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Using events radiative to the Z pole, e−e+ → µ−µ+γ, with Z0 → µ+µ− decay, allows

to determine the beam energy by measuring the angle of the muon w.r.t. the photon and

requiring energy-momentum conservation. Events were simulated with PYTHIA and

the fast detector simulation program SIMDET was used. Beamstrahlung was accounted

for by using the package Kίρκη. Beam energy measurements were done for center-of-

mass energies 200 to 800GeV.

1 Introduction

For high precision measurement of e.g. the Higgs boson mass at the linear collider TESLA a
good knowledge of the beam energy is essential. The aim is to reach an energy precision of better
than ∆Eb/Eb = 10−4. The basic device proposed for beam energy measurements is a magnet
spectrometer positioned upstream of the interaction point (IP), see also [TDR01]. To check the
reliability of this device (cross-check) it was suggested to perform an independent method that
uses e+e− → µ+µ−γ radiative return events. The dimuon channel is the easiest in which this
study should be performed: only two-prong events with well-identified muons are accounted for.√

s = 2Ebeam measurements require precise information on the muon to photon angles ϑ+ and
ϑ− and rely on energy-momentum conservation to coplanar events with one hard initial state
radiation (ISR) photon being radiated collinear to the beams. Knowledge of MZ0 (and ΓZ0) to a
precision of few MeV is important to achieve Eb values with the anticipated accuracy. The impact
of beamstrahlung and background from reactions with dimuon and large missing energy topology
has also been investigated.

2 Method and Kinematics

The reaction with the least background is assumed to be

e−e+ → Z0/γ → µ−µ+γ.

If one and only one ISR photon is radiated (s. fig. 1 and fig. 2), the effective c.m. energy can be
calculated from the angles of the muon w.r.t. the photon using 3-body kinematics.
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Fig. 1: The process e−e+ → Z0/γ → µ−µ+γ Fig. 2: The muon pair and the ISR photon

The muon mass is negligible (≈ 0.1 GeV) and for photons it equals zero, so the c.m. energy is
with good approximation:

ECMS =
√

s ≈ | ~pµ− | + | ~pµ+ | + | ~pγ |. (1)

For the triangle formed by the three momenta (fig. 2) the following relation exists
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Using eq. (1) and addition theorems for sinus and cosine, one obtains

| ~pγ | =
√

s · sin(ϑ− + ϑ+)

sin ϑ− + sin ϑ+ + sin(ϑ− + ϑ+)
. (2)

If the photon is emitted into the direction of the beampipe (z-direction), the four-momentum of
the photon is

pγ = (0, 0,±Eγ , Eγ) ⇒ | ~pγ | = Eγ ,

So that eq. (2) becomes

Eγ

1

2

√
s

=
2 sin(ϑ− + ϑ+)

sin ϑ− + sin ϑ+ + sin(ϑ− + ϑ+)

=
Eγ

Eb
≡: κ.

On the other hand, we have s′ = (pµ− + pµ+)2 and s = (pµ− + pµ+ + pγ)2 and for the Z0 decay

M2
Z0 = (pµ− + pµ+)2 = s′. (3)

For events radiative to the Z pole, e−e+ → Z0/γ → µ−µ+γ, conservation of four-momenta yields

pe+ + pe− = pµ− + pµ+ + pγ , so
√
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√
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Hence, together with eq. (3) the center-of-mass energy
√

s can be measured:

M2
Z0 = s − 2Eγ

√
s

⇔ M2
Z0

s
= 1 − 2Eγ√

s
= 1 − κγ

⇒
√

s =
MZ0

√
1 − κγ

(4)

√
s′ is the reduced c.m. energy or the invariant mass of the muon system. Thus, the ratio

√
s′/

√
s =:

x =
√

1 − κ depends only on the angles ϑ− and ϑ+ and
√

s′ = x · √s peaks at the Z0 mass
calculated from the four-momenta of the muons (invariant mass). For accelerators with negligible
beamstrahlung the setup

√
s measured by the energy spectrometers is identical with

√
s obtained

by eq. (4). For TESLA with its large bunch charge densities beamstrahlung decreases the c.m.
energy. Therefore, from eq. (4) we expect to deduce a lower value for Eb than measured by the
spectrometer.

3 Analysis

The invariant mass of the µ−µ+ pair has two distinct peaks, one is at
√

s′ ' √
s and the other at√

s′ ' MZ0 . The second peak is formed by radiation of one (or more) photons from the incoming
electron or positron, reducing the effective µ−µ+ mass to the Z0 pole where the cross section is
large.
Two methods are applied to select events which fulfil the conditions of the formula and allow to
measure

√
s:

1. no photon is detected, it is assumed that the photon vanishes through the beampipe,

2. a photon is detected and a cut on the radiative photon energy is applied.

3.0 No Photon detected

3.0.1 Event selection method A

Method A selects events with Mµ−µ+ ' MZ0 and no photon in the detector. The cuts are made
as follows:

A1 Photon no photon detected for
Eγ > 0.2 GeV, π − 0.005 > ϑγ > 0.005 rad (detector acceptance)

A2 Z0 pole |Mµ−µ+ − mZ0 | < 3.0 GeV
A3 sign(zµ) both muons emitted in same hemisphere

Tab. 1: Cuts of method A

Cut A1 accumulates events with photon(s) produced along the z-direction. Cut A2 selects
events, that have the muon system on the well known Z0 mass. To avoid unreasonable

√
s from

eq. (4) (at low beam energies), A3 rejects wrong topology events of opposite-hemisphere muons.It
turned out that these cuts are not sufficient two exclude of two-photon background events to a
great extend (s. fig. 3), which are included in the

√
s determination, see fig. (4).
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Fig. 3: Two photon events (i) and their reconstruction (ii) using eq. (4).

3.0.2 Event selection method B

To reject dimuon events with background topologies, i.e. those that are not consistent with single
ISR down the beampipe, the following cuts are applied (selection method B) [Del98].

B1 Photon no photon detected for
Eγ > 0.2 GeV, π − 0.005 > ϑγ > 0.005 rad

B2 one ISR photon |
√

s′ − Mµ−µ+ | < 0.025
√

sset.

|pxµ− − pxµ+ | < 0.5 GeV
|pyµ− − pyµ+ | < 0.5 GeV
||pzµ− + pzµ+ | − pγ | < 0.5 GeV
|Ezµ− + Ezµ+ + |pγ | −

√
s| < 0.5 GeV

B3 range considered |√sset. −√
sang.| < 15 GeV

Tab. 2: Cuts of method B

B2 eliminates most of the multiple ISR photon events calculated from the muon angles. In
addition, these selection criteria are also very efficient in discarding background events from

e+e− →
e+e−µ−µ+

W+W− → µ+νµ−ν
τ+τ− → µ+ννµ−νν

(5)

Cut B3 defines the range for
√

s calculation close to the Z0 boson.

3.1 One Photon detected

If a photon is detected, it must have an angle larger than 5 mrad - in fact the angle must be
even greater, because the Low Angle Tagger (up to 30 mrad) is almost blind to low energetic
photons. In this case ϑ+/− are the angles between the µ+ resp. µ− and the photon and not
the angle w.r.t. the beampipe (z-direction). Since the photon is detected, its energy is known.
To ensure radiative returns to the Z0 resonance we require that the photon energy Eγ is in the
range |Eγ − 0.53

√
sset. − 23| < 10 GeV (cut C3). Thus,

√
s is given by

√
s = Eγ + Eµ+ + Eµ− .

Unfortunately, the resolution on
√

s was found to be large and a relative large amount of e+e− →
e+e−µ−µ+ background events were accepted. The last surviving event sample could however
substantially reduced by the cut |

√
s′(=

√
sset. ·

√
1 − κ) − Mµ−µ+ | < 0.025

√
sset. (cut C2).
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C1 Photon only one photon detected for
Eγ > 0.2 GeV, π − 0.005 > ϑγ > 0.005 rad

C2 one ISR photon |
√

s′ − Mµ−µ+ | < 0.025
√

sset.

C3 radiative return peak |Eγ − (0.53 · √sset. − 23.01)| < 10 GeV
C4 range considered |√sset. −√

sang.| < 15 GeV

Tab. 3: Cuts of method C

3.2 Results

The results on
√

s measurements from 200 to 800 GeV are summarized in Table 4.
Here, non-photon and one-photon events are combined which fulfil selection criteria B.

√
s was esti-

mated by measuring the muon angles only and is denoted as
√

sang.. For each energy, 100000 µ−µ+γ
events were generated which corresponds to an integrated luminosity as given in Table 4. The value
of 〈√sang.〉 is simply the average of the individual

√
sang. values from the events surviving the

selection procedure (Nacc. in Table 4). The statistical errors given, ∆〈√sang.〉, were scaled from
fit procedure errors at LEP II energies[Del02].

√
sset. σ

∫
Ldt Nacc 〈√sang.〉 −

√
sset. ∆〈√sang.〉

[GeV] [fb] [fb−1] [GeV] [MeV]

200 7.146 · 103 14 13465 -0.324 31
350 2.234 · 103 45 10923 -0.356 35
500 1.117 · 103 80 7344 -0.277 43
800 4.544 · 102 220 3207 -0.272 64

Tab. 4: Results

The error on the beam energy ∆Ebeam = 1

2
(〈√sang.〉−

√
sset.) (s. fig. 5) is shown as a function

of Eb in fig. 5. It is not zero but shifted by

∆Ebeam = (−154± 10) MeV

in the average (bias).
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Fig. 4: Cuts of method A: reconstructed c.m.s. energy
√

s using eq. (4).
Fig. 5: The bias of the calculated Ebeam over the setup
beam energy is linear over

√
s
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4 Systematics

Here we discuss qualtitatively some sources of systematic errors expected for Eb. Some values
given constitute simple estimates while others are deduced from recent LEP studies. In any case,
detailed investigations are mandatory for proper error estimates at a linear collider.

4.1 Multiple ISR photon events

(13 ± 2)% of two or more ISR photon events with Eγ > 1 GeV survive the selection cuts B. This
is probably one of the reasons for the observed bias of the

√
sang. refering to

√
sset..

4.2 Background events

Backgrounds from e−e+ → e−e+ µ−µ+, e−e+ → W+W− → µ−νµ+ν and from e+e− →
τ+τ− → µ−ννµ+νν events normalized to the appropriate integrated luminosity were completely
rejected by the cuts B. Thus, their effect to the error of the beam energy can be neglected.

4.3 Muon polar angles

Events with muons not emitted in the same hemisphere must be discarded (A3). Nevertheless these
are correct events so one would expect to get a bias from cut A3, in particular at low energies.

The error expected from muon polar angle measurements to the beam energy was derived from
comparis with the generated muon momenta. It is nearly negligible less than 1 MeV.

4.4 Z
0 mass

The relative error of the mass of the Z0 of

∆MZ0

M0
Z

=
2.2 MeV

91.1882 GeV
≈ 0.002%.

limits the precision of Eb to about 4 MeV at Eb = 400 GeV and being less at smaller beam energies.

4.5 Detector aspect ratio

The measurement precision of the aspect ratio defined as the ratio of the length to the girth of
the detector limits the precision of the polar angle measurement of the muons. For LEP data it
was found to be the dominant systematic error of about 22 MeV. It is necessary that for TESLA
this error must be substantially reduced.

4.6 QED modelling

It is also possible that there is a systematic error in modelling the ISR (and FSR plus their
interferences) on generator level due to approximation order limits. Studies at LEP/,II indicate
an error of few MeV to the beam energy.

5 Summary

In order to achieve a precision of ∆Eb/Eb = 10−4 at e.g.
√

sset. = 500 GeV, ∆Eb should be 25
MeV in total. The statistical error of 43 MeV (Table 4) based on 80 fb−1 accumulated luminosity
requires to take into account very large data samples.

Most of the systematic errors have to be carefully evaluated. From LEP studies it was found
that muon polar angle mismeasurements due to imperfect knowledge of the detector aspect ratio
effect dominantly the beam energy measurement.
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