (45)

Type 2 operators with one Lorentz-contraction do not have a second quantum number. Their structure is the following O^{μ1...μn} 2 (y) = − 1 2 ϕ(y)∂^{μ1} ...∂^{μn} ∂^λ∂_λϕ(y) + trace-terms + symmetrization . (46)

Thus the operators O^{μ1...μn}_2 and O^{μ1...μn}_1 have the same twist and spin. For operators of the same quantum numbers, mixing occurs generally.

The equation of motion follows from the Lagrangian L = 1 2 [ ∂_μϕ∂^μϕ − m^2ϕ^2 ] − g 3! ϕ^3 =⇒ □ϕ + g 2 ϕ^2 = 0 , (47)

and gives a direct relation between the operators of type 1 and 2. For instance, for the trivial case n = m = 0 we find

O^{(0,0)}_1 = ϕ^3, O^{(0)}_2 = ϕ□ϕ = − g 2 O^{(0,0)}_1 . (48)

5.2 Feynman-rules For easier Feynman rules, the operators are contracted with source-terms Δ_{μ1} ...Δ_{μn} where Δ^2 = 0. This yields operators that now depend only on the number and position of the fields w.r.t the derivatives: O^{(n,m)}_I (y) = Δ_{μ1} ...Δ_{μn} O^{μ1...μn}_I (y), O^{(n)}_J (y) = Δ_{μ1} ...Δ_{μn} O^{μ1...μn}_J (y) (49) Now, operator matrix elements (OMEs) are defined by sandwiching the operators between the instates ⟨k_1| and ⟨k_1, k_2 − k_1| and the out-state |k_2⟩:

A^{(n,m)}_{II} = ⟨k_1, k_2 − k_1|O^{(n,m)}_I |k_2⟩, A^{(n)}_{IJ} = ⟨k_1|O^{(n,m)}_I |k_2⟩ (50) A^{(n)}_{JJ} = ⟨k_1, k_2 − k_1|O^{(n)}_J |k_2⟩, A^{(n,m)}_{JI} = ⟨k_1|O^{(n)}_J |k_2⟩

The Feynman-rules at lowest order are given by O_I → A^{0,(n,m)} II (Δ.k_1, Δ.k_2) = g 6 [ (Δ.k_1)^m(Δ.(k_2 − k_1))^{n−m} + (Δ.(k_2 − k_1))^m(−Δ.k_2)^{n−m}+

+(−Δ.k_2)^m(Δ.k_1)^{n−m} + (Δ.(k_2 − k_1))^m(Δ.k_1))^{n−m} + + (−Δ.k_2)^m(Δ.(k_2 − k_1))^{n−m} + (Δ.k_1)^m(−Δ.k_2)^{n−m} ] (51) O_J → A^{0,(n)}_{JJ} (Δ.k_1, Δ.k_2) = k^2_1(Δ.k_1)^n . (52)

5.3 Properties of A^{0,(n,m)}_{II}

For the OME A^{0,(n,m)}_{II} the following identities hold: A^{0,(n,m)} II (Δ.k_1, Δ.k_2) = A^{0,(n,n−m)}_{II} (Δ.k_1, Δ.k_2) (53) A^{0,(n,0)} II (Δ.k_1, Δ.k_2) = −2A^{0,(n,1)}_{II} (Δ.k_1, Δ.k_2) (54) A^{0,(n,m)} II (Δ.k_1, Δ.k_2) = A^{0,(n,m)}_{II} (Δ.k_1, Δ.(k_1 − k_2)) . (55) These identities limit the number of independent operators and enable us to find relations between different OMEs of the same spin and twist. Another symmetry in the arguments occurs, because in this case all physically relevant quantities have even total spin. A^{0,(2n,m)} II (Δ.k_1, Δ.k_2) = A^{0,(2n,2n−m)} II (Δ.k_2, Δ.k_1) . (56)

Since the arguments are scalar, the objects A^{0,(n,m)}_{II} (Δ.k_1, Δ.k_2) are polynoms. Polynoms make up a vector space, whose elements can be expressed as linear combinations of few basis elements. The latter can be chosen in different ways. For example a basis of symmetric functions could be used, due to the symmetry expressed in Eq. (56). We will not do so at this point and use a basis of OMEs instead: A^{0,(n,m)} II (Δ.k_1, Δ.k_2) = ∑ m^′ c^{(n,m′)}A^{0,(n,m′)} II (Δ.k_2, Δ.k_1) (57)

Here m^′ runs over the linearly independent OMEs. Up to n = 4 there is one independent OME only, which can be conveniently taken as A^{0,(n,0)}_{II} . At higher spin, polynomials occur that cannot be expressed as a linear combination of the ones that have been obtained before. They are therefore added to the basis. From n = 6 to n = 10, all OMEs can be expressed by A^{0,(n,0)}_{II} and A^{0,(n,2)}_{II} , at spin n = 12 the OME A^{0,(n,4)}_{II} appears.

An algorithm has been implemented to calculate the linear dependencies for all spins. The relations up to spin n = 16 are collected in Appendix B. We found numerically that there are reappearing patterns in the OMEs’ coefficients. The number of OMEs for which this holds, grows with the spin. In the limit of large spin the linear dependencies between the OMEs are therefore general and do not to depend on the value of the spin, but only on the second quantum number. For the lowest values of the second quantum number these general coefficients are given by A^{0,(∞,1)} II = − 1 2 A^{0,(∞,0)} II A^{0,(∞,3)} II = 1 4 A^{0,(∞,0)} II − 3 2 A^{0,(∞,2)} II (58) A^{0,(∞,5)} II = − 1 2 A^{0,(∞,0)} II + 5 2 A^{0,(∞,2)} II − 5 2 A^{0,(∞,4)} II 5.4 Anomalous dimensions of the operator matrix elements

The 1-loop-corrections contributing to A^{0,(n,m)}_{II} are shown in Figure 3. The conservation of momentum requires that p_1 + p_2 + p_3 = 0. In the calculation it is necessary to assume that all external particles have space-like momenta off the mass-shell (−p^2_i > 0). The total amplitude is given by A^{(1),(n,m)} II (Δ.p_1, Δ.p_2) = −a [2 ε + L ] × (59) × n−m∑ l=0 (n − m l ) 1 (l + m + 1)(l + m + 2) × (−1)^{l+n} m+l∑ j=0 (−1)^j A^{0,(n,j)}_{II} (Δ.p_1, Δ.p_2) +

+ { 1 (m + 1)(m + 2) × (−1)^m m∑ l=0 (−1)^lA^{0,(n,l)}_{II} (Δ.p_1, Δ.p_2) } +

+ { 1 (n − m + 1)(n − m + 2) × (−1)^{n−m} n−m∑ l=0 (−1)^lA^{0,(n,l)}_{II} (Δ.p_1, Δ.p_2) }] .

Figure 3: 1-loop corrections to A^{0,(n,m)}_{II} .

Here, all constant terms are collected in

L = γ_E − ln(4π) + ln ( −p^2_3 μ^2 ) + O(1) . (60)

Operator mixing occurs if there is more than one independent operator at a given spin. In this case, the anomalous dimension is given by the matrix γ^{(m,m′ )}_{II} . The matrix can be obtained by solving the linear system given by A^{(1),(n,m)} II (Δ.k_1, Δ.k_2) + (Z_1 − 1)A^{0,(n,m)}_{II} (Δ.k_1, Δ.k_2) = (61) − a 2 [2 ε + L ] ∑ m^′ ( γ^{(n)}_{II} )_{mm}′ A^{0,(n,m′)} II (Δ.k_1, Δ.k_2) .

Here Z_1 = 1 +^a_ε . It has been shown before that more and more linearly independent operators occur as the spin grows. Since more operators of the same twist yet different spin take part in the mixing, the anomalous dimension matrix will spread out. This phenomenon is known as a spin tower.

Figure 4: 1-loop corrections to (a) A^{0,(n)}_{JJ} , (b) A^{0,(n,m)}_{JI} , and (c) A^{0,(n,m)}_{IJ}

The 1-loop correction of the operator matrix element A^{(n,m)}_{JJ} is shown in Figure 4a. The result is

A^{(n)}_{JJ} (Δ.p) = a [ 2 ε + L ] 1 (n + 2)(n + 3)

A^{0,(n)} . (62)

There is no mixing in this case, so the anomalous dimension matrix has just one element. It can be obtained from

A^{(n)}_{JJ} (Δ.k_1) + (Z_3 − 1)A^{0,(n)}_{JJ} (Δ.k_1) = − a_s 2 [2 ε + L ] γ^{(n)}_{JJ} A^{0,(n)}_{JJ} (Δ.k_1) (63) ⇒ γ^{(n)}_{JJ} = − 2 (n + 2)(n + 3) − 1 6 . (64)

Figure 4b shows the only contribution to the 1-loop correction of the operator matrix element A^{(n,m)}_{JJ} . The result can be expressed in terms of the OME A^{0,(n,m)}_{II} .

A^{(n)}_{JI} (Δ.k_1, Δ.k_2) = −a [2 ε + L ] 3 (n + 1)(n + 2) n∑ m=0 (−1)^{n−m}A^{(0),(n,m)} II (Δ.k_1, Δ.k_2) (65) = − a_s 2 [2 ε + L_μ ] ∑ m^′ ( γ^{(n)}_{JI} )_m′ (−1)^{n−m′} A^{(0),(n,m′ )} II (Δ.k_1, Δ.k_2) . (66)

If we reduce this to the linearly independent operators only, we obtain the elements of the anomalous dimension matrix. In this case there are several entries, due to the mixing of A_{II} . The 1-loop correction of the operator matrix element A^{(n,m)}_{JJ} is shown in Figure 4b. Again, the result can be expressed in terms of A^{0,(n,m)}_{II} and the elements of the anomalous dimension matrix can be calculated in a closed form:

A^{(n,m)}_{IJ} (Δ.k_1) = − a 2 [2 ε + L ] ( γ^{(n)}_{IJ} )_m A^{0,(n)}_{JJ} (Δ.k_1) (67) ( γ^{(n)}_{IJ} )_m = − 2 3 [ (−1)m (n − m + 2)(n − m + 3) + (−1)^{n−m} (m + 2)(m + 3)

+ (68) + n−m+1 ∑ i=0 (n − m + 1 i ) (−1)i i + m + 2 ] . (69)

5.5 Complete anomalous dimension matrix

Now all parts of the anomalous dimension matrix have been calculated. This matrix is the connection between the linearly independent OMEs at tree-level and the 1-loop corrections. For spins n < 4 all partial matrices consist of one element only. The lowest spin anomalous dimension matrices are

γ^{(0)} = [ 2 3 −^1_3 −^1_2 ] → [ 0 0 0^3_2 ] and γ^{(2)} =

[_5 6 5 4 −^8_{45} −^4_{15} ] → [ 0 0 0^{17}_{30} ] . (70)

The relations similar to Eq. (48) that stem from the equation of motion are mirrored in the remaining linear dependencies. They are removed by diagonalization, which means the change to a basis of linearly independent operators. At spin n = 6, there is more than one operator A^{0,(n,m)}_{II} in the basis, hence a spin tower appears. The anomalous dimension matrix is now

γ^{(6)} = 11 56 39 112 33 112 1 4 −^{23}_{40}^3_8 −^7_{54} −^{191}_{3780} −^7_{36} → 0 0 0 0 −^{361}_{1260} +^2 √ 3754

315 0 0 0 −^{361}_{1260} −^2 √ 3754 315 . (71)

In order to calculate the matrices and eigenvalues at all values of the spin, an algorithm has been implemented using computer algebra software. The matrices up to spin n = 10 calculated that way are collected in Appendix C.

5.6 The eigenvalue spectrum

The eigenvalue spectrum of the anomalous dimension matrix is plotted in Figure 5 as a function of the spin. Notably, the eigenvalues are real numbers. They can be grouped into sets according to their values. All of these sets decrease and show a saturation as the spin grows. We can conclude from this, that in the limit of large spins, the eigenvalues are a general property of the operator and depend only on the second quantum number.

Figure 5: Eigenvalues of the anomalous dimension matrix.

5.7 The evolution equation for twist τ = 6

The running coupling constant and the leading order evolution equation for the partonic distribution function are given by da d ln μ^2

= β = − ∞∑ l=0 a^{l+2}β_l, df_i(x, Q^2) d ln μ^2 = ( a a_0 )_{−γ0(N)} f_i(N) . (72)

It has a form similar to Eq. (40), but here the anomalous dimension is matrix-valued. The evolution equation is obtained to all orders as an expansion around the leading order equation, cf. [9]. An eigenvalue-decomposition has to be applied to deal with the matrix in the exponent.

6 Summary and Conclusions

The parton model in deeply inelastic scattering is valid only if τ_{life} ≪ /τ_{int}. In this case, it yields a sufficient description at leading twist. Higher twist has to be taken account in the regions, where x ≪̸ 1, x ≉ 1 or at low values of Q^2. We have studied the leading twist τ = 4 and the first higher twist τ = 6 in scalar ϕ^3-theory in D = 6 dimensions as a simplified model to gluo-dynamics (QCD) at first order in the coupling constant. The evolution equation for τ = 4 operators been found and solved. The τ = 6 operator mixing problem has been explored for local operators, which leads to so-called ”spin-towers”. I.e. more and more operators contribute to the mixing as the spin rises. The linear dependencies between tree-level operator matrix elements have been examined and the coefficients have been evaluated. An algorithm has been implemented to do these calculations. We then saw reappearing coefficients, which depend only on the second quantum number in the limit of large spin.

The mixing matrices have been calculated. Their diagonalization led to a spectrum of real eigenvalues, in which all sets saturate as the spin grows.

At this point, it would be desirable to resum the spin-towers into 2-variable evolution equations.

Acknowledgments

I would like to thank DESY for the opportunity to participate in the Summer Student Programme, Dr. Johannes Blümleim, who has spent much time supervising my work with great commitment, and my friends and family who have supported me all the time.

A Feynman-Rules of scalar ϕ^3-theory

All calculations assume D = 6 + ε. The Feynman-Rules used here follow [22].

Figure 6: Feynman-rules of ϕ^3-theory

B Relation between operator matrix elements A^{0,(n,m)}_{II}

The operator matrix elements A^{0,(n,m)}_{II} (Δ.k_1, Δ.k_2) at twist τ = 6 in scalar ϕ^3 -theory in D = 6 dimensions can be constructed as linear combinations of a few basis-elements. Up to spin n = 16, the relations are given below.

Spin n = 0

A^{0,(0,0)}

II = 1 (B.1)

Spin n = 2

A^{0,(2,0)} II = A^{0,(2,2)}_{II} A^{0,(2,1)} II = − 1 2 A^{0,(2,0)}

II (B.2)

Spin n = 4

A^{0,(4,0)} II = A^{0,(4,4)}_{II} A^{0,(4,1)}

II = A^{0,(2,3)}_{II} = − 1 2 A^{0,(4,0)}

II (B.3)

A^{0,(4,2)} II = 1 2 A^{0,(4,0)} II Spin n = 6

A^{0,(6,0)} II = A^{0,(6,6)}_{II} A^{0,(6,1)}

II = A^{0,(6,5)}_{II} = − 1 2 A^{0,(6,0)} II A^{0,(6,2)}

II = A^{0,(6,4)}_{II} (B.4)

A^{0,(6,3)} II = 1 4 A^{0,(6,0)} II − 3 2 A^{0,(6,2)} II Spin n = 8

A^{0,(8,0)} II = A^{0,(8,8)}_{II} A^{0,(8,1)}

II = A^{0,(8,7)}_{II} = − 1 2 A^{0,(8,0)} II A^{0,(8,2)}

II = A^{0,(8,6)}_{II} (B.5)

A^{0,(8,3)}

II = A^{0,(8,5)}_{II} = 1 4 A^{0,(8,0)} II − 3 2 A^{0,(8,2)} II A^{0,(8,4)} II = − 3 10 A^{0,(8,0)} II + 8 5 A^{0,(8,2)} II Spin n = 10

A^{0,(10,0)}

II = A^{0,(10,10)} II A^{0,(10,1)}

II = A^{0,(10,9)}_{II} = − 1 2 A^{0,(10,0)} II A^{0,(10,2)}

II = A^{0,(10,8)}_{II} (B.6)

A^{0,(10,3)}

II = A^{0,(10,7)}_{II} = 1 4 A^{0,(10,0)} II − 3 2 A^{0,(10,2)} II A^{0,(10,4)}

II = A^{0,(10,6)}_{II} = − 5 14 A^{0,(10,0)} II − 12 7 A^{0,(10,2)} II A^{0,(10,5)} II = − 11 28 A^{0,(10,0)} II + 25 14 A^{0,(10,2)} II

Spin n = 12

A^{0,(12,0)}

II = A^{0,(12,12)} II A^{0,(12,1)}

II = A^{0,(12,11)} II = − 1 2 A^{0,(12,0)} II A^{0,(12,2)}

II = A^{0,(12,10)}

II (B.7)

A^{0,(12,3)}

II = A^{0,(12,9)}_{II} = 1 4 A^{0,(12,0)} II − 3 2 A^{0,(12,2)} II A^{0,(12,4)} II = A^{0,(12,8)}_{II} A^{0,(12,5)}

II = A^{0,(12,7)}_{II} = − 1 2 A^{0,(12,0)} II + 5 2 A^{0,(12,2)} II − 5 2 A^{0,(12,4)} II A^{0,(12,6)} II = 3 4 A^{0,(12,0)} II − 26 7 A^{0,(12,2)} II + 45 14 A^{0,(12,4)} II Spin n = 14

A^{0,(14,0)}

II = A^{0,(14,14)} II A^{0,(14,1)}

II = A^{0,(14,13)} II = − 1 2 A^{0,(14,0)} II A^{0,(14,2)}

II = A^{0,(14,12)} II A^{0,(14,3)}

II = A^{0,(14,11)} II = 1 4 A^{0,(14,0)} II − 3 2 A^{0,(14,2)} II A^{0,(14,4)}

II = A^{0,(14,10)}

II (B.8)

A^{0,(14,5)}

II = A^{0,(14,9)}_{II} = − 1 2 A^{0,(14,0)} II + 5 2 A^{0,(14,2)} II − 5 2 A^{0,(14,4)} II A^{0,(14,6)}

II = A^{0,(14,8)}_{II} = 10 11 A^{0,(14,0)} II − 148 33 A^{0,(14,2)} II + 11 3 A^{0,(14,4)} II A^{0,(14,7)} II = − 93 88 A^{0,(14,0)} II + 343 66 A^{0,(14,2)} II − 49 12 A^{0,(14,4)} II Spin n = 16

A^{0,(16,0)}

II = A^{0,(16,16)} II A^{0,(16,1)}

II = A^{0,(16,15)} II = − 1 2 A^{0,(16,0)} II A^{0,(16,2)}

II = A^{0,(16,14)} II A^{0,(16,3)}

II = A^{0,(16,13)} II = 1 4 A^{0,(16,0)} II − 3 2 A^{0,(16,2)} II A^{0,(16,4)}

II = A^{0,(16,12)}

II (B.9)

A^{0,(16,5)}

II = A^{0,(16,11)} II = − 1 2 A^{0,(16,0)} II + 5 2 A^{0,(16,2)} II − 5 2 A^{0,(16,4)} II A^{0,(16,6)}

II = A^{0,(16,10)} II = 51 52 A^{0,(16,0)} II − 690 143 A^{0,(16,2)} II + 85 22 A^{0,(16,4)} II A^{0,(16,7)}

II = A^{0,(16,9)}_{II} = − 17 13 A^{0,(16,0)} II + 1827 286 A^{0,(16,2)} II − 105 22 A^{0,(16,4)} II A^{0,(16,8)} II = 37 26 A^{0,(16,0)} II − 992 143 A^{0,(16,2)} II + 56 11 A^{0,(16,4)} II

C Anomalous dimension matrices of twist τ = 6

The anomalous dimension matrices at twist τ = 6 in scalar ϕ^3 -theory in D = 6 dimensions describe the mixing of operators of the types O_I and O_J . The matrices up to spin n = 10 are given below.

Spin n = 0

γ^{(0)} = [ 2 3 −^1_3 −^1_2 ] (C.1) → [ 0 0 0^3_2 ] ≈ [ 0 0 0 1.5 ]

Spin n = 2

γ^{(2)} =

[_5 6 5 4 −^8_{45} −^4_{15} ] (C.2) → [ 0 0 0^{17}_{30} ] ≈ [ 0 0 0 0.567 ]

Spin n = 4

γ^{(4)} =

[_7 15 7 10 −^1_7 −^3_{14} ] (C.3)

→ [ 0 0 0^{53}_{210} ] ≈ [ 0 0 0 0.252 ]

Spin n = 6

γ^{(6)} = 11 56 39 112 33 112 1 4 −^{23}_{40}^3_8 −^7_{54} −^{191}_{3780} −^7_{36}

(C.4)

→ 0 0 0 0 −^{361}_{1260} +^{2√3754}_{315} 0 0 0 −^{361}_{1260} −^{2√3754}_{315} ≈ 0 0 0 0 −0.103 0 0 0 −0.676

Spin n = 8

γ^{(8)} = 22 225 127 450 11 75 22 75 −^{611}_{1050}^{11}_{25} −^{61}_{495} −^{64}_{1485} −^{61}_{330}

(C.5)

→ 0 0 0 0 −^{1159}_{3465} +^{√6004909}_{6930} 0 0 0 −^{1159}_{3465} −^{√6004909}_{6930} ≈ 0 0 0 0 −0.019 0 0 0 −0.688

Spin n = 10

γ^{(10)} = 13 308 2329 9240 39 616 13 42 −^{751}_{1260}^{13}_{28} −^{14}_{117} −^{17}_{429} −^7_{39}

(C.6)

→ 0 0 0 0 −^{16516}_{45045} +^{√910902994}_{90090} 0 0 0 −^{16516}_{45045} −^{√910902994}_{90090} ≈ 0 0 0 0 −0.032 0 0 0 −0.702

References

[1] M. Gell-Mann, Phys. Lett. 8 (1964) 214. G. Zweig, CERN-TH-412 (1964). [2] D. H. Coward et al., Phys. Rev. Lett. 20 (1968) 292.

W. K. H. Panofsky, SLAC-PUB-0502. E. D. Bloom et al., Phys. Rev. Lett. 23 (1969) 930. M. Breidenbach et al., Phys. Rev. Lett. 23 (1969) 935.

[3] J. D. Bjorken, Phys. Rev. 179 (1969) 1547.

[4] R. P. Feynman, unpublished; Phys. Rev. Lett. 23 (1969) 1415 ; Photon-Hadron Interactions (Benjamin, Reading, 1972.)

[5] H. Fritzsch, M. Gell-Mann and H. Leutwyler, Phys. Lett. B 47 (1973) 365. [6] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343. [7] H. D. Politzer, Phys. Rev. Lett. 30 (1973) 1346. [8] K. G. Wilson, Phys. Rev. 179 (1969) 1499.

[9] J. Blümlein and A. Vogt, Phys. Rev. D 58, 014020 (1998) [arXiv:hep-ph/9712546]. [10] J. Blümlein, arXiv:0708.1474 [hep-ph].

[11] S. Wada, Prog. Theor. Phys. 62, 475 (1979). Nucl. Phys. B 202, 201 (1982). M. Okawa, Nucl. Phys. B 172, 481 (1980). Nucl. Phys. B 187, 71 (1981). H. D. Politzer, Nucl. Phys. B 172, 349 (1980).

E. V. Shuryak and A. I. Vainshtein, Phys. Lett. B 105, 65 (1981). Nucl. Phys. B 199, 451 (1982). Nucl. Phys. B 201, 141 (1982).

R. L. Jaffe and M. Soldate, Phys. Lett. B 105, 467 (1981). Phys. Rev. D 26, 49 (1982). S. P. Luttrell, S. Wada and B. R. Webber, Nucl. Phys. B 188, 219 (1981). Nucl. Phys. B 197, 290 (1982) [Erratum-ibid. B 206, 497 (1982)].

R. K. Ellis, W. Furmanski and R. Petronzio, Nucl. Phys. B 207, 1 (1982). Nucl. Phys. B 212, 29 (1983).

C. S. Lam and M. A. Walton, Can. J. Phys. 63, 1042 (1985). J. W. Qiu, Phys. Rev. D 42, 30 (1990).

[12] J. Bartels, G. A. Schuler and J. Blümlein, Z. Phys. C 50, 91 (1991) [Nucl. Phys. Proc. Suppl. 18C, 147 (1991)].

L. V. Gribov, E. M. Levin and M. G. Ryskin, Phys. Rept. 100 (1983) 1. A. H. Mueller and J. W. Qiu, Nucl. Phys. B 268 (1986) 427. J. C. Collins and J. Kwiecinski, Nucl. Phys. B 335 (1990) 89.

[13] A. Ali, V. M. Braun and G. Hiller, Phys. Lett. B 266 (1991) 117.

[14] B. Humpert and W. L. van Neerven, Nucl. Phys. B 178 (1981) 498;Nucl. Phys. B 184 (1981) 225. [15] J. Blümlein and W.L. van Neerven, Higher twist contributions to structure functions in the parton model and the operator product expansion approach, unpublished.

[16] R. G. Roberts, The Structure Of The Proton: Deep Inelastic Scattering (Cambridge University Press, Cambridge, 1990.)

[17] S. Klein, Diploma Thesis, University of Potsdam, 2006. [18] A. J. Buras, Rev. Mod. Phys. 52 (1980) 199.

[19] C. G. Callan and D. J. Gross, Phys. Rev. Lett. 22 (1969) 156. [20] D. J. Gross and S. B. Treiman, Phys. Rev. D 4, 1059 (1971). [21] J. Blümlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arXiv:hep-ph/9810241]. [22] T. Muta, Foundations of quantum chromodynamics. 2nd Edition, (World Scientific, Singapore, 1998.)