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Abstract

The behaviour of eigenmodes of the Dirac operator in the discretized, 2-

dimensional,  Schwinger  model  and  their  corresponding  eigenvectors  is

investigated. The Monte Carlo time evolution of zeromodes during Hybrid

Monte  Carlo  trajectory  is  discussed.  The  localization  and  topological

properties  of  zeromodes are studied with  respect  to  their  lattice  spacing

dependance.    



Introduction

The focus of this project is the 2-dimensional Schwinger model. The physical

behavior of this system is determined by a pathintegral. The Schwinger model

shows the confinement of the fundamental fermionic degrees of freedom such

that only bound states are in the physical spectrum. This property makes the

model similar to 4-dimensional QCD and explains why it is often used as a

toy model of QCD.

The  starting  point  for  our  project  was  a  program*,  that  simulates  the

Schwinger-Model  on  a  2-dimensional  space  time  lattice.  The  program

evaluates this pathintegral with the Hybrid Monte Carlo algorithm. For each

sample, a configuration of the gauge field is generated and a large number of

these configurations allow us to measure the interesting physical properties, in

particular the fermion propagator. Also the eigenstates of the Dirac operator,

wich describes the interaction of fermions and wich depends on the gauge

configuration,  can be computed.  These eigenstates can then be visualized.

Also the participation ratio,  wich is  a measure for the  localization of the

eigenstate, can be computed and plotted in dependence of the eigenvalue. In

the following sections we want to introduce to the reader the tools neccessary

for further discusion.

Numerical Path Integrals

In one dimensional quantum mechanics the evolution of a position eigenstate

∣xi 〉 from time t i to time t f can be computed using a path integral:

〈 x f∣e
−H t f−t i∣xi 〉=∫D x t e−S [ xt ] (1)

The ∫D x t  represents a sum over all possible particle paths

x t        for      t=t i t f ,

where

x t i=xi x t f =x f.

The Hamiltonian is H and  S [ x ] the classical action,

S [ x ]=∫
t i

t f

dt [
m ẋ t 2

2
V  x t ]

evaluated for each path x t  .
Formula (1) represents the Euclidean version of the path integral, which is

derived in the same way as standard path integrals, but using Wick rotation

i t t.   

* This program was developed by N. Christian, K. Nagai and B. Pollakowski for the work presented in [2] and [1].



Knowledge of the propagator as the function of  xi , t i , x f , t f allows us to

easily determine complete information about the quantum system. 

For example, if we are interested in the ground state energy and the wave

function, we should set 

xi=x f=x and t f−t i=T

and rewrite 

〈 x∣e− H T∣x 〉=∑
n

〈 x∣E n 〉 e−E nT 〈E n∣x 〉 ,

where ∣E n 〉 is the energy state with eigenvalue E n . In the limit of very

large T we get only the ground state ∣E0 〉 contribution:

 lim
T∞

〈 x∣e−H T∣x 〉=e−E0 T∣〈 x∣E0 〉∣
2

.

In order to evaluate the propagator numerically, we approximate an arbitrary

particle path by specifying x t  only at the sites on a discretized t axis:

t j=t i j a  for j=0,1, ... , N

 where a  is the lattice spacing

a≡
t f−t i

N
.

In this way, we have described a path as 

x={x t0 , x t1 ... x t N }.  

The integral over all paths now becomes an ordinary integral over all possible

values  for each of the x t j :

∫D x t  A∫
−∞

∞

dx1 dx2 ... dxN−1 , 

where we denoted x t j as x j and A  is a normalization constant.

The approximation of the contribution from t j≤t≤t j1 is:

∫
t j

t j1

dt L≈a [m
2


x j1−x j

a


2

1
2
V  x j1V  x j] .

Now we have a complete discretized representation of a path integral, which

can directly be used for numerical simulations. Therefore we can approximate

the quantum mechanical amplitude with the following expression:

〈 x∣e−H T∣x 〉≈A∫
−∞

∞

dx1 dx2 ... dxN−1 e−S lat [ x]

where 

S lat [ x ]≈∑
j=0

N−1

[ m
2 a
 x j1−x j

21
2

a V  x j1V  x j] ,

x0=xN=x ,

and 



a= T
N

.

Previous analysis shows us how to investigate ground state properties using

path integrals. Energies and eigenvalues of excited states can also be obtained

in a similar way. Moreover, path integral averages of an arbitrary operator

〈O [ x ] 〉  can be used to compute any physical property of the excited states

in the quantum theory:

〈O [ x ] 〉=∫D x t O [ x ]e−S [ x ]

∫D x t e−S [ x ]
.  (2)

Metropolis Algorithm and Hybrid Monte Carlo Algorithm 

In order to compute (2) we employ a Monte Carlo procedure. Since eq. (2) is

a weighted average over paths with weight e−S [ x ] , one needs to generate on

a lattice a large number, N cf  of random paths, also called configurations:

x={x0
 x1

 . . . xN−1
}  =1,2... N cf

such that the probability for obtaining any particular path x  is 

P [ x]∝e−S [ x]

The simplest way to implement the desired generation of these paths is the

Metropolis algorithm. In this procedure, we start with an arbitrary path x0

and modify it  by visiting and modifying each of the sites,  x j
0 ,  on the

lattice in a way that is to be described. 

First, a new value for the coordinate x j  is chosen randomly within some

interval  x j∈[ x j
0−δ , x j

0δ ]  and the change  S in the action caused

by the replacement  x j
0 x j

1  is calculated. 

• If S0 then the change is implemented

• If S0 then we generate a random number r uniformly distributed

between 0 and 1 and implement the new value for x j if e−Sr ,

otherwise restore the old value and proceed to the next site of a lattice,

x j1 .

In this way we generate a new random path from the old one: x0 x1 .

Applying the same algorithm to x1  we generate path x2  and so on,

until we have  N cf  random paths. The set of paths generated in this way

has the correct distribution, namely e−S [ x] , if N cf is large enough.

Employing  the  Metropolis  algorithm  for  generation  of  new  paths

x j x j1 is called “local update” of configuration, since in one iteration



we change only one coordinate of a vector  x .   For so called “global

update”  of  a  path,  Hybrid Monte Carlo algorithm is  used (see [6]).  We

introduce a fictitious physical system where model parameters correspond to

positions  x= x1, x2 . . . xN  .  Introducing  a  set  of  canonic  conjugate

momenta  variables  p= p1, p2 . . . pN   we  may  impose  the  following

Hamiltonian by: 

H  x , p=S  x1 . . . xN 
1
2∑i=1

N

pi
2=S  x p2

2

where S  x  is, for example, the action of eq. (1). This Hamiltonian gives

the following equations of motion:

ẋi=
∂H
∂ pi

ṗi=−
∂H
∂ xi

,

where the “time” derivatives refer to a fictitious (Monte Carlo) time and not

to the time variable of a physical system.

Taking into account that the Hamiltonian must be a constant of motion, we let

the system evolve  deterministically through  x , p phase space for a fixed

Monte  Carlo  time,  according  to Hamilton's  equations.  The  probability  of

accepting the new configuration is:

P [ x , p][ x ' , p ' ]=min1,eH [ x , p]−H [ x ' , p ' ]
In the case  of  exact integration we would have  the ideal  case of  energy

conservation H=0 in  each  step,  therefore  the  acceptance  rate  would

always be 1 . In practice we can only approximately integrate the equations

of  motions  taking  some discrete  sequence  of  steps  of  duration  (see

Leapfrog alg., [1], B3). One of the most important features of Hybrid Monte

Carlo algorithm is that if we adjust the parameters properly, the effects of

discretization errors do not affect the generation of the correct distribution for

any H . 

Schwinger Model

Continuum Formulation

The Schwinger Model describes QED in two dimensions, and we consider

two flavours. The action for the Schwinger Model can be obtained by starting

with the lagrangian for the free fermion:

LDirac=i
∂−m .

The  matrices, which are in this case the familiar Pauli matrices, fulfill

the following algebra:

{ ,}=2 g .

By adding a gauge field and postulating the invariance under a U(1) local



gauge transformation of the fermionic field

 xei xx 

 x  xe−i x  ,

one gets the lagrangian for QED:

LQED=LDiracLGLint .

Where  LG=−
1
4

FF  is the lagrangian for the electromagnetism with

F=∂ A−∂ A  the electromagnetic field strength tensor.  Furthermore

Lint=−e  A  is the interaction term, wich couples the fermionic and

bosonic gauge fields. The parameter e denotes  the electric charge.

By  performing  a  Wick  rotation  ( t i t ),  limiting  the  Model  to  2

dimensions and letting ℏ1 , one gets the action for the two dimensional

Schwinger Model:

S=∫d2 x [∑
f =1

2

 f i
 D−m f−

1
4

FF] .

Additionally,  as  mentioned  in  the  beginning,  a  flavour  index f was

introduced.   Here,  iD=i∂ieA  is  the  (massless)  Dirac

operator.

Discretized Formulation

For putting this theory on the lattice we have to introduce the discrete form of

the Dirac operator. For doing this we have to define the forward and backward

derivation.

∇ x= x− x

∇
* x= x− x−

Where  in this case is a unit vector in the  -direction.

Now we can define the Wilson operator, which is a discrete form of the Dirac

operator.

DD
W=1

2 ∇∇
* ∇

*∇

Later we will refer to the overlap operator, defined in the following way:

Do=1− A

 A† A
.

Where the matrix A is given by A=1−D
W .

On the lattice, insead of the physical electric charge e , it's inverse is used

and a parameter =
1

a2 e2  is introduced. Note that   is dimensionless

and proportional to a−2 .

Hence, the continuum limit is reached for ∞ .



For  studying  this  limit  we  want  to  increase    while  fixing  physical

situation. To this end, we fixed the scaling variable  z=m f 
2/3

 to a

value of z=0.2 .

Aspects of Zero Modes

Topology

For each configuration calculated by the program the discretized form of the

Dirac  operator  can  be  evaluated.  This  leads  to  a  matrix  D
i j k l where

 ,∈{0,1}  are the spinor indices and i , j , k , l∈{0,1, ... , N−1}  are the

indices of the (square) lattice.

We focus now on the spectrum and the eigenmodes of this matrix. Let us

asume the operator H=5 Do , with Do being the overlap operator. By

using  the  Ginsparg-Wilson  relation  5 DoDo5=Do5 Do we  can

observe now that

5 HH 5=H 2

is  true.  If  we  have  now  an  eigenmode    of   H  ,  wich  is  also

eigenmode of 5  then we get:

H =  

5=± .

It  follows  that  :  ±2=2 ⇒∓2=0 .  So  the  result  is  that  the

modulus of the eigenvalues are zero or two if we have a chirality of  plus or

minus  one.  In  the  following  we  will  call  the  eigenmodes  with  =0

zeromodes. Within these zeromodes there exist now two possibilities: either

5= (positive chirality) or 5=− (negative chirality). We can

now sum over the number of  "positive" zeromodes, calling it  n  and

doing the same for the "negative" zeromodes, calling it n− . We can now

define a so called topologic charge

Q top=n−n− .

At  this  point  we  want  to  give  the  index  theorem  which  connects  two

definitions of the topological charge. Another definition is given by

Q top=
e

2∫ d 2 x F 12 x=
e

2∫ d 2 x [∂1 A2 x−∂2 A1 x ] .

The Atiyah Singer Index Theorem [3] now states that these two definitions

are equal.

Since we observed it in the measurements, we also want to mention the so-

called Vanishing theorem.



Qtop0⇒ n−=0  and Qtop0⇒ n=0

This means, if we have positive topologic charge, then there is no eigenmode

with negative chirality and vice versa.

Locality

On studying the eigenmodes  
i j  ,  and espacially the zeromodes of the

Dirac operator D
i j k l , with indices as mentioned above, we were interested

in the localization behavior of these modes. We had to find a quantity that is

measuring this property.

The participation ratio is being defined in the following way:

P= 1
V

∑
i j
∣

i j∣2
2

∑
i j
∣

i j∣4

Where V  is simply the number of gridpoints of the lattice for the descrete

form. One can observe that this quantity is highly correlated to the width of an

exponential decay. Calculating P  for the δ-function results in P=0 and

the same calculation for a plane wave would give P≈1 . The participation

ratio is therefore a good quantity to measure the localization of a zeromode.



Results

At first, we want to look on the change of the topological charge during a

Hybrid Monte Carlo trajectory, and how this quantity behaves for different

values of  .

Figure 1: Change of topological charge during a trajectory

This diagram shows a transition from Qtop=0  to Q top=0 . One can see,

that there are  a  lot  of fluctuations although the initial  and final  topology

matches. So for this coarse lattice,  large changes during even one Hybrid

Monte Carlo step are possible. To see what happens in contrast to this case,

we now look on a transition from Q top=−1  to Qtop=0  on a finer lattice

with =4.0 .

Figure 2: Change of topological charge during a trajectory



The behavior is as we would expect it. Between two measurements, where

Q top  changes, there is only one transition within the trajectory.

For a certain measurement with =2.0 a participation ratio of P=0.033

has been observed. The density of this zeromode can be seen in the figure

below.

Figure 3: Plot of the density over the lattice, with 32x32 points

Figure 4: Participation ratio for different β in dependence of eigenvalues

Furthermore  we  wanted  to  know  how  exceptional  this  low  values  for

zeromodes are, with respect to all eigenmodes. In the figures above we show

the  participation  ratio  of  all  eigenmodes  in  dependence  of  the  absolute

eigenvalue. A significant rise of the value of the participation ratio with rising

∣∣  can be observed. Note that at ∣∣≈0 the value of the participation

ratio seems to increase as a function of  .  This is  a first hint  that the



physical  size of  fermions corresponding to the zeromodes increases  when

approaching the continuum limit. However, the values of the participation

ratio stay significantly below the majority (bulk) of the eigenmodes. This is

due to the fact that the zeromodes do not become delocalized, but become

even larger in size towards the continuum limit!

What can also be observed are the eigenenmodes belonging to the eigenvalue

=2 .  As  already  discussed,  these  modes  have  also  a  chirality  of

=±1  and also seem to be very localized. Going more into detail, it has

been observed that the number of these modes is the same as the number of

zeromodes but with the opposite chirality.

To quantify  the  affect  of  increasing  value  of  the  participation ratio  with

increasing    we calculated the average of the participation ratio of all

zeromodes for each  .

Figure 5: Average participation ratio of zeromodes versus β. connecting lines are to
guide the eye

The large standard deviations are probably related to a numerical problem in

the Lapack routines used by the program. That is, that the zeromodes are not

orthogonal to each other. What we can see now is, that the size of the fermion

increases when the lattice spacing is decreased. The real effect is, that the

physical size stays constant but the resolution we are looking at  becomes

finer.

Conclusion

What we found out is that for coarse lattices (large lattice spacing a≈1 )

the change of the number of zeromodes within a Monte Carlo trajectory is



very rapid. For finer lattices (e.g. a=0.5 ), these changes occured rarely.

Also, the number of zeromodes and their positions in space time are relatively

stable.

As far as the localization behaviour of zeromodes is concerned, we found out

that the value of the participation ratio is small. This means that these modes

are localized. Higher eigenmodes have, with small deviations, a participation

ratio of P≈1 . Except eigenmodes with =2 . We also concluded that

the  localization  holds  for  the  continuum  limit.  These  facts  lead  to  the

conclusion  that  zeromodes  are  extended  physical  objects,  also  in  the

continuum limit.
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