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1 Introdu
tion1.1 The making of the standard modelDuring the last 
entury, both the development of quantum theory and the investigation of the sub-stru
ture of matter have seen immense progress and have 
hanged our view of the world profoundly.The beginning of quantum theory is usually set in 1900, when M. Plan
k assumed that energy isquantized in order to derive a formula predi
ting the observed frequen
y dependen
e of the energyemitted by a bla
k body [7℄. In 1905, A. Einstein explained the photoele
tri
 e�e
t [8℄ by postulat-ing that light energy 
omes in quanta later 
alled photons. In 1913, N. Bohr invoked quantizationin his proposed explanation of the spe
tral lines of the hydrogen atom [9℄, introdu
ing the theoryof ele
trons traveling in orbits around the atom's nu
leus, the 
hemi
al properties of the elementbeing largely determined by the number of ele
trons in the outer orbits. Bohr also introdu
ed theidea that an ele
tron 
ould relax from a higher-energy orbit to a lower one, emitting a photon ofdis
rete energy.In his PhD thesis 1924, L. de Broglie proposed the wave-like nature of subatomi
 parti
les [10℄.Building on the work by A. Einstein and M. Plan
k, L. de Broglie postulated the wave-parti
leduality of matter, further stating that any moving parti
le or obje
t had an asso
iated wave.Modern quantum me
hani
s was born in 1925 with W. Heisenberg's matrix me
hani
s [11℄ andE. S
hr�odinger's wave me
hani
s and the S
hr�odinger equation [12℄, whi
h was a non-relativisti
generalization of de Broglie's relativisti
 approa
h. S
hr�odinger subsequently showed that thesetwo approa
hes were equivalent. In 1927, Heisenberg formulated his un
ertainty prin
iple [13℄,and the Copenhagen interpretation of quantum me
hani
s began to take shape. Around this time,P.M. Dira
, in work 
ulminating in his 1930 monograph [14℄ �nally joined quantum me
hani
s andspe
ial relativity, pioneered the use of operator theory, and devised the bra-ket notation. In 1932,J. von Neumann formulated the rigorous mathemati
al basis for quantum me
hani
s as the theoryof linear operators on Hilbert spa
es [15℄.Soon physi
ists began to try to apply the prin
iples of quantum me
hani
s to 
lassi
al �eld theo-ries, most noti
eably Maxwell theory. This resear
h program 
ulminated in the 1940s in QuantumEle
trodynami
s (QED) developed by Ri
hard Feynman, Sin-Itiro Tomonaga, Julian S
hwinger(shared Nobel Prize in Physi
s 1965) and Freeman Dyson. QED holds almost all of the 
on
eptualnovelties that were to make up the 
oming theories of elementary parti
les. It is a spe
ial rela-tivisti
, renormalizable quantum �eld theory with one abelian, massless gauge �eld. QED makesextremely a

urate predi
tions of quantities like the anomalous magneti
 moment of the ele
tron,and the Lamb shift of the energy levels of hydrogen.A generalization of quantum �eld theories to non-abelian symmetry groups was studied by C.N.Yang and R.L. Mills in 1954 [16℄. However their results were given only little attention until thework of S. Glashow [17℄, A. Salam [18℄ and most importantly S. Weinberg in 1967 [19℄ who proposeda uni�ed ele
troweak model based on the non-abelian gauge group U(1)Y � SU(2)L. Further, theGlashow-Weinberg-Salam (GWS) model applies the Brout-Englert-Higgs me
hanism (also Higgs-Kibble me
hanis) [20℄, [21℄, [22℄ to the ele
troweak symmetry breaking. A s
alar SU(2)L-doublet-the Higgs-�eld- is introdu
ed, whi
h { by a
quiring a non-zero va
uum expe
tation value (vev){ spontaneously breaks the ele
troweak- down to the ele
tromagneti
 gauge symmetry, therebygiving masses to the W� and the Z0 boson. The GWS theory was proved to be renormalizable byG. t'Hooft and M. Veltman in 1972 [23℄.In 1970 S.L. Glashow, J. Iliopoulos and L. Maiani [24℄ hypothesized the 
harm-quark in order to ex-plain the small bran
hing ratio of the K0 ! �+�� de
ay. In
luding the 
harm quark it was possibleto 
onstru
t the CKM quark mixing matrix (N. Cabibbo [25℄ and M. Kobayashi, T. Maskawa [26℄)5



whi
h des
ribes the mixing of mass- and 
avor-eigenstates in the standard model. The unitarity ofthe CKM-matrix lets the neutral 
urrent be 
avor-diagonal. This in turn implies that neutral weakpro
esses obey 
ertain 
avor sele
tion rules, that forbid 
avor 
hanging neutral 
urrents (FCNC)on tree level and thus explain the small measured bran
hing ratio of the above de
ay whi
h hasthe order of magnitude of higher-order ele
troweak e�e
ts �(K0 ! �+��)=�tot(K0) � 10�7. Thisexplanation for the absen
e of FCNC is now referred to as the GIM-me
hanism.In 1973, M. Gell-Mann, H. Fritzs
h and H. Leutwyler [27℄, put forward an addition to the GWSmodel whi
h be
ame to be known as Quantum Chromodynami
s (QCD), the massless Yang-Millstheory of the strong for
e 
oupling to a new 
harge 
alled 
olor. This theory 
ombined with theGWS model has the gauge group U(1)Y � SU(2)L � SU(3)
 1 and be
ame to be known as thestandard model of elementary parti
les. SU(3)
 was 
hosen as the gauge group of QCD sin
e itis the only 
ompa
t simple Lie group that admits a 
omplex triplet representation a

ounting forthe three 
olors and admitting antiquark states. The existen
e of the 
olor quantum number wasproposed already before, to explain the apparent violation of the Pauli-prin
iple in the des
riptionof baryons 
ontaining the same 
avor and spin, as e.g. in the �++ state. The experimental la
kof observed 
olored parti
les led to the believe that all physi
al asymptoti
 states must be SU(3)
singlets (
olor neutral). This assumption was proved in 1973 by D. Gross and F. Wil
zek, [28℄, andby H. Politzer, [29℄, who showed in a 1-loop 
al
ulation, that QCD is asymptoti
ally free, whi
hmeans that the strong for
e between two quarks grows as the distan
e between them in
reases, thusmaking it impossible to isolate and observe a 
olored parti
le (infrared slavery). Or, from a dualstand point: only at high energies does the running strong 
oupling 
onstant be
ome suÆ
ientlysmall to do perturbative 
al
ulations.The nonperturbative 
hara
ter of low energy QCD was one of the main motivations for the devel-opment of latti
e QFT [30℄, where spa
e-time is dis
retized and a
ts as a natural UV-regulator.Today, other then low energy QCD, latti
e QFT also investigates other nonperturbative aspe
ts ofQFTs su
h as topologi
ally non-trivial �eld 
on�gurations (solitons, instantons, monopoles).1.2 Bhabha s
atteringThe main obje
tive of this thesis is the 
al
ulation of higher oder Bremsstrahlung 
orre
tions toBhabha s
attering e+e� ! e+e�: (1)Even though the leading order 
ontribution of Bhabha s
attering was �rst 
al
ulated by Homi J.Bhabha already in 1936 [32℄, today it remains an important pro
ess for luminosity monitoring ate+e� 
olliders su
h as the Large Ele
tron Positron Collider (LEP) and the International LinearCollider (ILC). Luminosity monitoring is important be
ause it dire
tly in
uen
es the a

ura
y ofthe measurement out
ome and therewith the predi
tability of the experiment.Bhabha s
attering is divided into two 
lasses depending on the kinemati
 region: the small-angleBhabha s
attering (SABH) for a s
attering angle 1Æ . �e . 6Æ and the large angle Bhabha s
attering(LABH) for �e & 10Æ.In general Bhabha s
attering is mediated by both the 
 and Z0 bosons ex
hanged both in s- andt-
hannels.Bhabha s
attering has a long history. Following the Born level 
al
ulation [32℄, the 
ompleteele
troweak one-loop 
orre
tion was �rst 
al
ulated in [33℄. The analyti
 expression for photoni
1It has been stressed [31℄ that by modding out the kernel of the fermioni
-, gauge- and Higgs-representationof the standard model gauge group, one does not lose any physi
ally relevant symmetry, sin
e any representation� : G! End(V ) of the group G sends elements of the kernel to the identity transformation on the ve
tor spa
e V , sothey only a
t as symmetries in a trivial sort of way. Hen
e, as the "true" {i.e. smallest possible { internal symmetrygroup of the standard model one should 
onsider (U(1)Y � SU(2)L � SU(3)
)=(Z2�Z3).6



two-loop massless Bhabha s
attering was derived in [34℄. Subsequently the massive expression wasgiven in [35℄, [36℄ and [37℄. NNLO 
ontributions with ele
tron loop insertions where 
al
ulatedin [38℄, [39℄, [40℄ and [41℄. The full nf = 1 two-loop Bhabha 
ross se
tion evaluation was 
ompletedwith [42℄, [43℄ and [44℄.1.3 Stru
ture of the thesisWe 
al
ulate the 
ross se
tion of the interferen
e of the one-loop QED 5-point Bremsstrahlung 
or-re
tions to Bhabha s
attering (listed in 
hapter 7 �gures 6 and 7) with the QED-Bremsstrahlungtopologies.In the 
al
ulation of any 
ross se
tion one has to in
lude Bremsstrahlung 
orre
tions, sin
e photonsare massless and 
an thus be produ
ed with arbitrarily small energy. Any physi
al dete
tor hasa minimal energy dete
tion threshold !. Emitted photons with an energy below ! are not beingdete
ted and thus Bremsstrahlung diagrams must be in
luded sin
e one 
annot distinguish betweenthe pro
ess under 
onsideration and the 
orresponding Bremsstrahlung pro
ess with real photonsof energy smaller then !. As stated, Bremsstrahlung 
an be of arbitrarily small energy and thephoton phase spa
e integration in
ludes an energy integration form 0 to !. The lower limit givesrise to an in�nite expression known as infrared (IR)-divergen
e sin
e it arises from the low energyregion.The 5-point Bhabha fun
tions have IR-divergen
es 
oming both from the virtual loop integral andthe real phase spa
e integration. The general treatment of IR-divergen
es in the standard modelwill be dis
ussed in se
tion 4. However sin
e the real divergen
es 
oming from the 5-point fun
tion
an
el virtual divergen
es from other topologies (in
luding higher order graphs), we will not beable to show the 
an
ellation in this thesis.First we will start by brie
y giving an introdu
tion to the generation of perturbation series inQuantum Field Theory (QFT) and the stru
ture of the ele
troweak part of the standard model.Following the above mentioned dis
ussion of IR-divergen
es we will 
al
ulate both the Born 
rossse
tion for QED-Bhabha s
attering and the Born 
ontribution to QED-Bhabha-Bremsstrahlungdiagrams.After introdu
ing Mellin-Barnes (MB) representations and brie
y dis
ussing the Mathemati
a [54℄pa
kages AMBRE.m [55℄ and MB.m [56℄, we will dedu
e all the MB-integrals for the s
alar, ve
tor andtensor Feynman integrals. We will dis
uss and use the 
rossing symmetry between the di�erentgraphs, in order to redu
e the 
al
ulation to the evaluation of merely two of the eight 5-point dia-grams. The 
ross se
tion will be given in terms of the phase spa
e integrals (at the end of se
tion8) whi
h are solved to O(��1) in se
tion 9. Further the O(�0) phase spa
e integrals are redu
ed tothe Feynman parameter integrals.In addition to the 
al
ulation of the Bhabha 
ross se
tion we 
al
ulated the leading order muonde
ay rate in appendix G using two di�erent te
hniques. At last the �CC3 
ross se
tion of W+W�-produ
tion is dedu
ed in appendix H using Breit-Wigner fa
tors.
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2 Perturbative 
al
ulations in QFTIn the �rst part of this se
tion we give a brief introdu
tion to the S-matrix formalism in QFT andthe generation of the perturbation series in the path integral formalism. In the se
ond part thegeneral expressions for both 
ross se
tion and de
ay rate are listed.The S
attering matrix (S-matrix) is of 
entral importan
e in s
attering theory, as it relates theinitial state and the �nal state for an intera
tion of parti
les. To know the S-matrix elements is toknow the probability for the given pro
ess.2.1 The S-matrixIn QFT the probability P of �nding a system in a state jFinali at tf when it was prepared in astate jInitiali at ti isP = j hFinalj e�iH(tf�ti) jInitiali j2 = j hFinal; tf j Initial; tii j2; (2)where H is the se
ond quantized Hamiltonian of the theory and the se
ond s
alar produ
t is writtenin the Heisenberg pi
ture. Sin
e intera
ting �elds 
annot be expanded in terms of 
reation- andannihilation operators, we are interested in the limit t! �1 where we expe
t the theory to redu
eto a free theory. 2 For this purpose we de�ne the S-matrix:S = lim(tf�ti)!1 he�iH(tf�ti)i : (3)The unitarity SyS = 1 expresses the probability 
onservation. One normally pro
eeds in de�ninga T-matrix, that 
ontains the intera
tion part of the S-matrix:S = 1+ iT : (4)In the following we will dis
uss the build-up of a QFT for a s
alar �eld �. The above assumptionthat the theory redu
es to a free theory as t! �1 is formalized in the hypothesis 3limt!�1�(x) = Z1=2�in(x); limt!+1�(x) = Z1=2�out(x); (5)where Z is a 
-number, known as wave fun
tion renormalization. With the introdu
tion of in-and out-�elds the theory now has two distin
t Hilbert-spa
es Hin and Hout on whi
h the free �eldoperators �in(x) and �out(x) a
t. S is then a mapping between these two spa
es.Due to Lehmann, Symanzik and Zimmermann (LSZ-redu
tion formula) [57℄, one 
an rewrite thematrix element for a s
attering of m parti
les of momentum ki into n parti
les of momentum pj interms of the vev of a time-ordered produ
t of the �eld operators:mYi=1 Z d4xie�ikixi nYj=1Z d4yje�ipjyj h0j T [�(x1) : : : �(xm)�(y1) : : : �(yn)℄ j0i= " mYi=1 iZ1=2k2i �m2#24 nYj=1 iZ1=2p2j �m235 hp1 : : : pnj iT jk1 : : : kmi ; (6)where T [�(x)�(y)℄ is the time-ordered produ
t. Note that the LSZ-fa
tors on the right hand sideof (6) a

ount for the poles that the Green's fun
tion on the left hand side develops on mass shell,2An important example of a QFT that is not a free theory at t! �1 is QCD. However QCD is asymptoti
allyfree, i.e. it 
an be 
onsidered a free �eld theory for x! 0.3These limits are to be understood in the weak sense, i.e. they are assumed to hold only when we take matrixelements. 8



i.e. p2j = m2 and k2i = m2. In the realm of 
anoni
al quantization the next step would be to swit
hto the intera
tion pi
ture whi
h introdu
es an exponential of the intera
tion Hamiltonian, whi
hwhen expanded, gives rise to the well known perturbative series of QFT. Finally one makes use ofWi
k's theorem whi
h redu
es the vev of a produ
t of n �elds to a sum of produ
ts of Feynmanpropagators.Instead, in parti
le physi
s, one frequently 
hooses to work in the path integral quantization, whi
his related to the operator formalism viah0j T [�(x1) : : : �(xn)℄ j0i = R D[�℄�(x1) : : : �(xn)eiSe�� R d4x�2=2R D[�℄eiSe�� R d4x�2=2 ; (7)where S = R d4xL is the a
tion of the theory and the damping term e�� R d4x�2=2 was introdu
edto insure the 
onvergen
e of the integration. A remarkable fa
t is that the damping fa
tor � > 0will later be responsible for our theory to have the 
orre
t 
ausal stru
ture (it will appear as a +i�in the denominator of the Feynman propagator). Introdu
ing a sour
e J and using the fun
tionalidentity ÆÆJ(y) Z d4xJ(x)�(x) = �(y); (8)one 
an rewrite the n-point fun
tion G(x1; : : : ; xn) in terms of fun
tional derivatives of the gener-ating fun
tional Z[�; J ℄:G(x1; : : : ; xn) = Z D[�℄�(x1) : : : �(xn)eiS = � ÆiÆJ(x1) � � � ÆiÆJ(xn)Z[�; J ℄�J=0 ;Z[�; J ℄ = Z D[�℄ exp �iS[�℄ + iZ d4xJ(x)�(x)� : (9)We generalize the above formalism to in
lude intera
ting gauge �elds A� and Grassmann valuedmatter �elds  . The simplest su
h physi
al QFT is QED:LQED = � [i=� �m℄ | {z }LF0 �14F��F �� � 12� (��A�)2| {z }LG0 �e � =A | {z }LInt : (10)With the Grassmann sour
e fun
tions � and ��, we 
an write the generating fun
tional of QED asZQED = Z D[A�;  ; � ℄ exp �iSInt[A�;  ; � ℄� exp �iSF0 + iSG0 + iZ d4x (�� + � � + J�A�)�= exp �iSInt � ÆiÆJ� ; ÆiÆ�� ; ÆiÆ(��)�� Z D[A�;  ; � ℄ exp �iSF0 + iSG0 + iZ d4x (�� + � � + J�A�)�= exp �iSInt � ÆiÆJ� ; ÆiÆ�� ; ÆiÆ(��)��� exp �iZ d4xd4y���(x)SF (x� y)�(y) + J�(x)D��(x� y)2 J�(y)�� ; (11)where SF (x� y) and D��(x� y) are the Feynman propagators of the ele
tron and photon. In the�rst step we made use of a generalization of (8) and in the se
ond the fun
tional integration overthe physi
al �elds was performed, whi
h amounts to solving in�nite dimensional Gaussian integrals.The Feynman perturbation series is now generated by power expanding the �rst exponential and,order by order, letting the fun
tional derivatives a
t on the se
ond. In prin
iple we 
ould nowset out to 
al
ulate 4-point, 5-point fun
tions and so on (following (9)), but we would �nd the9



reappearan
e of the same expressions, only di�erently arranged. Further there is an overall Dira
delta, whi
h inspires the de�nition of the M-Matrix Mfihp1 : : : pnj iT jk1 : : : kmi = (2�)4Æ4 [�ipi � �jkj ℄ iMfi: (12)In pra
ti
e one identi�es the Feynman graphs of appendix B to the di�erent propagators et
., sothat the evaluation of an n-point fun
tion to O(k) in e is equivalent to drawing all the topologi
allydi�erent possible Feynman diagrams to O(k) in e and writing down their 
orresponding Feynmanrules.The Feynman rule e.g. for the ele
tron-ele
tron-photon vertex 
an be dedu
ed by 
onsidering theQED 3-point fun
tion (analogue to (9)) to order e and trun
ating the two point Green fun
tionsof the photon and the ingoing- and outgoing ele
tron.2.2 Cross se
tion and de
ay rateThe di�erential s
attering 
ross se
tion is de�ned as:d�d
 = S
attered 
ux =Unit of solid angleIn
ident 
ux =Unit of surfa
e : (13)The di�erential 
ross se
tion for the s
attering of two parti
les with momenta p1 and p2 and massesm1 and m2 into n parti
les with momenta k1; : : : ; kn is:d� = 14p(p1:p2)2 �m21m22 jMfij2 �(2�)4Æ4 �p1 + p2 �X ki� d3k1(2�)32E1 � � � d3kn(2�)32En � ; (14)where the �rst fa
tor is the so 
alled 
ux fa
tor, the se
ond the squared invariant matrix elementM and the last the Lorentz invariant phase spa
e dPS(n) whi
h {depending on the kinemati
sof the pro
ess{ 
an be substantially simpli�ed. This is 
arried out in detail for 2,3 and 4 parti
lephase spa
es in appendix E. An espe
ially simple 
ase arises in e.g. Bhabha s
attering, where allparti
les have the same mass. Using the simpli�
ations of appendix E, we 
an rewrite the 2 ! 2di�erential 
ross se
tion of Bhabha s
attering in the 
enter of mass (
m) frame asd�d
 = jMfij264�2s (15)with the solid angle d
 = d�d
os� and the Mandelstam invariant s = (p1 + p2)2.The de
ay width � is a measure for the number of de
ayed parti
les per unit time. The de
aywidth of a parti
le with 4-momentum p� = (E; p) into a �nal state with n parti
les with momentak1; : : : ; kn is: d� = 12E jMfij2 �(2�)4Æ4 �p�X ki� d3k1(2�)32E1 � � � d3kn(2�)32En� : (16)
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3 Ele
troweak part of the standard modelIn this se
tion we give a brief introdu
tion to the stru
ture of the GWS theory [17℄, [18℄ and [19℄.Ea
h term of the Lagrangian is given expli
itly and their individual roles are explained. The wholeGWS Lagrangian 
onsists out of the following summands:LGWS = Lgauge + Lfermioni
 + LHiggs + LYukawa| {z }
lassi
al +L�x + Lghost| {z }quantum ; (17)where a 
onsistent quantization of the 
lassi
al part demands the introdu
tion of a gauge �xingL�x and a ghost term Lghost.3.1 Classi
al GWS LagrangianThe Lagrangians of pure gauge theory and the fermioni
 part areLgauge = �14F a��F a�� � 14G��G�� ; (18)Lfermioni
 = Xi ��LLi (i=D)LLi + �QLi (i=D)QLi + �lRi (i=D)lRi + �uRi (i=D)uRi + �dRi (i=D)dRi � ; (19)where F a�� is the �eld strength tensor of SU(2)L Yang-Mills theory (where L indi
ates the a
tiononly on left handed doublets) and G�� the �eld strength tensor of U(1)Y abelian gauge theory:F a�� = ��W a� � ��W a� � g2�ab
W b�W 
� ;G�� = ��B� � ��B�: (20)Right-handed fermions are SU(2)L-singlets, left-handed fermions are SU(2)L-doublets, with theparti
le in the upper entry having weak isospin I3W = +1 and the parti
le in the lower entryI3W = �1. The left handed leptoni
- LLi and left handed quark-doublets QLi (i labels the threegenerations and for quarks 
olor), as well as the 
ovariant derivative D� are de�ned as follows:	L = 1� 
52 	; LLi = ��LilLi �; QLi = �uLidLi �; i = 1; 2; 3D� = �1SU(2)��� + ig1YW2 B��� ig2IaWW a�� : (21)Sin
e expli
it mass terms for the gauge bosons break gauge invarian
e (whi
h in turn is essentialfor both 
urrent 
onservation and the proof of renormalizability [23℄) and the naive introdu
tionof fermioni
 mass terms in a 
hiral theory is not possible, one introdu
es the Higgs- and Yukawa-Lagrangian LHiggs and LYukawa (in whi
h the fermioni
 mass terms mix the left- and right-handedfermions, sin
e mass terms with purely left- or purely right-handed fermions vanish identi
ally:� R R = � L L = 0). Due to the value of the Higgs 
oupling 
onstant and mass �2; � > 0, the newLagrangian (that is labeled as 
lassi
al above) is said to inhibit spontaneous symmetry breakingwhi
h is really a somewhat misleading term, sin
e the whole reason for introdu
ing the Higgsme
hanism into the GWS theory is to not break the gauge symmetry. What is broken by theHiggs' a
quisition of a non-zero vev is the rotational invarian
e of the Higgs potential, but not thegauge symmetry. The ne
essity to 
hoose one of the physi
ally equivalent ground states as basisfor the perturbation theory merely hides the gauge invarian
e. Further the symmetry breaking inthe standard model is not a dynami
al pro
ess like e.g. in ferromagnets. In ferromagnets above theCurie temperature T
 the dipoles are randomly orientated and the system is invariant under spa
ialrotations. Below T
, however, the magnetization (measuring the magneti
 dipole density) a
quiresa 
onstant nonzero value whi
h points in a 
ertain dire
tion. The rotational symmetry is broken by11



the transition of the system below T
. In the ele
troweak model however a similar transition froma phase of unbroken- to broken U(1)Y � SU(2)L would amount to varying the 
onstants �2 and�. Su
h a variation is possible on a 
osmi
 s
ale, however symmetry breaking in the ele
troweakmodel should not be viewed as a pro
ess that happens "spontaneously" in the sense that it mightbe observed at a parti
ular point in time in a laboratory. So {if one wants to exaggerate the point{one has to assess that spontaneous symmetry breaking in the standard model is neither spontaneousnor does it break a gauge symmetry.As a last remark the appearan
e of new massless s
alar parti
les due to the Goldstone theoremshould be mentioned, their number equals the number of broken generators of the group. Howeverin gauge theories, these s
alars are unphysi
al degrees of freedom, sin
e they 
an be gauged awayin a so 
alled unitary gauge. In a general gauge 
hoi
e they appear as virtual parti
les in Feynmandiagrams and are referred to as would-be Goldstone bosons.Expli
itly the Higgs and Yukawa terms read:LHiggs = (D��)y(D��)� V (�); V (�) = �4 (�y�)2 � �2�y�;LYukawa = Xij h�LLi (Glij)lRj �+ �QLi (Guij)uRj �
 + �QLi (Gdij)dRj �+ h:
:i : (22)In order to quantize the Higgs doublet, one expands it around an energy minimum v:�(x) = � �+(x)1p2 [v + �(x) + i�(x)℄�; �� � [�+℄y; �0 � � 0v=p2�;�
 = i�2�� = (�0�;���); Mfij = vp2Gfij ; (23)with the would-be Goldstone bosons ��; �. The Higgs me
hanism breaks the U(1)Y � SU(2)Lsymmetry in su
h a way that the ele
tromagneti
 symmetry U(1)em is the remaining symmetry.The resulting physi
al �elds are related to the ones in U(1)Y � SU(2)L by:W�� = 1p2 �W 1� � iW 2�� ; �A�Z�� = �
os �W � sin �Wsin �W 
os �W ��B�W 3��; (24)with the Weinberg angle �W de�ned through
os �W = g2pg21 + g22 = MWMZ ; sin �W = g1pg21 + g22 : (25)The masses of the weak gauge �elds and the Higgs parti
le areMW = v2g2; MZ = v2qg21 + g22 ; MH = p2�; (26)and the ele
tri
 
harge e is e = g1 
os �W = g2 sin �W : (27)Further the third generator of weak isospin I3W and the generator of weak hyper
harge YW are
ombined in the Gell-Mann-Nishijima relation and give the generator of the ele
tri
 
harge:Q = I3W + YW2 : (28)3.2 Quantum part of the GWS LagrangianWhen quantizing gauge theories, one fa
es multiple subtleties. The most obvious might be that{using 
anoni
al quantization{ the 
onjugate momentum to the time 
omponent of the �eld is zeroand we do not know how to implement the 
anoni
al 
ommutation relations. Formally �xing a gaugeis equivalent to imposing a set of 
onstraints4 on the �elds. These 
onstraints (e.g. X�B� = 0 for4For a general and mathemati
ally rigorous dis
ussion of Dira
 quantization of 
onstraint systems see [61℄.12



an appropriate X�) are imposed by introdu
ing a Lagrange multiplier � = �1=2�. For the 
lassi
alpart of the GWS Lagrangian this means that we need to add the following term:L�x = � 12�A (CA)2 � 12�Z (CZ)2 � 12�W C+C�; (29)with CA := ��A�; CZ := ��Z� �MZ�0Z�; C� := ��W�� � iMW �0W��: (30)Where we implemented a Lorentz (
ovariant) gauge, i.e. X� = ��.In the path integral formalism the ne
essity for introdu
ing a gauge �xing term arises from thefa
t that otherwise the propagator for the gauge �elds 
annot be de�ned. This is the 
ase be
ausethe propagator is de�ned as the Greens fun
tion (fun
tional inverse) of the operator that is beingsandwi
hed by the �elds (pure gauge theory 
an easily be brought into this form by adding a totalderivative to the above Lagrangian), but without the �xing term the operator has zero eigenvalueand thus no inverse.The introdu
tion of the ghost termLghost = �Z d4z d4y ��ua(x) �ÆCa(x)ÆV 
� (z) ÆV 
� (z)Æ�b(y) + ÆCa(x)Æ�
(z) Æ�
(z)Æ�b(y) �ub(y)� ; (31)with the ghost �elds ua, �Z := �, a; b; 
 2 fA;Z;�g and V 
� 2 fA�; Z�;W�� g, is also ne
essitatedby the redundan
ies in our theory 
onne
ted with the gauge freedom of the ve
tor bosons. Insolving the path integral over the gauge �eld in (11), we negle
ted dis
ussing these subtleties. Itturns out however, that this was no blunder, sin
e the theory we were dis
ussing was QED whi
h isabelian. In abelian theories the ghost term gives only an irrelevant normalization fa
tor and 
an beomitted. In non-abelian theories { su
h as GSW or QCD { the introdu
tion is ne
essary to assure(BRS-)gauge invarian
e and thus unitarity, 
onservation laws, renormalizability.Loosely speaking, the ghost term repairs what the �xing term broke: gauge invarian
e. However {in the standard model { it is not the 
lassi
al non-abelian SU(2)� SU(3) symmetry that is beingrestored, but the so 
alled Be

hi-Rouet-Stora (BRS) symmetry5 [58℄ whi
h leaves the 
lassi
al andthe quantum part of the Lagrangian separately invariant.In the path integral pi
ture the integration over the physi
ally equivalent 
on�gurations results forea
h spa
e-time point in the volume of the gauge group and thus in an in�nite overall fa
tor of thegenerating fun
tional Z[J�℄. This fa
tor drops out sin
e one only deals with the ratio Z[J�℄=Z[0℄.L.D. Faddeev and V.N. Popov [59℄ developed a method to separate this fa
tor, introdu
ing Grass-mann valued s
alar ghost �elds. These �elds violate the spin-statisti
 theorem, whi
h however isnot problemati
, sin
e they are purely virtual, unphysi
al parti
les.

5In 
anoni
al quantization BRS symmetry is often dis
ussed using auxiliary Nakanishi-Lautrup �elds.13



4 Infrared divergen
es and Blo
h-Nordsie
k 
an
ellationAs stressed in the introdu
tion, Bremsstrahlung diagrams with soft photons of energy E
 belowthe dete
tion threshold ! must be added to any pro
ess sin
e they are indistinguishable from thediagrams without radiation.In this se
tion we dis
uss the Blo
h-Nordsie
k 
an
ellation [62℄, whi
h is the statement, that QEDis IR-�nite. IR-divergen
es are divergen
es that are due to the vanishing of the denominator in thelow energy E
 ! 0 region. They arise both from virtual (loop)- and real (phase spa
e)-integrations.Ultra violet (UV)-divergen
es on the other hand are purely virtual and are due to the divergen
eof the numerator stru
ture in the high energy E
 !1 region.IR- and UV-divergen
es are treated very di�erently in the standard model. The Kinoshita-Lee-Nauenberg (KLN) theorem [63℄ and [64℄ (a generalization of the Blo
h-Nordsie
k 
an
ellation)assures that the standard model is IR-�nite, i.e. we need to evaluate real IR-divergent diagramsand add them to the virtually IR-divergent diagrams they 
an
el. Where UV-divergen
es on theother hand must be treated in the 
ontext of renormalization. The KLN theorem is 
ru
ial to therenormalizability of the standard model.4.1 IR loop divergen
esA massless line in a loop between two outer on shell lines always gives a IR-divergen
e.

Figure 1: One loop diagram with N legs, at least two of them on shell, with a massless line betweenthemAs in Figure 1, let the two outer parti
les have the in
oming momenta p1 and p2. The momentumof the massless line 
an be 
hosen to be the loop momentum q. This gives the masslesspropagator d0 = q2 and the propagators left (d2) and right (d1) of the massless line:d1 = [(q + p1)2 �m2℄ = [2p1:q℄; d2 = [(q � p2)2 �m2℄ = [�2p2:q℄: (32)All other propagators have a more 
ompli
ated momentum stru
ture whi
h gives extra summandsthat 
ontain 
onstant terms in q. The loop integral then readsZ d4q Xq2[2p1:q℄[�2p2:q℄d3d4 � � � dN (33)With some numerator stru
ture X(q�; q�q� ; : : : ).In the IR q ! 0 all propagators d3; d4; : : : ; dN are proportional to a 
onstant, due to their 
onstant14



summands. The integral is then proportional to the expressionZ 10 dq q3Xq4 = Z 10 dqXq X=1= ln[q℄10 (34)Whi
h is IR divergent at q = 0. The behavior of the whole integral (33) for X 6= 1 depends on thestru
ture of the other propagators and 
annot be generalized, they might however very well alsobe IR divergent.We note, that when we are dealing with a diagram that has a massless line between two on shelllines, we always get a IR divergent integral.4.2 Blo
h-Nordsie
k 
an
ellationThe Standard Model as a whole is IR - �nite. This result is known as the KLN theorem [63℄ and [64℄.Summing up all real and virtual 
ontributions of massless gauge bosons (photons and gluons), theIR divergen
es of the loop 
orre
tions are 
an
eled by the real IR divergent 
ontributions, yieldingas a whole an IR �nite theory.This me
hanism at one loop order in QED was �rst understood by Blo
h and Nordsie
k [62℄ in1937. It was generalized to arbitrary loop order by Yennie et al in [65℄. Their proof was presentedin a mu
h simpli�ed analysis by Weinberg [66℄ in 1965.Sin
e we 
onsider only QED 
ontributions to Bhabha s
attering we will followWeinbergs dis
ussion,limiting ourselves to QED.4.3 Fa
torization of real soft-photon 
ontributionsIf we for example 
onsider the initial parti
le 1 to radiate a IR photon with momentum k, a

ordingto the Feynman rules out of appendix B we will get the following expression for the leg in
ludingradiation: i(=p1 � =k +m)[(p1 � k)2 �m2 + i�℄ (i e =��)u1 = e[2(p1:k) + i�℄ (=p1 � =k +m)=��u1: (35)If we now take the limit of zero photon momentum in the numerator, the gamma matri
es turn

Figure 2: Soft emission in an arbitrary pro
ess from an initial parti
leinto a simple fa
tor and the whole soft divergen
e fa
torizes out of the M-Matrix. The limit gives(=p1 +m)=��u1 = m=��u1 + (2 p1:�� � =��=p1)u1 = 2 p1:��u1 � =�� (=p1 �m)u1| {z }=0 : (36)
15



For a photon emission by the in
oming parti
le 1 this limit yieldsMIRparti
le;in = e p�1(p1:k + i�)MBorn���: (37)For an emission by an antiparti
le 2, the momentum sign of the propagator 
hanges, sin
e the mo-mentum 
ow and the fermion arrow are anti-parallel. For initial state radiation, omitting 
onstantsand the denominator, we get�v2=��(�=p2 + =k +m) k!0�! �v2=��(�=p2 +m) = �2p2:���v2 + �v2(=p2 +m)| {z }=0 =��; (38)yielding the fa
torization MIRantiparti
le;in = �e p�2(p2:k + i�)MBorn���: (39)We �nd that the M-Matrix fa
torizes as follow:MIRf;� = eQf p�i(�fpi:k + i�)MBorn���: (40)Where Qf is the 
harge of the radiative fermion and �f a

ounts for whether the fermion is in- oroutgoing (�in = �1; �out = +1). �f is needed be
ause for an in
oming fermion we have to subtra
tthe photon momentum from the external fermion momentum to get the one of the propagator,while we add it for an outgoing one.4.4 Real soft-photon 
ontributionAs shown in the previous se
tion, in the soft limit the 
ontribution from the radiation of a softphoton fa
torizes out of the Born matrix element. Sin
e all outer fermioni
 legs 
an be radiativewe sum over all 
ontributions:Mi!f
 !k!0Mi!f "Xl eQlpl:��(�lpl:k + i�)# : (41)Further, this 
an be generalized to the emission of n soft photons. For the emission of two photonswe have two 
ontributions, one where photon 1 is emitted �rst and one where photon 2 is emitted�rst. The infrared fa
tor for one leg, then reads (omitting the (i�)'s)�eQp:��1p:k1 �� eQp:��2p:(k1 + k2)�+�eQp:��2p:k2 �� eQp:��1p:(k1 + k2)�= e2Q2(p:��1)(p:��2)p�p� � 1(k1 + k2)� � 1k�1 + 1k�2 �� = �eQp:��1p:k1 ��eQp:��2p:k2 � : (42)This is the produ
t of two fa
tors for single photon emission. By indu
tion it 
an be proved thatthe general formula for the amplitude for the emission of n soft photons with momenta k1; : : : ; knis given by: Mi!f(n
) =Mi!f � nYi=1 "Xl eQlpl:��i(�l pl:ki + i�)# : (43)There is no limitation on the number of emitted soft photons. We are thus interested in the limitn ! 1, whi
h we take after squaring the above matrix element. Using the polarization sum16



P ����� = �g�� and introdu
ing a fa
tor 1=n! a

ounting for the n identi
al photons in the �nalstate, we get the 
ross se
tiond�real; soft = limn!1d�i!f(n
) = limn!1d�i!f 1n! 24 nYi=1 Z d3ki(2�)32Ei Xl;m �e2QlQm(pl:pm)(�l pl:ki + i�)(�m pm:ki + i�)35= limn!1d�i!f 1n! 24Xl;m e2QlQmIlm35n = d�i!f exp24Xl;m e2QlQmIlm35| {z }Æreal; soft ; (44)where Ei is the energy of the photon i, andIlm = �Z d3k(2�)32E (pl:pm)(�l pl:ki + i�)(�m pm:ki + i�) = � �l�m8�2�lm log 1 + �lm1� �lm log �Ekmin : (45)Where �E is the maximal photon energy and kmin is the minimal photon energy, whi
h wasintrodu
ed as a regulator of the IR divergen
e. �lm is given by�lm =s1� m2lm2m(pl:pm)2 : (46)4.5 Virtual soft-photon 
ontributionWe know that virtual IR-divergen
es 
an only arise if we have a massless inner line between twoon shell legs. I.e. we 
an safely limit ourselves to the 
ontribution of loops involving photonpropagators.The key idea of the proof is to realize that all virtual 
orre
tions to any pro
ess involving innerphoton lines 
an be generated out of diagrams with an even number of real soft emissions by joiningpairs to form virtual photons. Some examples are given in Figure 3. We are still interested in an

Figure 3: We 
an obtain all loop 
orre
tions involving massless inner lines, by 
onsidering an evennumber of soft emissions and joining pairs to form massless propagators.analysis that in
ludes virtual soft photons of all orders of perturbation theory (the limit n!1).Omitting the photon polarization tensors in (43) and introdu
ing a propagator term �ig��=(k2+i�)for ea
h generated inner photon line, we get the virtual 
orre
tions due to n photonsMi!fvirtual; soft = limn!1Mi!f � 1n! 2412Xl;m e2QlQmJlm35n =Mi!f exp2412Xl;m e2QlQmJlm35 (47)17



with Jlm = Z d4k(2�)4 �ig��(k2 + i�) p�l p�m(�l pl:k + i�)(��m pm:k + i�) : (48)The fa
tor 1=n! 
an
els the n! equivalent permutations of the ends of the photon lines that we jointogether to form photon propagators. The 1=2 takes the 2 equivalent 
ontributions into a

ountthat result from ex
hanging the two photon lines that are joined to form one inner line. And �nallywe have 
hanged the sign of (pm:k) in one of the denominators, be
ause after joining, the photonmomentum at one of the verti
es must be ingoing.One might be s
epti
al wheather (48) also holds for l = m. E.g. (48) has three propagator terms,where as for a simple fermioni
 self energy (whi
h is the graph we get in the l = m 
ase) we onlyhave two. However, it has been shown by [65℄ that (47) is also valid for l = m. Introdu
ing theUV- and IR-regulators kmax and kmin, the evaluation of (48) yieldsJlm = �l�m8�2�lm �log 1 + �lm1� �lm � 2�i�(�l�m)� log kmaxkmin : (49)Sin
e the number of outer parti
les for the virtual 
orre
tions is the same as for the Born 
ontri-bution, we 
an write the 
ross se
tion asd�virtual; soft = exp2412Xl;m e2QlQm(Jlm + J�lm)35d�i!f= exp24Xl;m e2QlQmRe[Jlm℄35d�i!f : (50)4.6 Can
ellation of the IR-divergen
esThe general fa
torization (43) holds no matter if we 
onsider the photon emission from a Borndiagram or a diagram with an arbitrary number of loops. That is (43) yields the independen
e ofthe virtual and real fa
tors. The whole 
ontribution is:d�soft = Æreal; soft � d�virtual; soft = exp24Xl;m e2QlQm(Re[Jlm℄ + Ilm)35d�i!f= exp24Xl;m e2QlQm �l�m8�2�lm log 1 + �lm1� �lm �log kmaxkmin � log �Ekmin�35d�i!f= exp24Xl;m e2QlQm �l�m8�2�lm log 1 + �lm1� �lm log kmax�E 35d�i!f (51)We see that the IR 
ut-o� kmin drops out and yields d�soft IR-�nite. The UV-divergen
e whi
h isstill present through the regulator kmax would now need to be treated through renormalization.
18



5 Soft photon 
orre
tion to Bhabha s
atteringPhotons are massless gauge bosons, whi
h allows them to be produ
ed at arbitrarily small energies.Any physi
al 
alorimeter has a �nite resolution. We therefore have to take soft photon emissionbelow the resolution ! into a

ount, by evaluating diagrams like the ones in Figure 4.e�(p1)
e+(p2)

e�(p3)
e+(p4) +
IR(k)

Figure 4: s-
hannel and t-
hannel Bhabha S
attering with a soft photon emissionWe have a total of eight radiative Born diagrams, the s- and t-
hannel 
ontributions with softemission from any of the four legs.5.1 Fa
torization of the IR-divergen
eApplying the IR-fa
torization dedu
ed in the last se
tion, to single soft photon emission from allfour legs in Born level Bhabha S
attering, we �ndMIR = � e p�1(p1:k) � e p�2(p2:k) � e p�3(p3:k) + e p�4(p4:k)�MBorn���: (52)The whole 
ross se
tion then reads d�IRd 
os � = h��ÆIRi� d�Bornd 
os � ; (53)with the infrared fa
torÆIR = 4�2 Z � d3k(2�)32E
�[! �E
 ℄� � p1(p1:k) � p2(p2:k) � p3(p3:k) + p4(p4:k)�2�� " 2X�=1 ���� ���#| {z }=�g�� ; (54)and the photon energy E
 .5.2 The Born 
ross se
tionFor the evaluation of the Born 
ross se
tion we 
hoose the 
enter-of-mass (
m) system of thein
oming parti
les, whi
h is given byp1;2 = ps=2(1; 0; 0;��); p3;4 = ps=2(1;�� sin �; 0;�� 
os �): (55)The masses and energies of all parti
les are equal, whi
h yields that the absolute values of all3-ve
tors are also equal: p := j~pij =qE2i �m2 = ps2 �; (56)19



with the velo
ity � := pE =q1� 4m2s .We use the Mandelstam invariantss = (p1 + p2)2 = (p3 + p4)2;t = (p1 + p3)2 = (p2 � p4)2 = 2m2 � s=2(1� � 
os �);u = (p1 + p4)2 = (p2 � p3)2 = 2m2 � s=2(1 + � 
os �); (57)to express the Born QED 
ross se
tion, whi
h isd�QED;Bornd 
os � = e4� [�s + �st + �t℄ ; (58)with �s = 18s3 �s22 + st+ (2m2 � t)2� ;�st = 18s2t �(s+ t)2 � 4m4� ;�t = 18st2 � t22 + st+ (2m2 � s)2� : (59)5.3 The IR-divergent fa
tor ÆIRThe emitted Bremsstrahlung is soft, i.e. the photon energy E
 is below the dete
tion threshold !:E
 < ! < ps;m: (60)The infrared fa
tor takes the formÆIR = 4�2 Z � d3k(2�)32E
�[! �E
 ℄� IIR; (61)with IIR := � 2p1:p2(p1:k)(p2:k) � p21(p1:k)2 � p22(p2:k)2 �| {z }:=IIR(12) + � 2p3:p4(p3:k)(p4:k) � p23(p3:k)2 � p24(p4:k)2 �| {z }:=IIR(34)+ 2 � p1:p3(p1:k)(p3:k) � p1:p4(p1:k)(p4:k)| {z }:=IIR(13) + p2:p4(p2:k)(p4:k) � p2:p3(p2:k)(p3:k)�| {z }:=IIR(24) : (62)We will use the on-shell 
ondition p2i = m2 as well as the Mandelstam relations2p1:p2 = 2p3:p4 = (s� 2m2)T := 2p1:p3 = 2p2:p4 = (2m2 � t)U := 2p1:p4 = 2p2:p3 = (2m2 � u): (63)For two arbitrary 4-ve
tors q1; q2, one 
an write their s
alar produ
t asq1:q2 = q01q02(1� �1�2 
os �): (64)20



Sin
e for massless parti
les their energy and the absolute value of their momentum are equal, wehave �
 = j~kjE
 = 1, whi
h yieldspi:k = p0iE
(1� �i 
os �i); �i = j~pijp0i : (65)Ea
h non-interferen
e term now only depends on one variable, namely 
os �i. To apply the sameformalism for the interferen
e terms with i 6= j, we introdu
e a Feynman parameter �pi:pj(pi:k)(pj :k) = Z 10 d� pi:pj(p(ij)� :k)2 ; p(ij)� = pi�+ pj(1� �): (66)The fa
t that all energies are equal, givesp0� = p0i = ps=2 (67)for all p(ij)� . The momenta and therefore the velo
ities �(ij)� di�er however. For initial- �(12)� and�nal state �(34)� radiation, these relations are still fairly simple(p(12)� )2 = (p(34)� )2 = m2 + (s� 4m2)�(1 � �); (68)whi
h gives us the velo
ities �(12)� = �(34)� = �p(1� 2�)2: (69)The equality of not only the individual velo
ities and energies, but also the ones of the initialinterferen
e terms and �nal interferen
e terms, give the equality of IIR(12) and IIR(34).Using kinemati
 relations we further �nd(p(13)� )2 = (p(24)� )2 = m2 + (T � 2m2)�(1 � �)(p(14)� )2 = (p(23)� )2 = m2 + (U � 2m2)�(1 � �); (70)whi
h yields the equality of IIR(13) and IIR(24). In 
on
lusion we rewriteÆIR = 4�2 Z 10 d� Z � d3k(2�)32E
�[! �E
 ℄� h2IIR(12) + 2IIR(13)i ; (71)with IIR(12) = (s� 2m2)(p(12)� :k)2 � 2m2(p1:k)2 = 1E2
 " (s� 2m2)(p0�)2(1� �(12)� 
os �) � 2m2(p01)2(1� � 
os �)# ;IIR(13) = T(p(13)� :k)2 � U(p(23)� :k)2 = 1E2
 " T(p0�)2(1� �(13)� 
os �) � U(p0�)2(1� �(23)� 
os �)# : (72)The angles are in fa
t all di�erent to one another. Normally we would have to distinguish them,but sin
e in ea
h summand there is only one angle, we 
an always 
hoose that angle to be theangular integration variable.The E�2
 in IIR(ij) 
ombined with the E�1
 in the measure give the IR divergen
eZ d3kE3
 �[! �E
 ℄ = Z d

 Z !0 dE
E2
E3
 = Z d

 [ln(E
)℄!0 ; (73)whi
h we will treat with dimensional regularization.21



5.4 Initial state radiationThe pure initial state radiation, whi
h - as we noted in the last se
tion - is equal to pure �nal stateradiation, gives the 
ontributionÆIR;in = 4�2 Z 10 d�Z � d3k(2�)32E
�[! �E
 ℄�IIR(12); (74)to the whole IR-fa
tor. As already mentioned, this integral is IR-divergent and we therefore di-mensionally regularize it by the standard way of going from d = 4 to d = 4� 2� dimensions. Notehowever, that the regularization parameter � has to be negative for the 
ase of pure IR-divergen
es.d3k �! d(d�1)k = dE
 Ed�2
 d
(d�1) (75)with d
(d�1) = d�2Yl=1 sind�2�l �ld�l = hsind�3 �1d�1id
(d�2) = 2�d=2�1�[d=2 � 1℄ hsind�3 �1d�1i : (76)where we have integrated over d
(d�2) in the last step.ÆIR;in �! 2�d=2�1�[d=2 � 1℄ (2��)(4�d)4� Z 10 d�Z !0 dE
E(3�d)
 Z �0 d� sind�3 � IIR(12) (77)The 
onventional fa
tor (2��)(4�d) is multiplied onto the expression, to a

ount for dimensionaltransmutation. We use the integralsZ !0 dE
�(d�4)E(d�5)
 = (!=�)(d�4)d� 4 = 1d� 4 [1 + (d� 4) ln [!=�℄ +O(�)℄ ;Z �0 d� sind�3 �(1� �i 
os �)2 = Z +1�1 dx(1� x2)(d=2�2)(1� �ix)2= Z +1�1 dx(1� �ix)2 �1 + d� 42 ln[1� x2℄ +O(�2)� ; (78)and negle
t terms of O(�) in the �rst and of O(�2) in the se
ond integral. Using the expansion2�d=2�1�[d=2 � 1℄ (2�)(4�d)4� = 12 +O(�); (79)we get ÆIR;in = �PIR + ln[!=�℄� 12 Z 10 d�Z +1�1 dxF(�; x)+ 14 Z 10 d�Z +1�1 dx ln[1� x2℄F(�; x); (80)with F(�; x) = s� 2m2(p0�)2(1� �(12)� x)2 � 8m2s(1� �x)2 ; PIR = �12� : (81)The IR-divergen
e appears as the �-pol PIR. We further pro
eed by evaluating the x-integralsZ +1�1 1(1� �ix)2 = 21� �2iZ +1�1 ln[1� x2℄(1� �ix)2 = 21� �2i �2 ln 2� 1�i ln 1 + �i1� �i � : (82)22



Using (p0i )2(1� �2i ) = (pi)2 we get12 Z 10 d�Z +1�1 dxF(�; x) = (s� 2m2)Z 10 d�(p(12)� )2 � 214 Z 10 d�Z +1�1 dx ln[1� x2℄F(�; x) = ln 2"(s� 2m2)Z 10 d�(p(12)� )2 � 2#� 1� ln 1� �1 + �+ s� 2m22 "Z 10 d���(p(12)� )2 ln 1� ��1 + ��# ; (83)with the Feynman parameter integralsZ 10 d�(p(12)� )2 = Z 10 d�(s� 4m2)�(1 � �) +m2 = 2s� ln 1 + �1� � (84)andZ 10 d���(p(12)� )2 ln 1� ��1 + �� = Z 10 d�(s� 4m2)�(1� �) +m2 1�p(1� 2�)2 ln 1� �p(1� 2�)21 + �p(1� 2�)2= 4s� Z 10 dyy(1� �y)(1 + �y) ln 1� �y1 + �y= �2s� �2Li2 [��℄� Li2 �1� �2 �� 2Li2 [�℄ + Li2 �� + 12 �� 12 ln2 1� �2 + 12 ln2 � + 12 � : (85)Inserting these integrals, we �nd the �nal resultÆIR;in = 2 �PIR + ln[2!=�℄� �(s� 2m2)s� ln 1 + �1� ���� 1� ln 1� �1 + �� s� 2m2s� �2Li2 [��℄� Li2 �1� �2 �� 2Li2 [�℄ + Li2 �1 + �2 �� 12 ln2 1� �2 + 12 ln2 � + 12 � : (86)5.5 Interferen
e of initial- and �nal state radiationNote that in the previous se
tion we 
ould have also 
al
ulated the interferen
e term without havingto introdu
e Feynman parameters. This is possible by making use of the simple relation1(p1:k)(p2:k) = 1(p1 + p2):k � 1(p1:k) + 1(p2:k)� = 1psE
 � 1(p1:k) + 1(p2:k)� : (87)We did however 
hoose the seemingly harder path via Feynman parameters, be
ause in the inter-feren
e term of initial- and �nal state radiation, we have no su
h identity that would allow us to
hoose a more dire
t approa
h. The following 
al
ulation is now analogous to the one presented inthe previous se
tion. We evaluate the following integralÆIR;in;out = 4�2 Z 10 d�Z � d3k(2�)32E
�[! �E
 ℄� 2IIR(13): (88)Note that in (72) the only di�eren
e between IIR(12) and IIR(13), ex
ept for fa
tors, are the �(ij)� . Theregularization will be the same as in (77) and the E
-, �- and x-integrals arising will be of the23



exa
t same form as the ones in (78) and (82). However after having performed those integrals,the parameter integrals will di�er, due to the di�eren
e of the �(ij)� . After having done the abovementioned integrations, we are left with the following expressionÆIR;in;out = 2 �PIR + ln[!=�℄� Z 10 d�" T(p(13)� )2 � U(p(14)� )2#+ Z 10 d�" 2T ln 2(p(13)� )2 � 2U ln 2(p(14)� )2 �T ln�1+�(13)�1��(13)� ��(13)� (p(13)� )2 + U ln�1+�(14)�1��(14)� ��(14)� (p(14)� )2 3775| {z }:=F : (89)
We use (70) and the equivalent relations for �(13)� and �(14)� :�(13)� = 2ps �m2 + (T � 2m2)�(1 � �)�1=2�(14)� = 2ps �m2 + (U � 2m2)�(1� �)�1=2 (90)as well as the integralsZ 10 d�m2 + (T � 2m2)�(1 � �) = ln hT+pT 2�4m4T�pT 2�4m4 ipT 2 � 4m4Z 10 d�F = �2 �Li2 �1� 1� �1� � 
os ��+ Li2 �1� 1 + �1� � 
os ��� Li2 �1� 1� �1 + � 
os ��+ Li2 �1� 1 + �1 + � 
os ��� ; (91)to get the �nal resultÆIR;in;out = 2 �PIR + ln[2!=�℄� 24T ln hT+pT 2�4m4T�pT 2�4m4 ipT 2 � 4m4 � U ln hU+pU2�4m4U�pU2�4m4 ipU2 � 4m4 35� 2 �Li2 �1� 1� �1� � 
os ��+ Li2 �1� 1 + �1� � 
os ��� Li2 �1� 1� �1 + � 
os ��+ Li2 �1� 1 + �1 + � 
os ��� : (92)The whole 
orre
tion term (71) is a sum out of (86) and (92):ÆIR = 2ÆIR;in + ÆIR;in;out: (93)The fa
tor 2 in front of ÆIR;in appears sin
e ÆIR;in = ÆIR;out be
ause of the identi
al masses of thein- and out-states.
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6 Mellin-Barnes representation6.1 Mellin-Barnes representationThe history of perturbative QFT has seen the development of a number of di�erent te
hniquesfor the evaluation of Feynman diagrams. A 
omprehensive a

ount of the di�erent approa
hes isgiven in [5℄. Likely the most important te
hnique is the introdu
tion of Feynman parameters [2℄(see appendix C). As will be explained below, they also are an integral part of the appli
ation ofMellin-Barnes (MB) representations to Feynman integrals.Today further important te
hniques are integration by parts and the redu
tion to master integrals[67℄, the use of di�eren
e equations as well as the appli
ation of MB representations. For theevaluation of the 5-Point fun
tion in Bhabha s
attering, we will resort to the latter.Even though the theory of Mellin-Barnes integrals is mu
h older (see e.g. [68℄), the �rst notableappli
ation to the evaluation of Feynman integrals was made in [69℄ and was further developed in[70℄. The appli
ation to higher orders was 
arried out by [71℄ and [72℄ using di�erent regularizationte
hniques. Re
ently the appli
ation of MB-representation has seen an important automatizationin [55℄ and [56℄.The key identity is the so 
alled Mellin-Barnes representation, whi
h is in some sense an inverseFeynman parametrization, as it turns a sum in the denominator into a produ
t:(A+B)�a = 12�i Z +i1�i1 dz[AzB�a�z℄�[a+ z℄�[�z℄�[a℄ : (94)This identity may be proved, by Taylor expanding (1 � x)�a around zero. The k-th derivative of(1� x)�a readsdkdxk ����x=0 (1� x)�a = a(a+ 1)(a + 2) � � � (a+ k � 1)(1� x)�a�kjx=0 = �[a+ k℄�[a℄ = (a)k; (95)Where (a)k is the Po
hhammer symbol. For jxj < 1 this yields the identity1(1� x)a = 1Xk=0 dkdxk 1(1� x)a ����x=0 xkk! = 1Xk=0 �[a+ k℄�[a℄ xkk! = 2F1[a; b; b;x℄; (96)where 2F1[a; b; 
;x℄ is the Gauss hypergeometri
 fun
tion (see appendix C). Now the qFp 
an berepresented as the Mellin-Barnes Integral [68℄:2F1[a; b; b;x℄ = 12�i 1�[a℄ Z +i1�i1 dz (�x)z�[a+ z℄�[�z℄: (97)Rewriting (A+B)�a = B�a(1� (�A=B))�a; (98)we obtain the Mellin-Barnes representation (94). It is important to note, that the Mellin-Barnesrepresentation of the hypergeometri
 fun
tion (97) is only valid, if the integration 
ontour separatesthe left poles (i.e. poles of �[� � � + z℄) from the right poles (poles of �[� � � � z℄). Only if this is the
ase, does the sum of the residues of the left (or right) poles add up to give the hypergeometri
series above.6.2 Mellin-Barnes representation for multiple propagatorsThe appli
ation of Mellin-Barnes representations to multiple propagators might seem somewhatstrange, sin
e the idea is to -as usual- introdu
e Feynman parameters in order to turn the produ
t25



of propagators into a sum in the denominator and later apply MB-representations to turn this sumba
k into a produ
t of the summands. How 
an this be helpful in the evaluation of loop integrals?Consider the general L-loop integral with measure Dki � (�i��d=2)ddki, the s
alar propagatorsDi � [q2i �m21℄ and a numerator stru
ture X = X(k�11 ; : : : ; k�LL ):G(X) = Z [Dk1 � � �DkL℄ �XDn11 � � �DnNN : (99)With the introdu
tion of Feynman parameters (see appendix C) this 
an be written asG(X) = �[Nn℄Z [Dk1 � � �DkL℄ �X�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄ Æ(1 � x1 � � � � xN )(x1D1 + � � �+ xNDN )Nn : (100)Following this simpli�
ation, the loop momenta integrations redu
e to a mere repla
ement. Thisis due to the fa
t that we 
an dedu
e the momentum integrals of this general stru
ture for X =1; k�1 ; k�1 k�2 (see appendix D), however more general numerator stru
tures 
an be evaluated and areimplemented in the Mathemati
a pa
kage AMBRE.m [55℄. As an example we give the s
alar L-Loopresult:G(1) = (�1)Nn �[Nn � Ld=2℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄Æ(1 � x1 � � � � xN )U(x)Nn�d=2(L+1)F (x)Nn�d=2L : (101)Where the U- and F-forms are sums of produ
ts of the Feynman parameters and Mandelstaminvariants or masses (see appendix D for details). We are left with the Feynman parameter integrals.The key idea of Mellin-Barnes representation is to su

essively apply the MB-representation (94)to the U- and F-form till all the summands fa
torize, i.e. till all the sums involving Feynmanparameters have vanished and one 
an apply e.g.:Z 10 NYj=1[dxjx�j�1j ℄Æ(1 � x1 � � � � xN ) = �[�1℄ � � ��[�N ℄�[�1 + � � �+ �N ℄ ; (102)whi
h itself follows dire
tly from the general Feynman parameter formula by setting all propagatorsequal to 1 (see appendix C).6.3 AMBRE.m and the s
alar 1-loop box B4l2mAs an example, we look at the s
alar 1-loop Box B4l2m:GB4l2m = Z Dq[(q + p1)2 �m2℄[(q + p1 + p2)2℄[(q + p3)2 �m2℄[q2℄ : (103)Following the steps explained in appendix D, we �nd the F-formFB4l2m = m2(x2 + x4)2 + (�s)x1x3 + (�t)x2x4: (104)Generally, for 1-loop integrals it holds that U(x) = 1. Whereas we �rst introdu
ed Feynmanparameters to make a sum out of the produ
t of propagators, we now introdu
e MB-integrals in
26



order to reobtain a produ
t out of the F-form. The su

essive appli
ation of (94) gives1(FB4l2m)� = 12�i Z +i1+a1�i1+a1 dz1 [m2(x2 + x4)2℄z1[(�s)x1x3 + (�t)x2x4℄�+z1 �[� + z1℄�[�z1℄�[�℄= 1(2�i)2 2Yi=1 Z +i1+ai�i1+ai dzi [m(x2 + x4)℄2z1 [(�s)x1x3℄z2[(�t)x2x4℄�+z1+z2��[� + z1 + z2℄�[�z2℄�[� + z1℄ �[� + z1℄�[�z1℄�[�℄= 1(2�i)3 3Yi=1 Z +i1+ai�i1+ai dzi(m)2z1(�s)z2(�t)���z1�z2 �xz21 x���z1�z2+z32 xz23 x��+z1�z2�z34 ���[�2z1 + z3℄�[�z3℄�[�2z1℄ �[� + z1 + z2℄�[�z2℄�[� + z1℄ �[� + z1℄�[�z1℄�[�℄ (105)where � = Nn � d=2L = 2 + �. Now applying (102) givesR 10 Q4j=1[dxj℄ �xz21 x���z1�z2+z32 xz23 x��+z1�z2�z34 � Æ(1 � x1 � x2 � x3 � x4)= �[1 + z2℄2�[�1� �� z1 � z2 + z3℄�[�1� �+ z1 � z2 � z3℄�[�2�℄ ; (106)yielding the massive s
alar 4-point fun
tionGB4l2m = 1(2�i)3 3Yi=1 Z +i1+ai�i1+ai dzi �m2�z1 (�s)z2(�t)�2���z1�z2�[1 + z2℄2�[2 + �+ z1 + z2℄��[�z1℄�[�z2℄�[�2z1 + z3℄�[�1� �� z1 � z2 + z3℄�[�1� �+ z1 � z2 � z3℄�[�z3℄�[�2�℄�[�2z1℄ :(107)This 
an be signi�
antly simpli�ed by applying Barnes �rst lemma with respe
t to z3, whi
h isgiven at the end of this se
tion. The expression then readsGB4l2m = 1(2�i)2 2Yi=1 Z +i1+ai�i1+ai dzi �m2�z1 (�s)z2(�t)�2���z1�z2�[�z1℄�[�z2℄�[1 + z2℄2��[2 + �+ z1 + z2℄�[�2� 2�� 2z2℄�[�1� �� z1 � z2℄2�[�2�℄�[�2�� 2z1 � 2z2 � 2℄ : (108)The dedu
tion of the above MB-representation was automatized in the Mathemati
a pa
kageAMBRE.m [55℄. The starting point of AMBRE is the de�nition of the loop integral. E.g. the inte-gral (103) isFullintegral[f1g; fPR[q+ p1; 0; n1℄ � PR[q+ p1+ p2; m; n2℄ � PR[q+ p3; m; n3℄ � PR[q; 0; n4℄g; fqg℄invariants = fp12 ! m2; : : : gIntPart[1℄; (109)where the 
ommand Fullintegral was followed by a spe
i�
ation of a repla
ement list for themomentum 
ontra
tions by invariants that need to be 
hosen 
arefully to get an F-form that is as
ompa
t as possible, in order to arrive at a representation with a minimal number of MB-integrals.Further IntPart[n℄ prepares the subloop n in multiple-loop integrals.The 
entral fun
tion in AMBRE is SubLoop[integral℄; (110)27



this performes all the steps leading to (107), in
luding the expli
it 
al
ulation of both the U- andF-polynomial.Finally there is an implemented 
ommand that tries to apply the Barnes lemmas:BarnesLemma[representation; i℄; (111)where for i one 
an insert either 1 or 2 depending on whi
h lemma one wants to apply.6.4 Regularization of MB-integrals

Figure 5: Regularization of the MB-integrals a

ording to the Tausk method. Poles are beingshifted (by 
hosing � 6= 0) in su
h a way, that the integration 
ontour parallel to the imaginary axisseperates the left- from the right poles.As already stated, the Mellin-Barnes representation is only de�ned, if the integration 
ontour is
hosen in su
h a way, that it separates the left from the right poles. For a given 
ombination of�{fun
tions this will not be the 
ase if UV- or IR-divergen
es are present and the 
ontour is
hosen to be a straight line parallel to the imaginary axis.There are two known s
emes of regularization and analyti
 
ontinuation. The "Smirnovmethod" [71℄ whi
h is based on deforming the 
ontour and the "Tausk method" [72℄ whi
h �xesthe 
ontours parallel to the imaginary axis and a

ounts for poles 
rossing in analyti

ontinuation.In our following dis
ussion, we will use the latter, whi
h was also used to automatize the analyti

ontinuation in MB.m [56℄.To regularize a MB-Integral means to 
hoose an integration 
ontour that separates the integrandsleft- from its right poles. In order to ilustrate the "Tausk method", we fo
us on the general MB-integral Z +i1�i1 dz f(z) �l[a1 + z℄ � � ��l[an + z℄�r[b1 � z℄ � � ��r[bm � z℄; ai; bj 2 R (112)where the indi
es l; r label the Gamma fun
tions with left and right poles respe
tively and thefun
tion f(z) is everywhere nonsingular and de
reases suÆ
iently fast at in�nity. As alreadymentioned, we will keep the 
ontour parallel to the imaginary axis. Our goal is now to �nd a
ontour that stays right of all the left poles, i.e.:Re[z℄ = �ai + Æi; 8ai; and Æi > 0; (113)28



and left of all the right poles, i.e.:Re[z℄ = bj � Æj ; 8bj; and Æj > 0: (114)These 
onditions are equivalent to requiring the real parts of the arguments of all the Gammafun
tions in the numerator to be positive. This argument holds also for multidimensional MB-integrals. The regularization 
ondition for the 
ontour to separate the left from the right polesof Z +i1�i1 dz1 � � � Z +i1�i1 dzm �1[A1℄�2[A2℄ � � ��n[An℄; Ai = Ai(z1; : : : ; zm; �) (115)is then equivalent to the 
onditionRe[A1℄ > 0; Re[A2℄ > 0; : : : ; Re[An℄ > 0: (116)In the appli
ation of MB-representations to Feynman integrals as des
ribed above, the only depen-den
e of the arguments, other then on the integration variables, will be on the parameter � thatarises in dimensional regularization.6.5 MB.m and analyti
 
ontinuation in �In general, in order to full�ll the regularization 
ondition (116), we will need to 
hoose � 6= 0.Sin
e we are interested in expressions (amliptudes, et
.) as Laurent series around � = 0, we mustperform an analyti
 
ontinuation towards � = 0. Note that, on
e we have found suitable regulariza-tion 
onditions, i.e. a set fRe[�℄; Re[z1℄;Re[z2℄; : : : ;Re[zn℄g = f
0; 
1; 
2; : : : ; 
nj
i 2 Rg that full�lls(116), we keep the integration strips �xed (we do not 
hange Re[zi℄). The analyti
 
ontinuation isa 
ontinuation only in �. As � approa
hes zero we will 
ross one or several poles of the Gammafun
tions. Ea
h pole 
rossing is a

ounted for by adding or subtra
ting (depending on whi
h sidethe 
ontour is being 
losed) the residue in the relevant variable. For an n-fold MB-integral theresidue is an (n-1)-fold MB-integral whi
h might still 
ontain poles in the remaining variables thatare being 
rossed as �! 0. These poles are of 
ourse to be treated the same way.To ilustrate analyti
al 
ontinuation we will go ba
k to the s
alar box integral (108) and intro-du
e the 
oordinates r1 = z2 and r2 = �2� �� z1 � z2:GB4l2m = 1(2�i)2 2Yi=1 Z +i1+ai�i1+ai dri �m2��2�� �� sm2�r1 �� tm2�r2 �[�r1℄�[1 + r1℄2�[�r2℄�[1 + r2℄2�[�2�℄�[2 + 2r2℄��[�2(1 + �+ r1)℄�[2 + �+ r1 + r2℄: (117)This integral is regularized by the following 
hoi
e:a1 = �3=4; a2 = �1=4; � = �3=4: (118)A set that full�lls (116) 
an be easyly found using the MB 
ommandMBoptimizedRules[MBintegral; eps! 0; fg; fepsg℄; (119)where, in the third argument, one 
an demand e.g. the real part of one of the MB-integration stripsto be greater or smaller then a given real value (e.g. r2 < �1=4).If we now keep a1 and a2 �xed and let � approa
h zero, all the gamma fun
tions in the numeratorstay �nite exept for �[�2(1 + �+ r1)℄, whi
h has a right pole at � = �1=4. Closing the r1 
ontour29



to the left, we have to substra
t the residue at r1 = �1� �, sin
e the 
orresponding pole runs intothe area of integration when �! 0. We therefore haveGB4l2m = lim�!0(2�i)2 2Yi=1 Z +i1+ai�i1+ai dri �m2��2�� �� sm2�r1 �� tm2�r2 �[�r1℄�[1 + r1℄2�[�r2℄�[1 + r2℄2�[�2�℄�[2 + 2r2℄��[�2(1 + �+ r1)℄�[2 + �+ r1 + r2℄� lim�!0(2�i) Z +i1+a2�i1+a2 dr2 �m2��1�� �� sm2����� tm2�r2 �[��℄2�[1 + �℄�[�r2℄�[1 + r2℄32s�[�2�℄�[2 + 2r2℄ ;(120)where the se
ond summand is the substra
ted residue in r1 = �1 � �. Now, after the analyti

ontinuation, we 
an expand GB4l2m in a Laurent series around � = 0. The �rst summand turnsout to give a 
ontribution only in O(�) whi
h we will negle
t here. We thus only have to solve these
ond, one dimensional MB-integral:GB4l2m = lim�!0(2�i) Z +i1�1=4�i1�1=4 dr2m2s �� tm2�r2 �[�r2℄�[1 + r2℄3�[2 + 2r2℄ �1� � ln (�s)�+O(�)= lim�!0(2�i) Z +i1�3=4�i1�3=4 drm2s �� tm2��1�r �[�r℄3�[1 + r℄�[�2r℄ �1� � ln (�s)�+O(�): (121)Closing the 
ontour to the left, this integral 
an be written as an in�nite sum over the residues atr = �1;�2; : : : by making use of the residue theorem:I
 dzf(z) = 2�iXRes Res[f(z)℄; (122)whi
h relates the 
ontour integral of f(z) along the 
urve 
 to the sum over the residues Res[f(z)℄en
losed by 
. Applying this to the above expression givesGB4l2m = 1m2s �1� � ln (�s)� 1Xn=0 � tm2 �n�2nn � (2n+ 1) +O(�)= 1m2s �1� � ln (�s)� 2yy2 � 1 ln(y) +O(�): (123)where y = y(t=m2) and the 
onformal variable isy(t) = p1� 4=t� 1p1� 4=t+ 1 ; t = �(1� y(t))2y(t) : (124)It has further to be mentioned, that in order to rewrite the integration over the imaginary axisas a 
losed 
ontour integral, so that we 
an apply the residue theorem, we need to ensure thatthe integration on the half-
ir
le at in�nity does not 
ontribute (i.e. that the Jordan lemma isappli
able). This is assumed in MB.m, however one needs to perform numeri
al 
he
ks to ensurethat the Jordan lemma indeed holds.It might very well be the 
ase that the integrand 
onverges to zero at in�nity on one side of inte-gration strip, but not on the other, thereby for
eing us to 
lose the 
ontour to the side where thehalf-
ir
le does not 
ontribute.The steps that led to (121) are implemented in MB.m, where the key fun
tion isMB
ontinue[integrand; eps! 0; rules; Verbose! False℄ (125)30



whi
h performes the analyti
 
ontinuation. The Laurent series expansion is performed byMBmerge[MBexpand[integral; Exp[eps � EulerGamma℄; feps; 0; 0g℄℄; (126)where we have 
alled an additional MBmerge 
ommand that merges integrals with the same 
ontour,whi
h arise, when one has to add or subtra
t multiple residues.We might fa
e the situation that the set of ne
essary regularization 
onditions (116) 
annot besatis�ed. Using the pa
kage MB.m [56℄ this manifests itself in the 
ommand MBopitmizedRulesgiving no result. In this situation we are free to add further parameters to the arguments of theGamma fun
tions, making our integrals well de�ned in the above sense. To retrieve the originalintegrals we will have to pro
eed in 
omplete analogy to the �-
ontinuation. We let the parametersapproa
h zero and add the residua of every pole they 
ross on their way.The introdu
tion of new parameters 
an also be used to 
hange the integration strips, whi
h nor-mally remain �xed. Usually one 
an �nd an in�nite 
ontinua of solutions to (116). However thesesolutions vary only very little. E.g. we might be able to satisfy (116) with any z2 2 (�1;�1=2) butnot be able to 
hoose a z2 < �1, whi
h might be physi
ally desirable. The introdu
tion of a newparameter makes this 
hoi
e possible. In pra
ti
e this means, that if we 
hoose z2 < �1, we needto add the residue whi
h the new parameter 
rosses as it approa
hes zero: the residue at z2 = �1.6.6 Barnes' �rst and se
ond lemmaBarnes' �rst and se
ond lemma assume the integration 
ontour to seperate the left- and right-polesof the integrand. The �rst lemma reads:Z +i1�i1 dz2�i�[a1 + z℄�[a2 + z℄�[b1 � z℄�[b2 � z℄ = �[a1 + b1℄�[a1 + b2℄�[a2 + b1℄�[a2 + b2℄�[a1 + a2 + b1 + b2℄ ;(127)and the se
ond lemma:Z +i1�i1 dz2�i �[a1 + z℄�[a2 + z℄�[a3 + z℄�[b1 � z℄�[b2 � z℄�[a1 + a2 + a3 + b1 + b2 + z℄ =�[a1 + b1℄�[a1 + b2℄�[a2 + b1℄�[a2 + b2℄�[a3 + b1℄�[a3 + b2℄�[a1 + a2 + b1 + b2℄�[a1 + a3 + b1 + b2℄�[a2 + a3 + b1 + b2℄ : (128)When applying one of the lemmas, we need to be aware of the fa
t that, not only do we need a
ontour t0 seperate the poles, but we might also en
ounter a singular expression if e.g. a1 = �b1�nwith n 2 N. For this 
ase there are the build in MB.m fun
tionsBarnes1[MBint[integrand; ffeps! 0g; fz1 ! a1; : : : ; zn ! ang℄; zi℄;Barnes2[MBint[integrand; ffeps! 0g; fz1 ! a1; : : : ; zn ! ang℄; zi℄; (129)whi
h introdu
e an in�nitesimal shift in the arguments and then applies analyti
 
ontinuation.
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7 The �ve-point fun
tion in Bhabha s
atteringAfter giving a more detailed introdu
tion to Bhabha s
attering in this se
tion, we 
al
ulate thedivergent part of the 5-point topologies shown in Figure 5 and 6. We will motivate and show, thatall ve
tor- and tensor-integrals have the same divergen
e stru
ture as the s
alar 5-point integral.7.1 Bhabha s
atteringAs already stated in the introdu
tion, Bhabha s
attering is divided into two 
lasses: small-angleBhabha s
attering (SABH) for a s
attering angle 1Æ . �e . 6Æ and large angle Bhabha s
attering(LABH) for �e & 10Æ. The properties of LABH are very di�erent, depending on the energy s
ale.At LEP1 energies (E
m = ps 'MZ) LABH is dominated by the s-
hannel Z0-ex
hange, so alongothers, this pro
ess was used to determine properties of the Z-boson as well as to measure otherimportant ele
troweak parameters (for an extensive a

ount of ele
troweak LEP measurementssee [75℄). For studying the Z-boson and for pre
ision tests of the Standard Model theoreti
alhigher order QED, EW and QCD 
orre
tions have to be evaluated with high pre
ision. For multi-parameter �ts the semi-analyti
 Fortran program ZFITTER [76℄, [77℄ was developed.At LEP2 (ps ' 200 GeV) LABH is dominated by the t-
hannel 
-ex
hange, whi
h in turn meansthat the QED diagrams give the biggest 
ontribution to the 
ross se
tion and thus make LEP2 notvery useful for testing the EW se
tor with Bhabha s
attering.In our 
al
ulations we will 
on
entrate purely on the QED (
-mediated) diagrams in leading- andnext to leading order (NLO) Bremsstrahlung Bhahba s
attering. The QED diagrams not onlydominate LABH at LEP2 energies, but even more so for SABH where & 99% of the 
ross se
tionis given by the pure QED pro
ess of the t-
hannel 
-ex
hange. For this reason SABH was 
hosenboth at LEP1 and LEP2 for the luminosity monitoring.The luminosity L of a 
ollider is the ratio between the event rate dN=dt and the 
orresponding
ross se
tion � of a given pro
ess:dNdt = L�; N = � Z dtL = �L: (130)The error of a luminosity measurement or -
al
ulation thus dire
tly determines the pre
ision ofmeasurement of the 
ross se
tion and is 
ru
ial in the sear
h for new physi
s. From the relation� = N=L it is 
lear, that the error a�e
ting the luminosity L must be smaller then the experimentalerror a�e
ting N. The luminosity of a 
ollider depends in a non-trivial way on the ma
hine andbeam parameters, by whi
h means L might be 
al
ulated. However, this is possible only in ahighly ina

urate way and one resorts to a di�erent strategy. To determine the luminosity of ana

elerator, one 
hooses a well known pro
ess (i.e. SABH at LEP), whi
h is thought to be notmu
h a�e
ted by new physi
s, and 
al
ulates the luminosity a

ording toL = 1�BhabhaN: (131)This luminosity is then used for the determination of all the experimental 
ross se
tions via (130).The main reason why SABH is used for luminosity monitoring is that it is substantially a QEDpro
ess, dominated by a photon ex
hange in the t-
hannel. This in turn implies that its theoreti-
ally dominant 
ontribution is in prin
iple 
al
ulable by means of perturbative QED at arbitrarypre
ision. Sin
e the Z-ex
hange in the t-
hannel and the 
-Z-interferen
es are very small, a de-tailed knowledge of the Z-boson properties, whi
h have signi�
antly higher un
ertainties then theQED parameters, has negligible in
uen
e.The vast dominan
e of the t-
hannel photon ex
hange 
an be easily understood by looking at its32



massless tree-level di�erential 
ross se
tion (whi
h is 
al
ulated in se
tion 5)�t;
;Bornd
 = �24s 2(1� 
os �e)2 �4 + (1 + 
os �e)2� ; (132)where � is the QED �ne stru
ture 
onstant. This 
ross se
tion be
omes in�nitely large for �e ! 0.7.2 Kinemati
 invariantsWe 
onsider the kinemati
s of single photon Bremsstrahlung 
orre
tions to Bhabha s
attering. Wemake the kinemati
 
hoi
e for all momenta to be ingoing:e�(p1) + e+(p2)! e�(�p3) + e+(�p4) + 
(�k): (133)This 
onvention gives the following momentum 
onservation and mass-shell 
onditions:p1 + p2 + p3 + p4 + k = 0;p21 = p22 = p23 = p24 = m2;k2 = 0: (134)The Mandelstam invariants are s = (p1 + p2)2; s0 = (p3 + p4)2;t = (p2 + p4)2; t0 = (p1 + p3)2;u = (p1 + p4)2; u0 = (p2 + p3)2: (135)It is 
lear that, in the IR-limit k ! 0, the primed invariants be
ome equal to the not primed.There are four additional variables that are proportional to the photon momentumv1 = 2k:p1; v2 = 2k:p2;v3 = 2k:p3; v4 = 2k:p4: (136)These of 
ourse vanish in the IR-limit. Contra
ting the sum of all �ve momenta with the photonmomentum yields v1 + v2 + v3 + v4 = 0: (137)The primed and unprimed invariants are related throughs = s0 + v3 + v4; t = t0 + v1 + v4; u = u0 + v2 + v3:The sum of the invariants iss+ t+ u = 4m2 + v3; s0 + t0 + u0 = 4m2 � v3: (138)It is possible to express all momentum 
ontra
tions through the invariants s; t and vi:p1:p2 = (s� 2m2)=2; p3:p4 = (s� 2m2)=2 � (v3 + v4)=2p2:p4 = (t� 2m2)=2; p1:p3 = (t� 2m2)=2 � (v1 + v3)=2;p1:p4 = (�s� t+ 2m2)=2 + v3=2; p2:p3 = (�s� t+ 2m2)=2� (v2 + v3 � v4)=2: (139)33



7.3 Five point topologiesQED 
orre
tions to Bhabha s
attering are evaluated to NNL order (in
luding the NNLO radiativeloop 
orre
tions), however not the pentagon fun
tions whi
h motivates their 
al
ulation in thisthesis.Figure 6 and Figure 7 show the eight 
ontributing topologies for 5-point Bhabha s
attering thatinterfere with the two radiative Born diagrams. The labels of the diagrams are the following:
 = 
rossed; u
 = un
rosseds = s� 
hannel; t = t� 
hannelr =�nal state emission; l = initial state emission;u=ele
tron emission; or positron emission (140)
Figure 6: S-
hannel 5-Point-IR-Box topologies

Figure 7: T-
hannel 5-Point-IR-Box topologiesIt turns out however, that we only need to evaluate two of these, sin
e the other ones are eitherexa
tly equal or equal up to an inter
hange of variables.We take for example the numerator stru
ture of the un
rossed s-
hannel box diagram with theemission from the right propagator N(u
;s;r) and the un
rossed t-
hannel diagram with an emissionfrom the lower propagator N(u
;t;l)N(u
;s;r) = h�v(p2)
�(=q + =p1 +m)
�u(p1)i h�u(�p3)
�(=q � =p3 +m)
Æ(=q � =p3 � =k +m)
�v(�p4)iN(u
;t;l) = h�u(�p3)
�(=q + =p1 +m)
�u(p1)i h�v(p2)
�(=q � =p2 +m)
Æ(=q � =p2 � =k +m)
�v(�p4)i(141)After an inter
hange p2 $ p3 these expressions are almost equal, only that we have �v(p2) and�u(�p3) in N(u
;s;r) but �u(�p2) and �v(p3) in N(u
;t;l)(p2 $ p3). If we take the Born diagrams into34



a

ount that these expressions interfere with and sum over the spins { after the interferen
e { weget X �u(�p3)u(�p3) = �X �v(p3)v(p3) = �=p3 +m;X �u(p2)u(p2) = �X �v(�p2)v(�p2) = =p2 �m: (142)The two minus signs 
an
el and for the interferen
e term we get an exa
t equality after the inter-
hange p2 $ p3 �M(u
;s;r) (Ms +Mt)�� = �M(u
;t;l) (Ms +Mt)��� s$ tv2 $ v3�: (143)This holds for the whole M-matrix, be
ause the denominators of all 8 topologies are equal up to aninter
hange of momenta. Analogous identities 
an be found to hold between the other diagrams.We 
an however not �nd any identity between the 
rossed and un
rossed diagrams. This is dueto the fa
t that the 
rossed diagrams have fermioni
 propagators that are parallel and others thatare anti-parallel to the momentum 
ow, whereas in the un
rossed diagrams all are either parallelor anti-parallel.The evaluation of all 5 point topologies thus redu
es to the evaluation of one 
rossed and oneun
rossed diagram. For this we 
hoose M(u
;s;r) and M(
;s;r). In the IR-limit the total 5-pointM-matirx readsMIR5Point = �M(u
;s;r) +M(
;s;r)�+� s$ tv2 $ v3�+� s$ tv1 $ v4�+�v2 $ v3v1 $ v4�: (144)Of 
ourse, following the above argument, this identity is to be understood in interferen
e withanother M-matrix where the momenta were equally permuted.7.4 M-matrix and divergen
e stru
ture of M(u
;s;r)As already mentioned, among the un
rossed diagrams, we 
hoose to evaluate the 5-Point-IR-Box(u
,s,r) in Figure 8.

Figure 8: 5-Point-IR-Box (u
,s,r)The denominators of the propagators are:Di = [(q � qi)2 �m2i ℄; i = 1; : : : ; 5 (145)35



where the 
hords of the (u
,s,r)-box qi areq1 =� p1; q2 =� p1 � p2;q3 =p3 + k; q4 =p3;q5 =0: (146)The masses are (m1;m2;m3;m4;m5) = (m; 0;m;m; 0): (147)We have a total of three fermioni
 propagators in the loop and thus will get tensor integrals up tothird order If0;�;��;���g := e�
E Z ddqi�d=2 f1; q�; q�q� ; q�q�q�gD1D2D3D4D5 ; (148)The denominators in (145) 
an be simpli�ed:D1 = [q2 + 2p1:q℄; D2 = [q2 + 2(p1 + p2):q + s℄;D3 = [q2 � 2(p3 + k):q � 2p3:k℄; D4 = [q2 � 2p3:q℄;D5 = [q2℄; (149)yielding for d = 4:I q!0/ Z 10 dqf1; q�; q�q� ; q�q�q�gq ; I q!1/ Z 10 dqf1; q�; q�q� ; q�q�q�gq7 : (150)We see thatM is UV �nite for all numerator stru
tures. However the s
alar integral is IR divergentfor q ! 0. This singularity is regularized by a tensor stru
ture in the numerator that involves theloop momentum, i.e. the s
alar integral is the only one that has an IR-loop singularity at q = 0.A se
ond singularity of the loop integration remains: an IR divergen
e at q = q2. This 
an be seenby shifting the integration variable q ! q0 + q2 whi
h gives the same situation as for q ! 0.For q ! q2 however also the ve
tor and tensor integrals are IR divergent. Take e.g. the ve
torintegral I� / Z ddq q�D1D2D3D4D5| {z }�nite at q=0 = Z ddq (q� � q�2 )D1D2D3D4D5| {z }�nite at q=q2 divergent at q=0+q�2 Z ddqD1D2D3D4D5| {z }divergent at q=0 and q=q2; (151)we 
on
lude that the IR divergen
es of the two summands at q = 0 must 
an
el ea
h other be
auseI� is �nite at q = 0. This leaves the divergen
e at q = q2 of the se
ond summand, and we see thatindeed the ve
tor integral is IR divergent at q = q2. This is not surprising, be
ause lines �ve andtwo are the massless internal lines. Further we note the important fa
t, that the divergent part ofthe ve
tor integral I� is proportional to q�2 and agrees with the s
alar one.An analogous argument for the tensor integral gives the same result, only that now the diver-gent part is proportional to q�2 q�2 . This observation motivates, that for the arising loop integralsIf0;�;��;���g we 
hoose to make the ansatz of expanding their solution in the 
hords:I0 = I;I� = q�1 I1 + q�2 I2 + q�3 I3 + q�4 I4;I�� = 4Xi=1 q�i q�i Iii + 4Xi<j; i;j=1 q�i q�j Iij + g��I00I��� = 4Xi=1 q�i q�i q�i Iiii + 4Xi<j<k; i;j;k=1 q�i q�j q�kIijk + g�� 4Xi=1 q�i I00i: (152)36



Due to our 
hoi
e of 
ords q5 = 0, there 
an of 
ourse be no terms proportional to q�5 . In a moregeneral 
hoi
e where q5 6= 0 however there would be a q�5 
ontribution, whi
h moreover would also
ontribute to the divergen
e, line �ve being massless.As an important 
omment on (151) we would like to state that giving the fa
t that for tensorintegrals we 
an isolate their divergent part as a s
alar integral proportional to q�2 , we have toexpe
t that the divergen
e stru
ture of the tensor integrals is just the same as the one divergen
estru
ture of the s
alar part. However { as we saw { the s
alar integral is divergent both at q = 0and q = q2, but the tensor integral is regularized by its numerator stru
ture at q = 0. Therefore weexpe
t only the divergen
e asso
iates to q = q2 to appear. This qualitative 
on
lusion is mirroredby the results for the divergent parts of the integrals (176).The above dis
ussion is of 
ourse limited to the divergen
e stru
ture of the loop integrals. Asalready remarked several times, the photon phase spa
e integrals also diverge. After solving theloop integrals we will get stru
tures proportional to:1vi ; ln(vi)vi ; (153)whi
h for in IR limit vi ! 0 give divergent terms proportional to 1=� and 1=�2 respe
tively.7.5 The �ve-point MB-integralThe MB-integrals that were dedu
ed with the pa
kage AMBRE all have the general stru
tureM =M [Z;A;B;C;D;E; F;G;H℄ (154)M = Z " 5Yi=1 dri(2�)5 # (�s)d=2�r1�Z(t)r2(t0)r3 �v3s �r4 �v4s �r5 Qj=1:::14 �jQk=15:::18 �k (155)with the gamma-fun
tions�1 = �[�r2℄; �2 = �[�r3℄;�3 = �[�r4℄; �4 = �[�r5℄;�5 = �[1 +D + r2 + r3℄; �6 = �[H � r1 + r2 + r3℄;�7 = �[1 + C + r2 + r4℄; �8 = �[1 +E + r3 + r5℄;�9 = �[2 +A+ r2 + 2r3 + r5℄; �10 = �[3 +A+ C � 2H + 2r1 + r4 + r5℄;�11 = �[d+ 2 +B � 2Z � 2r1 � r4 � r5℄; �12 = �[d=2 + 1 +G� Z � r1 � r4℄;�13 = �[d=2 + 1 + F + 2H � Z � r1 � r5℄; �14 = �[�d=2 + Z + r1 + r4 + r5℄; (156)and �15 = �[2 +D +E + r2 + 2r3 + r5℄; �16 = �[3 +A+ C + 2(r2 + r3) + r4 + r5℄;�17 = �[d+ 2 + F +G� 2Z � 2r1 � r4 � r5℄; �18 = �[d+ 5 +A+B + C � 2Z℄: (157)The S
alar integral is I0 =M [5; 0; 0; 0; 0; 0; 0; 0; 0℄; (158)
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and the ve
tor integralsI1 =M [5; 1; 0; 0; 1; 0; 0; 0; 0℄; I2 =M [5; 0; 1; 0; 0; 0; 0; 1; 0℄;I3 =M [5; 0; 0; 1; 0; 0; 0; 0; 0℄; I4 =M [5; 1; 0; 0; 0; 1; 0; 0; 0℄;I5 = 0: (159)The se
ond rank tensor integrals areI11 =M [5; 2; 0; 0; 2; 0; 0; 0; 0℄; I22 =M [5; 0; 2; 0; 0; 0; 0; 2; 0℄;I33 =M [5; 0; 0; 2; 0; 0; 0; 0; 0℄; I44 =M [5; 2; 0; 0; 0; 2; 0; 0; 0℄;Ii5 = 0;I12 =M [5; 1; 1; 0; 1; 0; 0; 1; 0℄; I13 =M [5; 1; 0; 1; 1; 0; 0; 0; 0℄;I14 =M [5; 2; 0; 0; 1; 1; 0; 0; 0℄; I23 =M [5; 0; 1; 1; 0; 0; 0; 1; 0℄;I24 =M [5; 1; 1; 0; 0; 1; 0; 1; 0℄; I34 =M [5; 1; 0; 1; 0; 1; 0; 0; 0℄;I00 = (�1=2)M [4; 0; 0; 0; 0; 0; 0; 0; 0℄: (160)The third rank tensor integrals areI111 =M [5; 3; 0; 0; 3; 0; 0; 0; 0℄; I222 =M [5; 0; 3; 0; 0; 0; 0; 3; 0℄;I333 =M [5; 0; 0; 3; 0; 0; 0; 0; 0℄; I444 =M [5; 3; 0; 0; 0; 3; 0; 0; 0℄;Iij5 = 0;I112 =M [5; 2; 1; 0; 2; 0; 0; 1; 0℄; I113 =M [5; 2; 0; 1; 2; 0; 0; 0; 0℄;I114 =M [5; 3; 0; 0; 2; 1; 0; 0; 0℄; I221 =M [5; 1; 2; 0; 1; 0; 0; 2; 0℄;I223 =M [5; 0; 2; 1; 0; 0; 0; 2; 0℄; I224 =M [5; 1; 2; 0; 0; 1; 0; 2; 0℄;I331 =M [5; 1; 0; 2; 1; 0; 0; 0; 0℄; I332 =M [5; 0; 1; 2; 0; 0; 0; 1; 0℄;I334 =M [5; 1; 0; 2; 0; 1; 0; 0; 0℄; I441 =M [5; 3; 0; 0; 1; 2; 0; 0; 0℄;I442 =M [5; 2; 1; 0; 0; 2; 0; 1; 0℄; I443 =M [5; 2; 0; 1; 0; 2; 0; 0; 0℄;I123 =M [5; 1; 1; 1; 1; 0; 0; 1; 0℄; I124 =M [5; 2; 1; 0; 1; 1; 0; 1; 0℄;I134 =M [5; 2; 0; 1; 1; 1; 0; 0; 0℄; I234 =M [5; 1; 1; 1; 0; 1; 0; 1; 0℄;I001 = (�1=2)M [2; 1;�4; 0; 1; 0;�4; 0; 2℄;I002 = (�1=2)M [2; 0;�3; 0; 0; 0;�4; 1; 2℄;I003 = (�1=2)M [2; 0;�4; 1; 0; 0;�4; 0; 2℄;I004 = (�1=2)M [2; 1;�4; 0; 0; 1;�4; 0; 2℄: (161)As expe
ted, all of these integrals turn out to be �nite, ex
ept forI; I2; I22; I222: (162)Where all four fun
tions have a real IR-divergen
e from the soft Bremsstrahlung. Additionally thes
alar integral I0 has a virtual IR-divergen
e at q = 0 and the tensor integrals in (152) diverge forq = q2.7.6 The divergent integralsThe s
alar integral readsI = 5Yj=1Z +i1+wi�i1+wi drj(2�)5 (�s)���r1�3(�t)r2(�t0)r3 �v3s �r4 �v4s �r5�(�2�� 1)�(2r2 + 2r3 + r4 + r5 + 3) �(�r2)�(�r3)�(�r4)�(�r5)��(r2 + r3 + 1)�(�r1 + r2 + r3)�(��� r1 � r4 � 2)�(r2 + r4 + 1)�(r3 + r5 + 1)��(��� r1 � r5 � 2)�(�+ r1 + r4 + r5 + 3)�(2r1 + r4 + r5 + 3) (163)38



After a further 
hange of variables in the the single integrals, the s
alar pentagon fun
tion evaluatesto: I = IIR(s; v4; t; t0) + IIR(s; v3; t0; t) + �nite terms;IIR(s; v4; t; t0) = 12sm2v4 ��1� + 2 ln t0v4�S�1;1(t) + S0;1(t)� 2S0;2(t; t0)� : (164)Where the �rst index of the newly de�ned S-fun
tions denotes the �-order and the se
ond one thenumber of MB-integrals. The above S-fun
tions read:S�1;1(t) = Z +i1+u�i1+u dr2�i �� tm2��1�r �(�r)3�(1 + r)�(�2r) ; (165)S0;1(t) = Z +i1+u�i1+u dr2�i �� tm2��1�r �(�r)3�(1 + r)�(�2r)h
E � log(m2)� 2 (0)(�2r) + 3 (0)(�r)i ; (166)S0;2(t; t0) = 2Yj=1Z +i1+uj�i1+uj drj(2�i)2 �� t0m2��1�r1 � tt0�r2 �(�r1)2�(�2r1)[�(�r1 � r2 � 1)�(�r2)�(r2 + 1)�(r1 + r2 + 1)℄ : (167)With u; uj 2 (�12 ; 0).These integrals 
an be represented as sums over residues by making use of the residue theorem,I
 dzf(z) = 2�iXRes Res[f(z)℄; (168)whi
h relates the 
ontour integral of f(z) along the 
urve 
 to the sum over the residues Res[f(z)℄en
losed by 
. The above S-fun
tions turn out to all be representable as a 
ombination of inversebinomial sums:~� i1;::: ;ip; j1;::: ;jqa1;::: ;ap; b1;::: ;bq(t) := 1Xn=0 1�2nn � tn(2n+ 1) [Sa1(n)℄i1 : : : [Sap(n)℄ip [Sb1(2n+1)℄j1 : : : [Sbq (2n+1)℄jq(169)that were dis
ussed in [83℄ (see Appendix C.14) where the Sa(n) are harmoni
 sums (Appendix C)Sa(n) = nXk=1 1ka : (170)Both S�1;1(t) and S0;1(t) are evaluated by 
losing the 
ontour to the left. Expressing the sumsthrough the 
onformal variable y:y(t) = p1� 4=t� 1p1� 4=t+ 1 ; t = �(1� y)2y ; 0 � y � 1; (171)we get: S�1;1(t) = ~��; ��; �(t) = 1Xn=0 tn�2nn � (2n+ 1) = 2yy2 � 1 ln(y); (172)39



S0;1(t) = 3~�1; �1; �(t)� 2~��; 1�; 1(t) = 1Xn=0 tn�2nn � (2n+ 1) [3S1(n)� 2S1(2n+ 1)℄= � 4yy2 � 1���Li2 [y℄� Li2 [�y℄� ln(y)�ln(1� y2)� ln(y)2 �+ 12�2� : (173)The S-fun
tion S0;2(t; t0) 
an be substantially simpli�ed in the IR limit t0 ! t by applying Barnes'�rst lemma with respe
t to r2. Naively applying the lemma, however gives rise to a �(0) divergen
edue to the two gamma fun
tions �(�1 � r1 � r2) and �(1 + r1 + r2). In order for the lemma toyield a �nite result we need to introdu
e an in�nitesimal shift in the arguments and later applyanalyti
al 
ontinuation. The result then reads:S0;2(t; t) = Z +i1+u1�i1+u1 dr1(2�i) ��tm2��1�r1 �(�r1)3�(�2r1)�(1 + r1)[
E +	(0)(1 + r1)℄= ln � �tm2 � ~��; ��; �(t) + 3~�1; �1; �(t)� 2~��; 1�; 1(t)= ln � �tm2 �S�1;1(t) + S0;1(t): (174)The whole s
alar �ve point integral in the IR limit then be
omesI = IIR(s; v4; t; t) + IIR(s; v3; t; t) + �nite terms;IIR(s; v4; t; t) = 12sm2v4 ��1� � 2 ln��v4m2 ��S�1;1(t)� S0;1(t)� ;IIR(s; v4; t; t) = 1sm2v4 � yy2 � 1���1� � 2 ln��v4m2 �� ln(y)+2 �Li2 [y℄ + Li2 [�y℄ + ln(y)�ln(1� y2)� ln(y)2 �� 12�2�� : (175)Stri
tly speaking { due to 0 � v4 { the expression ln(�v4=m2) is not well de�ned. This issue isfurther adressed in (190) by making use of the identity s = s+ i�.Summarizing, the divergent parts of the loop integrals areI = �IIR(s; v4; t; t) + IIR(s; v3; t; t)�+�nite terms;I� =q�2 �IIR(s; v4; t; t)� +�nite terms;I�� =q�2 q�2 �IIR(s; v4; t; t)� +�nite terms;I���=q�2 q�2q�2 �IIR(s; v4; t; t)� +�nite terms: (176)
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8 The 
ross se
tionIn this se
tion we 
al
ulate the di�erential 
ross se
tion d�=d 
os � of the interferen
e of all eight5-point topologies with all eight Born Bremsstrahlung diagrams. To render the phase spa
e integra-tion over the photon momentum feasible, we will 
hange our kinemati
 
onvention and later 
arryout the phase spa
e integrals { using dimensional regularization { in se
tion 9. The spinor andgamma matrix algebra was solved with the program FORM [78℄. For general algebrai
 manipulationthe program Mathemati
a [54℄ was used.8.1 Kinemati
 
onventionsFirst we should note, that our previous kinemati
 
onvention for all 4-momenta to be ingoingp1 + p2 = �p3 � p4 � k; (177)leads e.g. to a negative energy of the �nal parti
les. We will thus 
hange our 
onvention whenperforming the phase spa
e integral tok1 + k2 = k3 + k4 + k5; (178)rendering, amongst other things, the energy of all parti
les stri
tly positive. These two 
hoi
es arerelated through (p1; p2; p3; p4; k) = (k1; k2;�k3;�k4;�k5): (179)The Mandelstam invariants remain un
hanged under this transformation, however noti
e that theIR-invariants vi do 
hange:(v1; v2; v3; v4) = (�z1;�z2; z3; z4) = (�2k1:k5;�2k2:k5; 2k3:k5; 2k4:k5): (180)The Bremsstrahlung Born diagrams 
ontain the eikonal 
urrent, whi
h was derived in se
tion 4.Under the sign 
hange of the �nal momenta, this 
urrent also pi
ks up a sign:� e k1:�(k1:k5) � e k2:�(k2:k5) � e k3:�(k3:k5) + e k4:�(k4:k5)� = �� e p1:�(p1:k) + e p2:�(p2:k) + e p3:�(p3:k) � e p4:�(p4:k)� : (181)8.2 The M-matrixWe now turn to the main task of 
al
ulating the divergent part of the di�erential 
ross se
tion ofthe interferen
e between the (u
,s,r) diagram in Figure 8 and the Born Bremsstrahlung diagrams(both s- and t-
hannel). This interferen
e is depi
ted in Figure 9, however we will evaluate theinterferen
e of the (u
,s,r) diagram with Bremsstrahlung diagrams with emissions from all four legs.Due to the simple relation M1M�2 +M�1M2 = 2Re[M1M�2℄; (182)we will only have to 
al
ulate one of the interferen
es:M(2) = 14XspinXpol [iM(u
;s;r)℄[iMIRs + iMIRt ℄�: (183)Where we have averaged over the spin of the in
omming parti
les and summed over spin andpolarization of the outgoing ones. In the following we will work in the Feynman gauge (� = 1).41



Figure 9: M(u
;s;r) � [MIRs +MIRt ℄�The Feynman rules for the (u
,s,r) diagram yieldiM(u
;s;r) = Z ddq(2�)d (i10e5) ��Æ(�k)D1D2D3D4D5 h�v(p2)
�[=q + =p1 +m℄
�u(p1)ih�u(�p3)
�[=q � =p3 +m℄
Æ[=q � =p3 � =k +m℄
�v(�p4)i= ( 2�d��d=2)Z ddqi�d=2 (i�ie5) ��Æ(�k)D1D2D3D4D5 h�v(p2)
�[=q + =p1 +m℄
�u(p1)ih�u(�p3)
�[=q � =p3 +m℄
Æ[=q � =p3 � =k +m℄
�v(�p4)i : (184)Where we have singled out the fa
tor (i 2�d��d=2) to obtain the measure ddq=(i�d=2) whi
h is im-plimented in the Mathemati
a pa
kage AMBRE [55℄, where for example the 
ommandFullintegral[fXg,fPR[q,0,n1℄*PR[q+p1,m,n2℄g,fqg℄,
orresponds to Z ddqi�d=2 X(q2)n1 [(q + p1)2 �m2℄n2 : (185)As further dis
ribed in Appendix D, the 1=i is 
an
eled by an i from the Wi
k-rotation.The Feynman rules for the Bremsstrahlung Born diagrams give[iMIRs + iMIRt ℄� = 2e �� p1:�v1 + p2:�v2 + p3:�v3 � p4:�v4 � �(�ie2)s [�u(p1)
�v(p2)℄[�v(�p4)
�u(�p3)℄+ (�ie2)t [�u(p1)
�u(�p3)℄[�v(�p4)
�v(p2)℄� ; (186)the �rst two fa
tors being the eikonal 
urrent who's fa
torization was dedu
ed in se
tion 4.8.3 The loop integral 
ontributionsWe use equation (15) of se
tion 2 for 2! 2 Bhabha s
attering, multiply with the additional photonphase spa
e and integrate over the redundant angle (whi
h gives us an extra 2�), and obtain:d�d 
os � = Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � 2Re[M(2)℄32�s ; (187)whereM(2) was de�ned in (183). In se
tion 7 we dedu
ed IIR(s; v4; t; t) and gave its result groupeda

ording to the � dependen
e of the terms. For the phase spa
e integration however it is moredesirable to group the terms a

ording to their dependen
e on the vj whi
h 
omprise the soft photon42



momentum. Further we will multiply IIR(s; v4; t; t) with the fa
tor ((4�)�d=2) = (4�)�2(1+� ln(4�))that we fa
tored out in order to obtain the measure used in AMBRE.~IIR(s; v4; t) = 1 + � ln(4�)(4�)2 IIR(s; v4; t; t) = 1(4�)2 1sm2 � 1v4 ~I1 � ln(v4)v4 ~I2� ; (188)with ~I1 = � yy2 � 1�� ln(y)� + 2�i+ 2 ln(m2) ln(y) + ln(4�) ln(y)+2�Li2 [y℄ + Li2 [�y℄ + ln(y)�ln(1� y2)� ln(y)2 �� 12�2�� ;~I2 = � yy2 � 1� [2 ln(y) + � ln(4�)℄ : (189)In ~I2 we have kept the 
onstant term in �, be
ause the integration over ln(v4)=(viv4) will give riseto a ��2 term. We have further inserted the identityln(�vj) = ln��vj�s �+ ln(�s� i�) = ln�vjs �+ ln(s)� i� = ln(vj)� i�: (190)As we have dis
ussed above, we are interessted only in the real part of the M-matrix squared. Thesummand 2�i in I1 will thus drop out.The appearing quantities in the 
ross se
tion will then be:I1(y) � yy2�1� h ln(y)� + 2 ln(m2) ln(y) + ln(4�) ln(y)+2�Li2 [y℄ + Li2 [�y℄ + ln(y)�ln(1� y2)� ln(y)2 �� 12�2�iI2(y) � yy2�1� [2 ln(y) + � ln(4�)℄ (191)We now stand fa
ing the photon phase spa
e integration over the two stru
tures� ln(vj)vivj ; 1vivj : (192)We saw in se
tion 7 that j 2 f3; 4g. vj therefore does not 
hange sign when we 
hange ourmomentum 
onvention like stated above. However the vi arise from the Born diagrams whi
h haveemissions from all four legs, i.e. i 2 f1; 2; 3; 4g. Thus the above stru
tures transform like�� ln(vj)vivj ; 1vivj�! 8<:� ln(zj)zizj ;� 1zizj � if i 2 f1; 2g�� ln(zj)zizj ; 1zizj � if i 2 f3; 4g: (193)The expli
it integration will be 
arried out in the next se
tion.8.4 The 
ross se
tionThe 
ross se
tions for the (u
,s,r)-diagram interfering with the 4 (ea
h one emitting a photon froma di�erent one of the four legs) s-
hannel and 4 t-
hannel Bremsstrahlungs Born diagrams are:d�[(u
; s; r); s℄d 
os � = �s�u
(��1; ��2)d�[(u
; s; r); t℄d 
os � = ��st2 �u
(��1; ��2) (194)43



with the Born 
ross se
tions �s and �st given in (59) and the dimensionless divergent fa
tor�u
(��1; ��2) h e8(2m2�t)m2�3 i �I2(y(t)) ht(P (14)1 + P (24)1 ) + (s� 2m2)(P (14)1 � P (34)1 )+2m2(P (44)1 � P (24)1 )i+ I1(y(t)) ht(P (14)2 + P (24)2 )+(s� 2m2)(P (14)2 � P (34)2 ) + 2m2(P (44)2 � P (24)2 )i� (195)whi
h 
ontains the IR divergent photon phase spa
e integralsP (ij)1 = Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � � ln(zj)zizj ; P (ij)2 = Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � 1zizj : (196)obaying the following identitiesP (ij)k = P (ji)k ; P (33)k = P (44)k ; P (13)k = P (24)k ; P (23)k = P (14)k ; (197)for k = 1; 2. The evaluation of these integrals is the obje
t of the next se
tion.The 
ross se
tions for the interferen
e of the 
rossed 5-point diagram (
,s,r) with the BornBremsstrahlung diagrams are: d�[(
; s; r); s℄d 
os � = �s�
(��1; ��2)d�[(
; s; r); t℄d 
os � = ��st2 �
(��1; ��2): (198)They hold a new divergent fa
tor whi
h has the same stru
ture as the �rst one, only that the uand t are inter
hanged in I1;2 and the global fa
tor is slightly di�erent:�
(��1; ��2) h e8(u�2m2)m2�3 i �I2(y(u)) ht(P (14)1 + P (24)1 ) + (s� 2m2)(P (14)1 � P (34)1 )+2m2(P (44)1 � P (24)1 )i+ I1(y(u)) ht(P (14)2 + P (24)2 )+(s� 2m2)(P (14)2 � P (34)2 ) + 2m2(P (44)2 � P (24)2 )i� (199)We 
an now use the 
rossing symmetry identity (144) to obtain the �nal result for the interferen
eof all eight 5-point topologies with the eight Born Bremsstrahlung topologies:d�d 
os � = [2�s � �st℄ ��u
(��1; ��2) + �
(��1; ��2)�+ (s$ t): (200)
44



8.5 Blo
h-Nordsie
k 
an
ellation

Figure 10: One has to join two diagrams and apply all possible 
uts in order to determine the
orresponding diagrams for the Blo
h-Nordsie
k 
an
ellation.As dedu
ed in se
tion 4, there exist QED diagrams whi
h 
an
el the divergent part of (200).However these 
orresponding diagrams in
lude a set of two-loop diagrams, whi
h goes beyond thes
ope of this thesis. In order to �nd all possible diagrams that 
an possibly 
ontribute, one has to
ip the 
onjugated diagram and join the 
ommon �nal parti
le lines, as shown for the(u
,s,r)-diagram in �gure 10. One then has to employ all possible 
uts that separate the graph intotwo new and valid Feynman diagrams. As shown in �gure 10, some of the arising diagrams are ofnext to next to leading order (NNLO), whi
h makes their 
al
ulation not feasable for this thesis.
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9 The photon phase spa
e integralsThe integral P2 is the same as in the single photon Born Bremsstrahlung diagram. P1 is thus theonly new integral that we need to evaluate.9.1 The P1 integralIn order to be able to 
al
ulate the divergent part of the P1 integral through Feynman parameters,like we did in se
tion 5, we will make use of the following representation of the logarithm� ln(zj) = dd� �����=0 e�� ln(zj) = dd� �����=0 (zj)��; (201)with a real parameter �. This allows us to rewrite P1 asP1 = dd� �����=0 Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � 1ziz1+�j : (202)Using the Feynman parameter representation (appendix C)1ziz1+�j = �[2 + �℄�[1℄�[1 + �℄ Z 10 d� ��[�zj + (1� �)zi℄2+� ; (203)we get P1 = dd� �����=0 �[2 + �℄�[1 + �℄ Z 10 d�Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � (�=2)�4[k�:k5℄2+� ; (204)with the parameter dependent 4 momentumk� = (�kj + (1� �)ki): (205)Like in se
tion 5, we de
ompose the 
ontra
tion k�:k5 ask�:k5 = E
k0�(1� �� 
os �): (206)In d-dimensional polar 
oordinates (dd�1k5 = dE
Ed�2
 d
(d�1)) this readsP1 = dd� �����=0 �[2 + �℄(2��)4�d�[1 + �℄8(2�)3 Z 10 d�(�=2)� Z dE
Ed�5��
 d
(d�1)�(! �E
)[k0�(1� �� 
os �)℄2+� : (207)Performing all but one of the angular integrationsZ d
(d�1) = Z �0 2�d=2�1�[d=2� 1℄ [sind�3 � d�℄; (208)givesP1 = 2�1�d��d=2�[d=2� 1℄ dd� �����=0 Z 10 d� 1(k0�)2 �[2 + �℄(�=2)�(k0�)��[1 + �℄ Z !0 dE
Ed�5��
�d�4 Z �0 d� sind�3 �[1� �� 
os �℄2+� :(209)
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The energy integral is easily done, and the remaining angular integral 
an be simpli�ed:Z !0 dE
Ed�5��
�d�4 = !��d� 4� � [!=�℄d�4;Z �0 d� sind�3 �[1� �� 
os �℄2+�=Z +1�1 dx(1� x2)d=2�2(1� ��x)2+� : (210)Next we 
olle
t all the � dependent parts and di�erentiatedd� �����=0 �[2 + �℄(�=k0�)��[1 + �℄ (2!)��d� 4� � (1� x2)d=2�2(1� ��x)2+�= 14�2 1(1� ��x)2 � 1(1� x2)� �1� 2��1 + ln� �2!k0��� ln(1� ��x)��� ;= 14(��x� 1)2 � 1�2 � 1� �2 + 2 ln� �2!k0��� 2 ln(1� ��x) + ln(1� x2)�+ ln(1� x2)�2 + 2 ln� �2!k0��� 2 ln(1� ��x) + ln(1� x2)2 �+O(�)� ; (211)where we have inserted d = 4� 2� and the Laurent expansion(1� x2)�� = 1� ln(1� x2)�+ ln2(1� x2)2 �2 +O(�3): (212)We have already en
ountered the following x-integrals when we 
al
ulated the Born Bremsstrahlungphase spa
e in se
tion 5:Z +1�1 dx 1(1� ��x)2 = 21� �2� ; Z +1�1 dx ln(1� x2)(1� ��x)2 = 21� �2� �2 ln 2� 1�� ln 1 + ��1� �� � ; (213)for the divergent part one new integral arises, that 
an however easily be 
al
ulatedZ +1�1 dx ln(1� ��x)(1� ��x)2 = 1(1� �2�) �2 + ln(1� �2�) + 1�� ln�1� ��1 + ���� : (214)There are two more integrals arisingZ +1�1 dx ln2(1� x2)(1� ��x)2 ; Z +1�1 dx ln(1� x2) ln(1� ��x)(1� ��x)2 ; (215)however, both 
ontributing to the 
onstant term in �. We list their results in appendix F. Puttingeverything together givesP1 = [!=�℄d�4 2�1�d��d=2�[d=2 � 1℄ Z 10 d�(k0�)2 Z +1�1 dx(1� ��x)214 � 1�2 � 1� �2 + 2 ln� �2!k0��� 2 ln(1� ��x) + ln(1� x2)�+ ln(1� x2)�2 + 2 ln� �2!k0��� 2 ln(1� ��x) + ln(1� x2)2 �+O(�)� ; (216)
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with the expansion[!=�℄d�4 2�1�d��d=2�[d=2� 1℄ = 132�2 [1 + � (ln(�)� 
E � 2 ln[!=(2�)℄)℄+ �232�2 �
2E2 � �212 + ln(�)22 + 2 ln(2)(ln(2�)� 
E � 2 ln(!=�))+ 2 ln(!=�)(
E + ln(!=�)) � ln(�)(
E + 2 ln(!=�))℄ +O(�3) (217)this gives P1 = 1128�2 � 1�2P(�;2) � 1� P(�;1) + P(�;0)�+O(�); (218)withP(�;2) = Z 10 d�(k0�)2 Z +1�1 dx(1� ��x)2 = Z 10 d�(k0�)2 21� �2� = 2Z 10 d�(k�)2 ;P(�;1) = Z 10 d�(k0�)2 Z +1�1 dx(1� ��x)2 �ln(1� x2)� 2 ln(1� ��x) + 
E � ln(�) + 2 + ln� �4�k0���= Z 10 d�(k0�)2 21� �2� ��
E � ln(�)� 2 ln(2�k0�)�+ 2 ln(�)� ln(1� �2�)�= 2[
E � ln(�)� 2 ln(�ps)℄Z 10 d�(k�)2 + 4Z 10 d� ln(�)(k�)2 � 2Z 10 d� ln(1� �2�)(k�)2P(�;0) = Z 10 d�(k0�)2 Z +1�1 dx � ln2(�)2 � (2 + 
E � 4 ln(2)) ln(�) + 2 ln(�)(� ln(�)� ln(4) + 
E)+2 ln�!���2 ln(�)� ln(�) + ln�!��� 4 ln(2) + 
E + 2�� �212 + 
2E2 + 2
E�2 ln(ps!=2)�� ln(�) + 2 ln�!��� ln(4) + 
E�+ 6 ln2(2)� 4(1 + 
E) ln(2)� 1(1� ��x)2�2�� ln(�) + 2 ln�!��� ln(4) + 
E� ln(1� ��x)(1� ��x)2 + �2 ln(�) � ln(�)� 2 ln(psw=2)+ 2 ln�!��� 4 ln(2) + 
E + 2� ln �1� x2�(1� ��x)2 � 2 ln(1� ��x) ln �1� x2�(1� ��x)2 + ln2 �1� x2�2(1� ��x)2(219)Where we have made use of (k0�)2(1 � �2�) = (k�)2 and (k0�) = ps=2, whi
h follows from the fa
tthat all the parti
les have the same energy in the 
m-system, sin
e they all have the same mass.Note that this simpli�
ation would not have been possible, if we had not transformed our momenta,so that they all have positive energy.
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We insert the x-integrals out of appendix F into P(�;0), and are left with the �-integrationP(�;0) = Z 10 d� ���26 + ln2(�)� 4
E ln(s!)� 8 ln(s!) ln�!��+ 4
E ln�!��+ 
2E�2 ln(�)��2 ln(s!) + 2 ln�!��+ 2 ln(2) + 
E�+ 4 ln�!�� ln�4!� �+ 4
E ln(2)� 1(k�)2+4�� ln(�) + 2 ln�!��+ 
E� ln(�)(k�)2 +�2 ln(�)� 4 ln�!��� 2i� � 2
E� ln(1 + ��)(k�)2+�2 ln(�)� 4 ln�!��+ 2i� � 2
E� ln(1� ��)(k�)2+2(�2 ln(s!) + 4 ln(2) + i�) ln(1� ��)��(k�)2 + 2(2 log(s!)� 4 ln(2) � i�) ln(1 + ��)��(k�)2+4ln(�) ln(1� ��)��(k�)2 + 4ln(��) ln(1� ��)��(k�)2 � 4ln(�) ln(1 + ��)��(k�)2 � 4ln(��) ln(1 + ��)��(k�)2�4 ln2(1� ��)��(k�)2 � 2ln2(1� ��)(k�)2 + 4ln(1 + ��) ln(1� ��)(k�)2 + 4 ln2(1 + ��)��(k�)2 � 2ln2(1 + ��)(k�)2+ 2��(k�)2 �Li2 � 2���� � 1�� Li2 � 2���� + 1�+ (1 + ��)Li2 �1 + ��1� �� �� (1� ��)Li2 �1� ��1 + �� ���(220)The analyti
 result for the divergent part of the phase spa
e integrals is given at the end of thisse
tion, the individual parameter integrals are listed in appendix F.For the 
onstant term there are a number of new integrals arising in
luding parameter integralsover dilogorithms, that will lead to trilogs Li3 [x℄. The kernel of the paramter integral of 
ourseheavily depends on whi
h leg radiates the soft photon. To make this more expli
it, we will give theP(�;l) two further upper indi
ies (ij), denoting the di�erent momenta ki and kj .We �nd the following kinemati
 identities:(k(ii)� )2 = m2; (�(ii)� )2 = �2;(k(34)� )2 = (k(43)� )2 = m2 + (s� 4m2)�(1 � �); (�(34)� )2 = (�(43)� )2 = �2(1� 2�)2;(k(13)� )2 = (k(24)� )2 = m2 � t�(1� �); (�(13)� )2 = (�(24)� )2 = 4s [m2 � t �(1� �)℄;(k(23)� )2 = (k(14)� )2 = m2 � u�(1� �); (�(23)� )2 = (�(14)� )2 = 4s [m2 � u�(1 � �)℄:(221)Integrals for the radiation from the same leg (ij) = (ii) are trivial.Integrals arising for initial-initial or �nal-�nal interferen
e (ij) = (34) are already fairly 
omplex,however all ex
ept for three 
an be solved with Mathemati
a after applying a variable transfor-mation. Due to the length of the results, they are not listed here, but 
an be found in the �leP1 ALPHA Integrals.nb.Integrals arising for initial-�nal interferen
e (ij) = (24) are of even higher 
omplexity and have notbeen evaluated.9.2 The P2 integralThe photon phase spa
e integration over the se
ond stru
ture P2 was already evaluated, however inthe Born Bremsstrahlung diagrams, we evaluated them grouped together, we will therefore dedu
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their individual results in this se
tion. We are to 
arry out the integrationP2 = Z � dd�1k5(2�)32E
 �(! �E
)(2��)d�4 � 1zizj : (222)Following esentially the same steps as in the P1 
ase givesP2 = [!=�℄d�4d� 4 Z 10 d�(k0�)2 2�1�d��d=2�[d=2� 1℄ Z +1�1 dx(1� x2)d=2�2(1� ��x)2= Z 10 d�(k0�)2 Z +1�1 dx64�2 ���1� +�
E � ln(�) + 2 ln� !2��+ ln(1� x2)�� 1(1� ��x)2+� ���212 � 
2E2 � ln2(�)2 + 2 ln(2)(
E � ln(2))+ ln(�)�2 ln� !2��+ 
E�� 2 ln�!���ln�!��� 2 ln(2) + 
E�� 1(1� ��x)2��2 ln� !2��� ln(�) + 
E� ln �1� x2�(1� ��x)2 � ln2 �1� x2�2(1 � ��x)2##= 132�2 Z 10 d�(k�)2 ��1� + 
E � ln(�) + 2 ln� !2���� 132�2 Z 10 d�(k�)2 1�� ln�1 + ��1� ���+ �64�2 Z 10 d�(k�)2 ���4 ln2�!��� 4(
E � ln(�)) ln�!��� ln2(�) + 2
E ln(�)+83 ln(2) ln(8) � 8 ln2(2) + �22 � 
2E�+ 2�2 ln�!��� ln(�) + 
E� 1�� ln�1 + ��1� ���� 2�� �Li2 � 2���� + 1�� Li2 � 2���� � 1��� (223)All the above parameter integrals we already found in the P1 
ase.
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9.3 The divergent partUsing (221) the O(��1) part of the above dedu
ed integrals evaluates to:P (33)1 1128�2 2m2 � 1�2 � 1� �
E � ln(�)� 2 ln(�ps)� 2� ln(1� �2)��P (34)1 1128�2 4s� h 1�2 ln� 1+�1���� 1� hln� 1+�1��� (
E � ln(�)� 2 ln(�ps)) + Li2 h�2�1�� i�Li2 h 2�1+� i� 12 ln�1+�1��� ln(4(1� �2))� Li2 h1��2 i+Li2 h1+�2 iiiP (13)1 1128�2 4pt(t�4m2) h 1�2 ln�p4m2�t+p�tp4m2�t�p�t��1� h(
E � ln(�)� 2 ln(�ps)) ln�p4m2�t+p�tp4m2�t�p�t�+Li2 h 2p�tp�t�p4m2�ti� Li2 h 2p�tp�t+p4m2�ti� Li2 h pu+p�tpu�p4m2�ti�Li2 h pu�p�tpu�p4m2�ti� Li2 h pu+p�tpu+p4m2�ti+ Li2 h pu�p�tpu+p4m2�ti+ ln(�2) ln�p4m2�t+p�tp4m2�t�p�t�+ ln�pu+p�tpu�p�t� ln�p4m2�t+pup4m2�t�pu�iiP (23)1 P (13)1 (t$ u)P (33)2 132�2 1m2 h�1� + �
E � ln(�) + 2 ln[!=�℄� 1� ln�1+�1����iP (34)2 132�2 2s� ��1� + 
E � ln(�) + 2 ln[!=�℄� ln�1+�1��� � 132�2 2s� [2Li2 [�℄� 2Li2 [��℄+Li2 h1��2 i� Li2 h1+�2 i+ 12 ln2 �1��2 �� 12 ln2 �1+�2 �iP (13)2 132�2 2(4m2�t) h��1� + 
E � ln(�) + 2 ln[!=�℄� hp4m2�tp�t ln�p4m2�t+p�tp4m2�t�p�t�i�psm ln�ps+2mps�2m�+ 2pup�t ln�pu+p�tpu�p�t�� 2p4m2�tp�t ln�p4m2�t+p�tp4m2�t�p�t�iP (23)2 P (13)2 (t$ u) (224)The individual integrals leading to these results are listed in appendix F.
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10 Summary and ResultsThe 
entral result of this thesis is the QED 
ross se
tion (200) in se
tion 8 for the interferen
e of alleight pentagon e+e� ! e+e�
 Bremsstrahlung diagrams with all eight Born level Bremsstrahlungtopologies: d�d 
os � = [2�s � �st℄ ��u
(��1; ��2) + �
(��1; ��2)�+ (s$ t): (225)The Born 
ross se
tions �s and �st were 
al
ulated in se
tion 5 and are given in equation (59):�s = 18s3 �s22 + st+ (2m2 � t)2� ;�st = 18s2t �(s+ t)2 � 4m4� : (226)The divergent expressions �u
(��1; ��2) and �
(��1; ��2) were given in se
tion 8 equations (195)and (199):�u
(��1; ��2) = �e8(2m2 � t)m2�3 ��I2(y(t)) ht(P (14)1 + P (24)1 ) + (s� 2m2)(P (14)1 � P (34)1 )+2m2(P (44)1 � P (24)1 )i+ I1(y(t)) ht(P (14)2 + P (24)2 )+(s� 2m2)(P (14)2 � P (34)2 ) + 2m2(P (44)2 � P (24)2 )i� ;�
(��1; ��2) = �e8(u� 2m2)m2�3 ��I2(y(u)) ht(P (14)1 + P (24)1 ) + (s� 2m2)(P (14)1 � P (34)1 )+2m2(P (44)1 � P (24)1 )i+ I1(y(u)) ht(P (14)2 + P (24)2 )+(s� 2m2)(P (14)2 � P (34)2 ) + 2m2(P (44)2 � P (24)2 )i� : (227)Where the P (ij)k are the divergent photon phase spa
e integrals that were solved in se
tion 9 andthe Ik(y) arise from the divergent loop integrals dedu
ed in se
tion 7. They are expli
itly listed in(191): I1(y) = � yy2 � 1�� ln(y)� + 2 ln(m2) ln(y) + ln(4�) ln(y)+2�Li2 [y℄ + Li2 [�y℄ + ln(y)�ln(1 � y2)� ln(y)2 �� 12�2�� ;I2(y) = � yy2 � 1� [2 ln(y) + � ln(4�)℄ : (228)Mellin-Barnes representations for all the loop integrals were dedu
ed in se
tion 7 and are given inequations (159)-(161). They are all of the form (155). Out of these integrals the divergent partwas extra
ted and treaded in dimensional regularisation whi
h, after applying the residue theorem,lead to (191).The divergent parts of the phase spa
e integrals were 
ompletely solved and are listed in se
-tion 9 expression (224). The 
lass of fun
tions found is similar to the one arising from the BornBremsstrahlung phase spa
e integration performed in se
tion 5.The 
onstant terms of the photon phase spa
e integration were redu
ed to the parameter integralsin se
tion 9. The pending integrals are given in (220) and (223). Their 
omplexity depends heavilyon whi
h legs radiate the soft photon. Radiation from the same leg yields trivial integrals that 
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easily be solved. All integrals for initial-initial and �nal-�nal radiation interferen
e ex
ept for three
ould be evaluated using variable transformations and Mathemati
a. Their results are given in the�le P1 ALPHA Integrals.nb. The 
lass of the arising fun
tions is more 
ompli
ated and in
ludei.e. trilogs sin
e we have to integrate over dilogarithms in (220) and (223).Integrals for initial-�nal interferen
e were not solved.An obvious next step would be to evaluate all pending phase spa
e integrals and therewith 
om-plete the O(�0) evaluation of the phase spa
e integrals. Even though the dedu
ed MB-integrals forthe Feynman loops 
an be integrated using Monte-Carlo methods, it would also be desireable toanalyti
ally solve them up to O(�0). This might also give rise to new phase spa
e integrals.Further, as for all IR-problems, it needs to be shown that the dedu
ed expression 
an
els againstthe IR-divergen
es of other graphs.
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11 Appendix
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A ConventionsWe use natural units ~ = 1 ; 
 = 1 ; �0 = 1 ; (A.1)where ~ denotes Plan
k's 
onstant, 
 the va
uum speed of light and �0 the permitivity of free spa
e.The ele
tromagneti
 �ne-stru
ture 
onstant � is then given by� = �0(�2 = 0) = e24��0~
 = e24� � 1137:03599911(46) : (A.2)In this 
onvention, energies and momenta are given in the same units, ele
tron volt (eV).The spa
e-time dimension is taken to be d and the metri
 tensor g�� in Minkowski-spa
e is de�nedas g00 = 1 ; gii = �1 ; i = 1 : : : d� 1 ; gij = 0 ; i 6= j : (A.3)Einstein's summation 
onvention is used, i.e.x�y� := dX�=1x�y� : (A.4)Bold-fa
ed symbols represent d� 1{dimensional spatial ve
tors:x = (x0;x) : (A.5)If not stated otherwise, Greek indexes refer to the d{
omponent spa
e{time ve
tor and Latin onesto the d� 1 spatial 
omponents only. The dot produ
t of two ve
tors is de�ned byp:q = p0q0 � d�1Xi=1 piqi : (A.6)The 
-matri
es 
� are taken to be of dimension d and ful�ll the anti-
ommutation relationf
�; 
�g = 2g�� : (A.7)It follows that 
�
� = d (A.8)Tr (
�
�) = 4g�� (A.9)Tr (
�
�
�
�) = 4[g��g�� + g��g�� � g��g�� ℄ : (A.10)The dagger-symbol for a d-momentum p is de�ned by=p := 
�p� : (A.11)The 
onjugate of a bi-spinor u of a parti
le is given byu = uy
0 ; (A.12)where y denotes Hermitian and � 
omplex 
onjugation, respe
tively. The bi-spinor u and v ful�llthe Dira
-equation, (=p�m)u(p) = 0 ; u(p)(=p�m) = 0 (A.13)(=p+m)v(p) = 0 ; v(p)(=p+m) = 0 : (A.14)



Bi-spinors and polarization ve
tors are normalized toX� u(p; �)u(p; �) = =p+m (A.15)X� v(p; �)v(p; �) = =p�m (A.16)X� ��(k; �)��(k; �) = �g�� ; (A.17)where � and � represent the spin.The 
ommonly used 
aret \^" to signify an operator, e.g. Ô, is omitted if 
onfusion is not to beexpe
ted.
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B Feynman Rules of QEDThe following rules are to be asso
iated with Feynman diagrams and yield the analyti
 expressionfor iM.B.1 General rules� Write down the Dira
 spinor and -matri
es in the order that is obtained by following thefermioni
 lines through the diagram in the opposite dire
tion of the fermioni
 
ow.� 4-momentum 
onservation must be respe
ted at ea
h vertex.� Asso
iate an integral (2�)�4 R d4q with every 
losed loop having the loop momentum q�.� Multiply by a symmetry fa
tor 1=n! for any n equivalent �nal states.� Due to anti-
ommutativity, every 
losed fermioni
 line gets a fa
tor �1.B.2 Free parti
lesAsso
iate to in
oming ele
tron, positron, photonu(p); �v(p); ��(k):Asso
iate to outgoing ele
tron, positron, photon�u(p); v(p); ���(k):B.3 Propagators and vertexphoton propagator �ig��+i(1��)(k�k�=k2)k2ele
tron propagator i(=p+m)p2�m2ele
tron photon vertex ie
�
� In the fermion propagator, if the momentum 
ow and the fermioni
 
ow are antiparallel:=p! �=p.� Common gauges are: � = 0 Landau gauge� = 1 Feynman gauge� = 3 Yennie gauge� =1 Unitary gauge
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C Fun
tions and sumsIn the following we summarize de�nitions and elementary relations of spe
ial fun
tions and sumsfrequently en
ountered in QFT.C.1 Gamma fun
tionMathemati
a symbol: Gamma[x℄. �(x) = Z 10 dt tx�1e�t (C.1)�(x) = limn!1nx n!x(x+ 1) � � � (x+ n)) ; 1�(x) = xex
E 1Yn=1 he�x=n �1 + xn�i (C.2)Where the Euler-Mas
heroni 
E 
onstant is approximately 
E = 0:577215665.Some algebrai
 relations �(n+ 1) = n! for n 2 N�(1 + x) = x�(x)�(2x) = �(x)�(x+ 1=2)(2�)�1=222x�1=2�(n+ 1 + �)�(n+ 1) = �(1 + �) exp"� 1Xk=1 (��)kk Sk(n)# (C.3)Parametrization 1Ax = 1�(x) Z 10 dt tx�1e�At (C.4)Residues Res[�(a� x); a+ n℄ = (�1)n+1n! Res[�(a+ x);�a� n℄ = (�1)nn! (C.5)Laurent series expansion �(�) = 1� � 
E + 12 �
2E + �26 � �+O(�2) (C.6)C.2 Feynman parameter representations1AaBb = �[a+ b℄�[a℄�[b℄ Z 10 dx xa�1(1� x)b�1[xA+ (1� x)B℄a+b1AaBbC
 = �[a+ b+ 
℄�[a℄�[b℄�[
℄ Z 10 dxZ 10 dy (xy)a�1(x(1� y))b�1(1� x)
�1[(xy)A+ (x(1� y))B + (1� x)C℄a+b+
1A�11 : : : A�nn = �[Pi �i℄�[�1℄ � � ��[�n℄ Z 10 "Yi dxi x�i�1i # Æ(Pi xi � 1)[x1A1 + � � �+ xnAn℄Pi �i (C.7)C.3 Po
hhammer symbolMathemati
a symbol: Po
hhammer[a; n℄.(a)n = �(a+ n)�(a) = (a+ n� 1) � � � (a+ 1)(a) (C.8)58



C.4 Beta fun
tionMathemati
a symbol: Beta[a; b℄.B(p; q) = Z 10 dt tp�1(1 + t)p+q = Z 10 dt tp�1(1� t)q�1 = 2Z �=20 d� sin2q�1 � 
os2p�1 �= �(p)�(q)�(p+ q) (C.9)Some algebrai
 relations B(p; q) = B(p+ 1; q) +B(p; q + 1)B(p; q + 1) = qpB(p+ 1; q)B(p; q) = p+ qq B(p; q + 1) (C.10)C.5 Polygamma fun
tionMathemati
a symbol: PolyGamma[n; x℄. (n)(x) = dn+1dxn+1 ln[�(x)℄ = dndxn (x) (x) =  0(x) = �0(x)�(x) (C.11)Useful representations  (n)(x+ 1) =  (n)(x) + x�n�1(�1)nn! (n)(x) = (�1)n+1n! 1Xk=0 1(x+ k)n+1 (C.12)Integral representation for n > 0;<e(x) > 0: (n)(x) = (�1)(n+1) Z 10 dt tne�xt1� e�t (C.13)Due to the identity  0(m) = S1(m� 1)� 
E, we also have an integral representation for n = 0 andm 2 N given by (C.21).Residues Res[ (x);�n℄ = �1; Res[ (m)(x);�n℄ = 0 for m � 1 (C.14)C.6 PolylogarithmsMathemati
a symbol: PolyLog[n; x℄.Lin [x℄ = 1Xk=1 xkkn = Z x0 dt Lin�1 [t℄tLi0 [x℄ = x1� x; Li1 [x℄ = � ln(1� x)Lin �x2� = 2n�1[Lin [x℄ + Lin [�x℄℄ (C.15)59



C.7 Nielsen integralsMathemati
a symbol: PolyLog[a; b; x℄.Sa;b(x) = (�1)a+b�1(a� 1)!b! Z 10 dz loga�1(z) logb(1� zx)zLin [x℄ = dLin+1 [x℄d log(x) = Sn�1;1(x) (C.16)C.8 Harmoni
 sumsMathemati
a symbol: Harmoni
Number[n; a℄. For a > 0:Sa(n) = nXk=1 1ka ; S�a(n) = nXk=1 (�1)kka ; Sa(0) = 0 (C.17)Sa;a1:::ai(n) = nXk=1 Sa1;:::;ai(k)ka ; S�a;a1;:::;ai(n) = nXk=1 (�1)kSa1;:::;ai(k)ka (C.18)The permutation relationSm;n + Sn;m = SmSn + Ssign(m)sign(n)[jmj+jnj℄ := SmSn + Sm^nS1;�1 + S�1;1 = S1S�1 + S�2 (C.19)Relations to other fun
tionsSa(n) = (�1)a�1�(a)  (a�1)(n+ 1) + �a; a � 2S1(n) =  (n+ 1) + 
ES2(n) = �2 �  (1)(n+ 1) (C.20)Integral representationS�a(n) = (�1)a�1(a� 1)! Z 10 dx loga�1(x)(�x)n � 1x� 1 ; S�1(n) = Z 10 dx(�x)n � 1x� 1 (C.21)C.9 �-values �a1:::ai = Sa1;:::;ai(1); �0 = 1Xk=1 1 (C.22)There is a strong 
onne
tion between �nite �-values and the multiple �-values. However there isno general formula that relates the two. Some of the basi
 relations are:�11 = 12�2 + 12�21; ��3 = �34�3; �12 = ��3 + �1�2 (C.23)�21 = 2�3; �2�1 = �32�2 ln(2) + 14�3; ��21 = �58�3 (C.24)60



C.10 Riemann zeta fun
tionMathemati
a symbol: Zeta[a℄.�a = 1Xk=1 1ka = �a = Sa(1) = Lia [1℄ ; a > 0 (C.25)Integral representation �a = 1�(a) Z 10 dx xa�1ex � 1 (C.26)Zeta values of even weight, are proportional to � to that power:�1 =1; �2 = �26 ; �3 = 1; 202057; �4 = �490 ; �6 = �6945 ; �8 = �89450 (C.27)C.11 Hypergeometri
 seriesMathemati
a symbol: Hypergeometri
PFQ[fa1; : : : ; apg; fb1; : : : ; bqg; x℄.pFq � a1; : : : ; apb1; : : : ; bq ;x� = 1Xk=0 (a1)k : : : (ap)k(b1)k : : : (bq)k xkk!2F1 � a; bb ;x� = 2F1[a; b; b;x℄ = 1Xk=0 �(a+ k)�(a) xkk! = 1(1� x)a= 12�i 1�(a) Z +i1�i1 dz (�x)z�(a+ z)�(�z) (C.28)C.12 Mellin transform M[f ℄(N) = Z 10 dx xN�1f(x) (C.29)Mellin-
onvolution [A
B℄(x) = Z 10 dx1 Z 10 dx2Æ(x � x1x2)A(x1)B(x2)M[A
B℄(N) = M[A℄(N) �M[B℄(N) (C.30)An important example (�1)a�1�(a) �M[(xM loga�1(x))℄(N) = 1(N +M)a (C.31)C.13 Harmoni
 polylogarithmsFor ~mw 6= ~0w and ~mw = (a; ~mw�1):H[~mw;x℄ = Z x0 f(a;x0)H[~mw�1;x0℄;ddxH[~mw;x℄ = f(a;x)H[~mw�1;x℄: (C.32)61



H[0;x℄ = lnx; f(0;x) = 1x;H[1;x℄ = Z x0 dx01� x0 = � ln(1� x); f(1;x) = 11� x;H[�1;x℄ = Z x0 dx01 + x0 = ln(1 + x); f(�1;x) = 11 + x (C.33)Produ
t algebraH[~0w;x℄ = 1w! lnw x; H[~1w;x℄ = 1w! (� ln(1� x))w; H[ ~(�1)w;x℄ = 1w! lnw(1 + x);H[~p;x℄H[~q;x℄ = X~r2 ~p℄ ~qH[~r;x℄: (C.34)The sum is understood to be over all permutations of indi
es that do not 
hange the original internalorder of the respe
tive index ve
tor. For example if we take ~p = (a; b) and ~q = (
; d) we getH[a; b;x℄H[
; d;x℄ = H[a; b; 
; d;x℄ + H[a; 
; b; d;x℄+H[a; 
; d; b;x℄ + H[
; a; b; d;x℄+H[
; a; d; b;x℄ + H[
; d; a; b;x℄: (C.35)a 
an inter
hange freely with 
 and d, so 
an b. a however always has to be listed before b. 
always has to be listed before d.C.14 Inverse binomial sumsThe appearing sums in se
tion 7 are in dire
t 
orresponden
e to the 
lass of inverse binomial sumsdis
ussed in [83℄� i1;::: ;ip; j1;::: ;jqa1;::: ;ap; b1;::: ;bq;
(u) � 1Xj=1 1� 2jj � ujj
 [Sa1(j�1)℄i1 : : : [Sap(j�1)℄ip [Sb1(2j�1)℄j1 : : : [Sbq (2j�1)℄jq :(C.36)Our sums are of a slightly di�erent form 
ompared to (C.36), namely~� i1;::: ;ip; j1;::: ;jqa1;::: ;ap; b1;::: ;bq (u) � 1Xn=0 1�2nn � un(2n+ 1) [Sa1(n)℄i1 : : : [Sap(n)℄ip [Sb1(2n+1)℄j1 : : : [Sbq(2n+1)℄jq :(C.37)These two 
lasses are of 
ourse related. By setting n = j � 1 and using1�2j�2j�1 � = 2(2j � 1)j 1�2jj � ; (C.38)we �nd the relation ~� i1;::: ;ip; j1;::: ;jqa1;::: ;ap; b1;::: ;bq (u) = 2u � � i1;::: ;ip; j1;::: ;jqa1;::: ;ap; b1;::: ;bq ;1(u): (C.39)Note that a 
orresponden
e of this form holds only for 
 = 1 in (C.36).62



The results for all the sums appearing in our 
al
ulations are listed in [83℄, where they 
an befound in Table 1 of Appendix D. Expressing the sums through the 
onformal variable y:y = p1� 4=u � 1p1� 4=u + 1 ; u = �(1� y)2y ; (C.40)we get:~��; ��; �(u) = 1Xn=0 un�2nn � (2n+ 1) = yy2 � 12 ln(y); (C.41)~�1; �1; �(u) = 1Xn=0 un�2nn � (2n+ 1)S1(n) = yy2 � 1 [�4Li2 [�y℄� 4 ln(y) ln(1 + y)+ ln2(y)� 2�2� ; (C.42)~��; 1�; 1(u) = 1Xn=0 un�2nn � (2n+ 1)S1(2n+ 1) = yy2 � 1�2Li2 [y℄� 4Li2 [�y℄� 4 ln(y) ln(1 + y)+2 ln(y) ln(1� y) + 12 ln2(y)� 4�2�; (C.43)~�2; �1; �(u) = 1Xn=0 un�2nn � (2n+ 1)S1(n)2 = yy2 � 1�16S1;2(�y)� 8Li3 [�y℄ + 16Li2 [�y℄ ln(1 + y)+8 ln2(1 + y) ln(y)� 4 ln(1 + y) ln2(y) + 13 ln3(y) + 8�2 ln(1 + y)�4�2 ln(y)� 8�3�; (C.44)~�1; �2; �(u) = 1Xn=0 un�2nn � (2n+ 1)S2(n) = � y3(y2 � 1) ln3(y); (C.45)~�3; �1; �(u) = 1Xn=0 un�2nn � (2n+ 1)S1(n)3 = yy2 � 1h�96S1;2(�y) ln(1 + y)� 96S1;3(�y)+48S2;2(�y)� 24�2 ln2(1 + y)� 48 ln2(1 + y)Li2 [�y℄ + 48�3 ln(1 + y)+48 ln(1 + y)Li3 [�y℄� 16 ln(y) ln3(1 + y) + 24�2 ln(y) ln(1 + y)+12 ln2(y) ln2(1 + y)� 2 ln3(y) ln(1 + y) + 112 ln4(y)� 3�2 ln2(y)+6 ln2(y)Li2 [�y℄ + 2 ln2(y)Li2 [y℄� 10�3 ln(y)� 24 ln(y)Li3 [�y℄�8 ln(y)Li3 [y℄ + 3�4 + 24Li4 [�y℄ + 12Li4 [y℄i; (C.46)~�1; �3; �(u) = 1Xn=0 un�2nn � (2n+ 1)S3(n) = yy2 � 1h 112 ln4(y) + 12Li4 [y℄ + 2 ln2(y)Li2 [y℄�4�3 ln(y)� 8 ln(y)Li3 [y℄� 12�4i; (C.47)~�1;1; �1;2; �(u) = 1Xn=0 un�2nn � (2n+ 1)S1(n)S2(n) = yy2 � 1h23 ln3(y) ln(1+y)� 112 ln4(y) +�2 ln2(y)+2 ln2(y)Li2 [�y℄ + 2 ln2(y)Li2 [y℄ + 2�3 ln(y)�8 ln(y)Li3 [�y℄�8 ln(y)Li3 [y℄+2�4 +16Li4 [�y℄ +12Li4 [y℄i: (C.48)Some of the above results have been published in [79℄.63



D Integration of L-loop, N-point fun
tionsD.1 General setupWe 
onsider the L-loop, N-point fun
tionG(X) � Z [Dk1 � � �DkL℄ �XDn11 � � �DnNN (D.49)with the measure Dki � (�i��d=2)ddki, the s
alar propagators Di � [q2i �m21℄ and a numeratorstru
ture X � X(k�11 ; : : : ; k�LL ). The qi in the propagators are of 
ourse sums of the loop andexternal momenta.In the following we will simplify the integral G(X) in several steps.� Feynman parametersG(X) = �[Nn℄Z [Dk1 � � �DkL℄ �X�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄ Æ(1 � x1 � � � � xN )(x1D1 + � � �+ xNDN )Nn (D.50)with Nn = n1 + � � � + nN . Inter
hanging the integrals, we are now dealing with the expressionG(X) = �[Nn℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄IL(X)Æ(1 � x1 � � � � xN ); (D.51)with IL(X) � Z [Dk1 � � �DkL℄ �X(x1D1 + � � � + xNDN )Nn : (D.52)� L-ve
tor notationEa
h propagator Di is a polynomial of se
ond order in the momenta. Be
ause the whole de-nominator is a sum of the Di, it itself is also a polynomial of se
ond order in the momenta and 
antherefore be written as 1(x1D1 + � � � + xNDN )Nn = 1(kMk � 2Qk + J)Nn : (D.53)In the above notation k is a L-ve
tor that has the loop momenta k1; : : : ; kL as entries. M is a(L�L)-matrix and Q = Q(xi; pe) as well as J = J(xixj ;m2i ; peipej ) are also L-ve
tors. The momen-tum integration is now mu
h simpler.� Momentum shiftBy shifting the momenta, we 
an get rid of the linear momentum termk = �k +M�1Q;kMk � 2Qk + J = �kM�k �QM�1Q+ J: (D.54)Shifts, of 
ourse leave the measure un
hanged. Renaming �k ! k we haveIL(X) = Z [Dk1 � � �DkL℄ �X(kMk �QM�1Q+ J)Nn : (D.55)64



� Wi
k RotationIn order to evaluate integrals in Minkowski spa
e, we perform the Wi
k Rotationk0 ! ik0E ; Dki ! iDkEi; k2 ! �k2E ; (D.56)whi
h gives us (renaming kE ! k)IL(X) = (�1)Nn(i)L Z [Dk1 � � �DkL℄ �X(kMk + �2)Nn ; (D.57)with �2 � �(J �QM�1Q): (D.58)� Diagonalization of the Matrix MNote that M is a symmetri
 matrix and as su
h, 
an always be diagonalized by a rotation ro-tation V : kMk = k[V y|{z}k0 (V �1)y℄M [V �1| {z }Mdiag V ℄k|{z}k0 = k0Mdiagk0 �Xi �ik02i : (D.59)Where the �i are the eigenvalues of Mdiag:Mdiag = diag[�1; : : : ; �L℄: (D.60)Sin
e the Ja
obian J [V ℄ for the 
hange of variables k0 = V k is one:detV = 1; ) V �1 = V >; ) J [V ℄ = det V > = det V = 1; (D.61)the diagonalization leaves both the measure and the integral invariant. Renaming k0 ! k nowyields IL(X) = (�1)Nn(i)L Z [Dk1 � � �DkL℄ �X(Pi �ik2i + �2)Nn : (D.62)� Res
aling k �ki = p�iki; Dki = (�i)�d=2D�ki; (D.63)and using LYi=1�i = detM; (D.64)gives (renaming �k ! k)IL(X) = (�1)Nn(i)L(detM)�d=2 Z [Dk1 � � �DkL℄ �X(k21 + � � �+ k2L + �2)Nn= (detM)�d=2 (�1)Nn�Ld=2 Z [ddk1 � � � ddkL℄ �X(k21 + � � �+ k2L + �2)Nn : (D.65)Note that after having done the Wi
k rotation, (D.65) is now a eu
lidean integral.65



D.2 Con
rete evaluationWe will now evaluate the L-loop integral of the form (D.65). For this however, we need to �rstfo
us on the one-loop 
ase.� One Loop, X = 1Consider the eu
lidean one loop integral�I1(1) � Z ddkE(k2E + �2)N = i(�1)N+1 Z ddk(k2 � �2)N : (D.66)Using d-dimensional polar 
oordinates and integrating over the angles, we get (renaming kE ! k)�I1(1) = " 2�d=2�[d=2℄#Z 10 dk � kd�1(k2 + �2)N = " 2�d=2�[d=2℄# 12(�2)N�1 Z 10 [2k=�2dk℄kd�2(k2=�2 + 1)N : (D.67)Changing the variable q � k2=�2; dq = (2k=�2)dk; (D.68)we get �I1(1) = " 2�d=2�[d=2℄# 12(�2)N�d=2 Z 10 dq � qd=2�1(q + 1)N = " 2�d=2�[d=2℄# B(d=2; N � d=2)2(�2)N�d=2 ; (D.69)where we have made use of the integral representation of the Beta fun
tion. Rewriting the Betafun
tion as a 
ombination of Gamma fun
tions, we �nd the �nal result�I1(1) � Z ddkE(k2E + �2)N = " �d=2(�2)N�d=2# �[N � d=2℄�[N ℄ : (D.70)� L-Loop, X = 1It is easy to generalize the one loop result to L-loops. Consider the eu
lidean L-loop integral�IL(1) � Z ddkE1 � � � ddkEL(k2E1 + � � �+ k2EL + �2)N = iL(�1)N+L Z ddk1 � � � ddkL(k21 + � � �+ k2L � �2)N : (D.71)We 
an now rewrite this integral as (renaming kE ! k)�IL(1) = Z ddk1 � � � ddkL�1 Z ddkL(k2L +ML�1)N ; (D.72)with ML�1 � (k21 + � � � + k2L�1 + �2). This form of 
ourse allows us to apply the one loop result,whi
h in fa
t 
an be done in the same matter for all L-loop integrations. We thus get�IL(1) = Z ddk1 � � � ddkL�1(k21 + � � � + k2L�1 + �2)N�d=2 �d=2�[N � d=2℄�[N ℄= �Ld=2(�2)N�Ld=2 ��[N � d=2℄�[N ℄ � ��[(N � d=2) � d=2℄�[N � d=2℄ � � � � � �[N � Ld=2℄�[N � (L� 1)d=2℄� :(D.73)66



Can
eling ea
h of the �rst L-1 numerators with the denominator of the following fa
tor, we get the�nal result �IL(1) � Z ddkE1 � � � ddkEL(k2E1 + � � �+ k2EL + �2)N = �Ld=2(�2)N�Ld=2 ��[N � Ld=2℄�[N ℄ � : (D.74)� One Loop, X = k2Consider the eu
lidean one loop integral�I1(k2) � Z ddkE � k2E(k2E + �2)N = i(�1)N Z ddk � k2(k2 � �2)N : (D.75)The 
al
ulation of the X = k2 
ase is 
ompletely analogous to the X = 1 
ase. We make the same
hange of variables (renaming kE ! k)�I1(k2) = " 2�d=2�[d=2℄# 12(�2)N�1 Z 10 [2k=�2dk℄kd(k2=�2 + 1)N = " 2�d=2�[d=2℄# 12(�2)N�1�d=2 Z 10 dq � qd=2(q + 1)N= " �d=2�[d=2℄# B(d=2 + 1; N � 1� d=2)(�2)N�1�d=2= d2 �d=2(�2)N�1�d=2 �[N � 1� d=2℄�[N ℄ : (D.76)� L-Loop, X = k2iWith the already obtained results, the evaluation of the X = k2i L-loop 
ase is elementary. Theresult reads�I1(k2) � Z ddkE1 � � � ddkEL � k2Ei(k2E1 + � � �+ k2EL + �2)N = iL(�1)N+L+1 Z ddk1 � � � ddkL � k2E(k21 + � � �+ k2L � �2)N= d2 �Ld=2(�2)N�1�Ld=2 �[N � 1� Ld=2℄�[N ℄ : (D.77)� G(1)Inserting (D.74) into IL(1) = (detM)�d=2 (�1)Nn�Ld=2 �IL(1); (D.78)gives us IL(1) = (detM)�d=2 (�1)Nn(�2)Nn�Ld=2 ��[Nn � Ld=2℄�[Nn℄ � ; (D.79)inserting this into (D.51), we getG(1) = (�1)Nn(�2)Nn�Ld=2 �[Nn � Ld=2℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄(detM)�d=2Æ(1 � x1 � � � � xN )= (�1)Nn �[Nn � Ld=2℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄Æ(1 � x1 � � � � xN )U(x)Nn�d=2(L+1)F (x)Nn�d=2L :(D.80)67



Where we have introdu
ed the F- and U-Form:U(x) � detM; F (x) � (detM)�2: (D.81)It is worth noting, that in the one loop 
ase M is one. For L=1 we thus have the following situation:M = U(x) = 1; F (x) = �2: (D.82)This is easily understood, sin
e for L=1, M is just the 
oeÆ
ient of the k2 term in the denominator(x1D1 + � � � + xNDN ). Ea
h Di has the loop momentum squared with the 
oeÆ
ient one as asummand. The overall 
oeÆ
ient is then the sum of all the Feynman parameters, whi
h is put toone under the integral by the delta distribution. In two and higher loop 
ases this is no longer the
ase, sin
e M will also have entries for the produ
t of di�erent momenta.� G(k�1 )In the steps that led to (D.65) we transformed the integration momenta three timeski = �ki +M�1il Ql; ��ki = Vil �kl; ���ki = p�i ��ki: (D.83)Note that in this notation ki is the ith entry of the L-ve
tor k, so ki is itself a 4-ve
tor and shouldbe denoted as k�i . Inverting the last two transformations and inserting them into the �rst, leads tothe overall transformation ki = 1p�l (Vil)�1 ���kl +M�1il Ql; (D.84)where we impli
itly sum over the index l. We need to take this transformation into a

ount whenevaluating G(X) for non trivial X. After renaming ���ki ! k we haveIL(k�1 ) � (detM)�d=2 (�1)Nn�Ld=2 Z [ddk1 � � � ddkL℄ h 1p�l (V1l)�1k�l + [M�11l Ql℄�i(k21 + � � �+ k2L + �2)N : (D.85)The linear term in k vanishes due to Z ddk f(k2)k� = 0: (D.86)This leaves only the 
onstant termIL(k�1 ) = [M�11l Ql℄� � IL(1) = [M>1lQl℄�(detM)�1 � IL(1) (D.87)whi
h yieldsG(k�1 ) = (�1)Nn �[Nn � Ld=2℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄Æ(1 � x1 � � � � xN )U(x)Nn�1�d=2(L+1)F (x)Nn�d=2L [M>1lQl℄�:(D.88)� G(k�1 k�2 )When evaluating L-loop, N-point fun
tions with two momenta in the numerator, the transfor-mation (D.84) gives us quadrati
, linear and 
onstant terms in the momenta. The linear termsvanishes as before, and we are left withIL(k�1 k�2 ) = (detM)�2[M>1lQl℄�[M>2lQl℄�IL(1) + (detM)�d=2I��L ; (D.89)68



where I��L � (�1)Nn�Ld=2 Z [ddk1 � � � ddkL℄ h 1p�l�k [k�l (V �11l )yV �12k k�k ℄i(k21 + � � � + k2L + �2)N= (V �11l )yV �12l�l (�1)Nn�Ld=2 Z [ddk1 � � � ddkL℄k�l k�l(k21 + � � �+ k2L + �2)N : (D.90)I��L 
an be simpli�ed in the above way, be
ause it is only non linear (i.e. non vanishing) for k = l.We now make the ansatz I��L = g�� � I: (D.91)If we 
ontra
t both sides with g�� , we getI = 1d (V �11l )yV �12l�l (�1)Nn�Ld=2 Z [ddk1 � � � ddkL℄k2l(k21 + � � � + k2L + �2)N= 12 (V �11l )yV �12l�l (�1)Nn(�2)N�1�Ld=2 �[N � 1� Ld=2℄�[N ℄ (D.92)where we have used (D.77). Putting all the partial results together, we get the �nal resultG(k�1 k�2 ) = (�1)Nn �[Nn � Ld=2℄�[n1℄ � � ��[nN ℄ Z 10 NYj=1[dxjxnj�1j ℄Æ(1 � x1 � � � � xN )U(x)Nn�2�d=2(L+1)F (x)Nn�d=2L�"[M>1lQl℄�[M>2lQl℄� � g��2 U(x) � F (x)(V �11l )yV �12l�l �[N � 1� Ld=2℄�[N � Ld=2℄ # : (D.93)

69



E Phase spa
eE.1 Two parti
le phase spa
eWe will �rst look at the 
ase of a two-body phase spa
e:dPS(1; 2) = (2�)4Æ4 (p12 � p1 � p2) d3p1(2�)32E1 d3p2(2�)32E2 ; (E.1)d�(1; 2) = Æ4 (p12 � p1 � p2) d3p12E1 d3p22E2= Æ1 (E12 �E1 �E2) 12E2 � d3p12E1 ; (E.2)where the four momentum of the initial parti
les is p�12.We now use properties of the Dira
 distribution to rewrite itÆ[E212 � 2E12E1 +E21 �E22| {z }zero at E1=(E12�E2) ℄ = 1j � 2E12 + 2(E12 �E2)jÆ[E1 � (E12 �E2)℄: (E.3)) Æ[E1 � (E12 �E2)℄ = 2E2 Æ[E212 � 2E12E1 +E21 �E22 ℄(�)= 2E2 Æ[p12:p12 � 2p12:p1 + p1:p1 � p2:p2℄= 2E2 Æ[m212 +m21 �m22 � 2m12E1℄ (E.4)The equality (�) holds be
ause of three momentum 
onservation. Using this representation of theDira
 distribution we get d�(1; 2) = Æ[m212 +m21 �m22 � 2m12E1℄ d3p12E1 : (E.5)Now we rewrite the di�erential in polar 
oordinates:d3p1E1 = 1E1 d
j~p1j2dj~p1j = j~p1jd
dE1: (E.6)The last equality holds be
ause of dm21 = 0 = dE21 � dj~p1j2 = 2E1dE1 � 2j~p1jdj~p1j. From this itfollows that E1dE1 = j~p1jdj~p1j, whi
h redu
es the phase spa
e tod�(1; 2) = Æ[m212 +m21 �m22 � 2m12E1℄ j~p1j2 d
dE1 = j~p1j2 1j � 2m12jd
: (E.7)Using j~p1j = �1=2(m212;m21;m22)=(2m12), this 
an be reformulated asd�(1; 2) = 14m12 �1=2(m212;m21;m22)2m12 d
: (E.8)The K�allen fun
tion �(a; b; 
) is de�ned as �(a; b; 
) = a2+b2+
2�2ab�2b
�2
a = (a�b�
)2�4b
.Integrating the phase spa
e over the azimuthal angle gives a fa
tor 2�, and the �nal result readsd�(1; 2) = �4 �1=2(m212;m21;m22)m212 d 
os �: (E.9)70



E.2 Three parti
le phase spa
eNow we are 
onsidering the three-body phase spa
e whi
h we need sin
e the muon is de
aying intothree parti
les. On
e again we only 
onsider the redu
ed phase spa
ed�(1; 2; 3) = Æ4[p123 � p1 � p2 � p3℄d3p12E1 d3p22E2 d3p32E3 : (E.10)We multiply with 1 = d4p12Æ4[p12 � p1 � p2℄ (E.11)resulting ind�(1; 2; 3) = �d3p12E1 d3p22E2 Æ4[p12 � p1 � p2℄�| {z }=d�(1;2) d3p32E3 d4p12Æ4[p123�p1 � p2| {z }=�p12 �p3℄= d�(1; 2)d3p32E3 d3p12Æ4[p123 � p12 � p3℄dE12: (E.12)We multiply, this time with1 = dm212Æ1[p12:p12 �m212℄ = dm212Æ1[E212 � j~p12j2 �m212℄ (E.13)whi
h givesd�(1; 2; 3) = d�(1; 2)d3p32E3 d3p12Æ4[p123 � p12 � p3℄dm212dE12Æ1[E212 � j~p12j2 �m212℄: (E.14)If we understandE12 as the integration variable, the argument of the last Dira
 distribution vanishesfor E12 =pj~p12j2 +m212, giving rise todE12Æ[E212 � j~p12j2 �m212℄ = dE12j2pj~p12j2 +m212jÆ[E12 �qj~p12j2 +m212℄ = 12E12 : (E.15)Inserting this gives the �nal resultd�(1; 2; 3) = d�(1; 2) d3p32E3 d3p122E12 Æ4[p123 � p12 � p3℄| {z }=d�(12;3) dm212d�(1; 2; 3) = d�(1; 2)d�(12; 3)ds0: s0 � m212 (E.16)From its de�nition (E.10) it is 
lear that d�(1; 2; 3) is totally symmetri
 in its entries - that is tosay the following holds as well:d�(1; 2; 3) = d�(2; 3; 1) = d�(2; 3)d�(23; 1)ds0: (E.17)For the evaluation of the three parti
le phase spa
e of the Bremsstrahlung diagrams, we made useof (E.16).
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F Bhabha phase spa
e integralsF.1 Further x-integrals for se
tion 9The x-integrals for the 
onstant termZ +1�1 dx ln(1� x2)2(1� ��x)2 = 2�� (1� �2�) ����4 ln2(2) � �23 �� 4 ln(2) ln�1 + ��1� ����2Li2 � 2���� � 1�+ 2Li2 � 2���� + 1�� (F.18)Z +1�1 dx ln(1� x2) ln(1� ��x)(1� ��x)2 = 1��(1� �2�) ����2 ln(2) ln �1� �2��+ 4 ln(2) + �23 + ln2�1 + ��1� ����+ 2 ln2(1� ��)� 2 ln2(�� + 1)� (2� 2 ln(��)� i�(1 + ��)) ln�1 + ��1� ���+(�� � 1)Li2 �1� ��1 + �� �+ (�� + 1)Li2 �1 + ��1� �� �� (F.19)F.2 Feynman parameter integrals for se
tion 9Parameter Integrals for the divergent part and �nal state radiation from the same leg:Z 10 d�m2 + (s� 4m2)�(1 � �) = 2s� ln�1 + �1� �� ;Z 10 d� ln(�)m2 + (s� 4m2)�(1 � �) = 1s� �Li2 � �2�1� � �� Li2 � 2�1 + � ��Z 10 d� ln(1� �2(1� 2�)2)m2 + (s� 4m2)�(1 � �) = 1s� �ln�1 + �1� �� ln(4(1 � �2)) + 2Li2 �1� �2 �� 2Li2 �1 + �2 �� :(F.20)Parameter Integrals for the divergent part and initial-�nal state interferen
eZ 10 d�m2 � t�(1 � �) = 2pt(t� 4m2) ln p4m2 � t+p�tp4m2 � t�p�t! ;Z 10 d� ln(�)m2 � t�(1 � �) = 1pt(t� 4m2) �Li2 � 2p�tp�t�p4m2 � t�� Li2 � 2p�tp�t+p4m2 � t�� ;Z 10 d� ln �1� 4s (m2 � t�(1� �))�m2 � t�(1� �) = 2pt(t� 4m2) �Li2 � pu+p�tpu�p4m2 � t�� Li2 � pu�p�tpu�p4m2 � t�� Li2 � pu+p�tpu+p4m2 � t�+ Li2 � pu�p�tpu+p4m2 � t�+ ln(�2) ln p4m2 � t+p�tp4m2 � t�p�t!+ ln�pu+p�tpu�p�t� ln p4m2 � t+pup4m2 � t�pu!# : (F.21)
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Parameter integrals for the divergent part and �nal-�nal state radiation from di�erent legsZ 10 d�[m2 � (4m2 � s)�(1 � �)℄ = 2s� ln�1 + �1� �� ;Z 10 d��p(1� 2�)2 ln 1��p(1�2�)21+�p(1�2�)2(s� 4m2)�(1 � �) +m2 = 2s� �2Li2 [�℄� 2Li2 [��℄ + Li2 �1� �2 �� Li2 �1 + �2 �+ 12 ln2�1� �2 �� 12 ln2�1 + �2 �� : (F.22)Parameter integrals for the divergent part and initial-�nal state radiationZ 10 d� ln�ps+2pm2�t�(1��)ps�2pm2�t�(1��)�(2=ps)[m2 � t�(1 � �)℄3=2 = 4(4m2 � t) �ps2m ln�ps+ 2mps� 2m�� pup�t ln�pu+p�tpu�p�t�+p4m2 � tp�t ln p4m2 � t+p�tp4m2 � t�p�t!# : (F.23)
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G Muon de
ayIn this se
tion we will analyti
ally 
al
ulate the muon de
ay rate (see Figure 11) in two di�erentways. First we 
al
ulate it dire
tly by doing the s integration in a 
onvenient frame and se
ond we
hange the s integration to an integration over the ele
tron energy.��W� e�
�e��p0 p3 p1

p2Figure 11: muon de
ay �� ! e����eThe fo
us hereby lies on the formal aspe
ts of the se
ond 
al
ulation, where we �rst approximatethe denominator of the W propagator to then solve the neutrino phase spa
e integrals usingtensor integration. Tensor Integrals are of the typeZ d4p p�1 � � � p�nf(p); (G.1)where f(p) is any s
alar fun
tion, whi
h might also depend on p. Tensor integrals arise naturallyin loop 
al
ulations, when integrating the numerator of the gauge boson propagator, whi
h has atensor stru
ture involving the integration variable (i.e., the loop momentum).G.1 Feynman rulesFor the pro
ess under 
onsideration, we will use the following Feynman rules:The W�-fermion-(anti-)fermion vertex��iGFM2Wp2 �1=2 
�(1� 
5) (G.2)and the W�gauge boson propagator�ik2 �M2W �g�� � k�k�k2 � �M2W (1� �)� = �ik2 �M2W �g�� � k�k��k2 �M2W (�� 1)� : (G.3)Where � = 1=� is a gauge parameter, GF is the Fermi 
onstant and MW is the W�mass.In our further 
al
ulation, we will alway use the unitary gauge:�ig�� + k�k�=M2Wk2 �M2W : (G.4)In the muon de
ay all external parti
les are fermions. The in
oming muon is asso
iated with thespinor u, while outgoing antifermions (i.e., the ele
tron neutrino) with v and outgoing parti
les areasso
iated with the spinor 
onjugate �u. 74



G.2 M-matrixThe above rules give the following expression for the M-matrix:M = �GFM2Wp2 [�u3
�(1� 
5)u0℄ [�u1
�(1� 
5)v2℄ g�� + k�k�=M2Wk2 �M2W : (G.5)The 
omplex 
onjugate readsM� = �GFM2Wp2 [�u0
�(1� 
5)u3℄ [�v2
�(1� 
5)u1℄ g�� + k�k�=M2Wk2 �M2W : (G.6)The expressions between the square bra
kets form s
alars. We 
an thus arrange them, withouthaving to worry about 
-algebra, in the following order:jMj2 / [�u0
�(1� 
5)u3�u3
�(1� 
5)u0℄ [�u1
�(1� 
5)v2�v2
�(1� 
5)u1℄ : (G.7)Next we sum over the parti
le spin 
omponents. This summation gives rise to the usual tra
eexpressions:Xspin jMj2 / Tr [�u0
�(1� 
5)u3�u3
�(1� 
5)u0℄Tr [�u1
�(1� 
5)v2�v2
�(1� 
5)u1℄ : (G.8)Like always, we make use of the 
y
li
 property of the tra
e as well as the Dira
 equation for theexpressions ui�ui and vi�vi, resulting inXspin jMj2 / Tr [(=p0 +m�)
�(1� 
5)=p3
�(1� 
5)℄ Tr [(=p1 +me)
�(1� 
5)=p2
�(1� 
5)℄ ; (G.9)where the neutrino masses are set to zero. Inserting the 
onstant and boson propagators that wehave been omitting so far, we get12Xspin jMj2 = 12G2FM4W2 Tr [(=p0 +m�)
�(1� 
5)=p3
�(1� 
5)℄� Tr [(=p1 +me)
�(1� 
5)=p2
�(1� 
5)℄� g�� + k�k�=M2Wk2 �M2W g�� + k�k�=M2Wk2 �M2W : (G.10)This expression for the squared M-Matrix 
an be solved, making use of the 
-tra
e identities. Inour 
al
ulations we used the program FORM, yielding:12Xspin jMj2 = 32G2Fm2�(M2W � k2)2 [p0:p1 p0:p2 p0:p3 � p0:p1 p0:p3 p2:p3 + p0:p1 p2:p3 (M2W )� p0:p2 p0:p3 p1:p3 + p0:p2 p1:p3 (M2W + 2M4Wm2� )� p0:p3 p1:p2 (M2W + m2�2 )+ p0:p3 p1:p3 p2:p3 + p0:p3 p0:p3 p1:p2 � p1:p3 p2:p3 (2M2W )℄: (G.11)Where a:b is the Minkowski s
alar produ
t of two four ve
tors.From here we have two possibilities of 
al
ulating the total de
ay rate:1.) We 
an �x the kinemati
s of the de
ay in a 
onvenient way and then integrate over one angleand s.2.) We 
an approximate the boson propagator, integrate over the neutrino phase spa
e, usingtensor integrals and integrate over the energy of the ele
tron.75



G.3 The kinemati
 approa
hUsing the expression for the three-body phase spa
e, derived in the appendix E:dPS(1; 2; 3) = 1(2�)5 d�(1; 2)d�(12; 3)ds; s = m212 (G.12)we 
an rewrite the two-parti
le phase spa
es as:d�(1; 2) = �4 s�m2es d 
os �ed�(12; 3) = �2 m2� � sm2� : (G.13)Where we have integrated over d 
os ��� . The angle ��� is the angle between the muon and themuon neutrino, �e is the angle between the ele
tron and the ele
tron antineutrino. The di�erential
ross se
tion now reads:d� = 164m3� 1(2�)3 � �12 jMj2� � (m2� � s)(s�m2e)s d 
os �eds: (G.14)At this point we turn ba
k to the expression (G.11) and express all 
ontra
ted momentum pairsthrough the Mandelstam variables, whi
h are de�ned as follows:s = (p0 � p3)2 = (p1 + p2)2t = (p0 � p1)2 = (p2 + p3)2u = (p0 � p2)2 = (p1 + p3)2: (G.15)Any possible 
ontra
tion of the momenta in (G.11) 
an now be expressed via these three variables:p0:p1 = m2� +m2e � t2 p0:p2 = m2� � u2p0:p3 = m2� � s2 p1:p2 = s�m2e2p1:p3 = u�m2e2 p2:p3 = t2 : (G.16)Using MATHEMATICA, we rewrite P jMj2 purely in Mandelstam variables:12Xspin jMj2 = 4G2F(M2W � s)2 ��m4em4� � 4m2eM4Wm2� +m2e(m2e +m2� � s)sm2�+ (4m2eM2Wm2�)t+ 4M4W (m2e +m2� � u)u� : (G.17)The expression (G.17) depends only on s; t and u, but we have to integrate over s and 
os �e. Thismeans we need to express t and u in terms of 
os �e. We are able to do this by 
hoosing the Wboson rest frame:k = �ps; 0; 0; 0�p0 =  s+m2�2ps ; 0; 0; m2� � s2ps !p3 = m2� � s2ps (1; 0; 0; 1)p1 = �s+m2e2ps ; s�m2e2ps sin �e 
os�; s�m2e2ps sin �e sin�; s�m2e2ps 
os �e�p2 = s�m2e2ps (1;� sin �e 
os�;� sin �e sin�;� 
os �e) : (G.18)76



Where we have also made use of the freedom to 
hoose the dire
tion of the muon momentum. It
an be easily seen, that the above 
hoi
e respe
ts the momentum 
onservation p0 = p1 + p2 + p3,the on-shell 
ondition p2i = m2i , as well as all the identities in (G.16).For further 
al
ulation, we have to get rid of the variable u using the following property of s; t andu: s+ t+ u = m2� +m2e: (G.19)leaving dependen
e only on s and t, where t 
an be expressed in terms of 
os �e using (G.18):t = 2p2:p3 (G:18)= (m2� � s)(s�m2e)(
os �e + 1)2s : (G.20)Multiplying P jMj2 with the other fa
tors out of (G.14) and doing the 
os �e integration, we getthe di�erential de
ay rate:d�ds = G2F (m2e � s)2(m2� � s)2192m3��3(s�M2W )2s3 �2M4W s(m2� + 2s)+ (2M4W s+m2�(4M4W + 6sM2W + 3s2))m2e� : (G.21)The limit of in�nite W mass and vanishing ele
tron masslimMW!1me!0 d�ds = G2F (m2� � s)(m2� + 2s)296m3��3 ; (G.22)yields the 
orre
t zeroth order result:Z m2�0 dsG2F (m2� � s)(m2� + 2s)296m3��3 = G2Fm5�192�3 : (G.23)The s integration of the whole expression is a little more involved, sin
e we en
ounter the followingintegrals: Z ds sn(M2W � s)2 : n = 0;�1;�2;�3 (G.24)We get unde�ned expressions, if we for example do the following integral:Z ds s(M2W � s)2 = M2WM2W � s + ln �M2W � s� ; (G.25)whi
h has a dimension-full expression in the argument of the logarithm! To prevent this situation,we s
ale the integration variable with the W mass. The new integration variable is the dimensionlessquantity z = s=M2W . With the original integration rangem2e � s � m2�; (G.26)our integrals be
ome:Z m2�m2e ds sn(M2W � s)2 =M (2n�4)W Z m2�m2e ds ( sM2W )n((MWMW )2 � sM2W )2 =M (2n�2)W Z m2�=M2Wm2e=M2W dz zn(1� z)2 :(G.27)77



Using the integrals listed in G.8, we �nd the expression:�(�� ! e����e) = G2Fm5�192�3 �ln(x) ��12x2 + �24x3 + 24x2� y � 27x3y2�+ 12� 12xy3 + 6x2 � 6y2 + 2x3 � 27x2 + 27x� 2y+ �39x32 � 39x2 �+ �27x2 � 27x3� y+ ln� 1� y1� xy��12y4 + �12x� 12y3 + 33xy2 + �24x2 � 24xy+ �3x3 + 3x�+ �24x3 + 24x2� y � 27x3y2�� ; (G.28)with x = m2em2� ; y = m2�M2W : (G.29)This expression gives the following value for the total de
ay rate:�(�� ! e����e) = 3:008728 � 10�19GeV; (G.30)whi
h agrees well with the experimental value 2:995917 � 10�19GeV [92℄.G.4 M-matrix with tensor integralsAs mentioned in the introdu
tion, we will also approximate the denominator of the propagator tosimplify the integrand, i.e. P jMj2, for the phase spa
e integration. Making use of k = p0 � p3and letting the muon-neutrino mass vanish (i.e., p23 = 0), we rewrite the squared denominator ofthe W-propagator as follows:1(M2W � k2)2 = 1(M2W �m2� + 2p0:p3)2 = � 1M4W � 1(1� (m2� � 2p0:p3)=M2W )2 : (G.31)The expression (m2� � 2p0:p3)=M2W is small 
ompared to 1. We therefore use the approximation� 11� ��2 = (1 + �+ �2 + :::)2 � 1 + 2�; (G.32)whi
h is valid for small � and gives� 1M4W � 1(1� (m2� � 2p0:p3)=M2W )2 � 1M4W �1 + 2(m2� � 2p0:p3)=M2W � : (G.33)Using this and letting all MnW with n � �4 equal to zero, we �nd the resultXspin jMj2 = p0:p1 p2:p3 (64G2Fm2�=M2W )+ p0:p2 p0:p3 p1:p3 (�512G2F =M2W )+ p0:p2 p1:p3 (320G2Fm2�=M2W + 128G2F )+ p0:p3 p1:p2 (�64G2Fm2�=M2W )+ p1:p3 p2:p3 (�128G2Fm2�=M2W ): (G.34)78



Only 
onsidering the zeroth order in MW , only one term 
ontributes:Xspin jM(0)j2 = (128G2F )p0:p2 p1:p3: (G.35)Using the third equality in (G.37), this is relatively easy to solve and gives the short expressionfrequently to be found in textbooks (i.e. [1℄):�(0)(�� ! e����e) = G2Fm5�(1� 8m2em2� )192�3 : (G.36)Where mne for n � 4 was also negle
ted. In our further 
al
ulation, we will 
onsider the fullexpression (G.34). To obtain the total de
ay rate, we are now left to integrate over the threeparti
le phase spa
e dPS(1; 2; 3).G.5 Phase spa
e tensor integralsWe 
an now integrate (G.34) over the separated phase spa
e of the two neutrinos d�(2; 3) (seeappendix A.2 for its derivation). We see that we have to integrate over expressions involving twoand three muon momenta p2 and p3 all being 
ontra
ted either with one another or with momentathat we do not integrate over. We separate the s
alar produ
ts in the following way:Z d�(2; 3)p0:p1 p2:p3 = p0:p1 g�� I��Z d�(2; 3)p0:p2 p0:p3 p1:p3 = p0� p0� p1
 I��
Z d�(2; 3)p0:p2 p1:p3 = p1� p0� I��Z d�(2; 3)p0:p3 p1:p2 = p0� p1� I��Z d�(2; 3)p1:p3 p2:p3 = p1� g�
 I��
 : (G.37)Where I�� and I��
 are the tensor integrals:I�� � Z d�(2; 3)p�2p�3 (G.38)I��
 � Z d�(2; 3)p�2 p�3p
3 : (G.39)In the two body phase spa
e of the muons, these are the only integrals that we will have to 
ompute.We will �rst tread the simpler 
ase (G.39) and make the following ansatz for the tensor stru
tureof the solution: I�� = Z d�(2; 3)p�2p�3 = Ag�� +BP �P � ; (G.40)where P � = (p3 + p2)� and P 2 = t � s0 = 2p2p3. Note that s0 di�ers from s used in the kinemati
approa
h! Further A and B are 
onstants to be determined through 
ontra
ting I�� with g�� andP �P � . We have to 
ontra
t twi
e, as we need two equations to determine our two 
onstants A andB: g��I�� = Z d�(2; 3)p2:p3 = Z d�(2; 3)s02= Z d 
os � "�4 �1=2(s0; 0; 0)s0 # s02 = �8 s0 Z d 
os � = �4 s0= 4A+ P 2B = 4A+ s0B (G.41)79



P �P �I�� (��)= Z d�(2; 3)p2�(p3 + p2)�p3�(p3 + p2)� = Z d�(2; 3)(p2:p3)2= Z d�(2; 3)s024 = �8 s02= P 2A+ P 2P 2B = s0A+ s02B: (G.42)The equality (��) might seem awkward, sin
e we are pulling the fa
tor P � = (p3 + p2)� under anintegral whi
h is over the d�(2; 3) phase spa
e. However, the kinemati
 fa
t (p3+p2)� = (p0�p1)�shows that P � is a 
onstant under the d�(2; 3) integration.Finally solving (G.41) and (G.42) for A and B gives the tensor IntegralI�� = Z d�(2; 3)p�2p�3 = �24s0g�� + �12P �P � : (G.43)The 
al
ulation of the tensor integral over three momenta will not be 
arried out in detail as it isanalogous to the 
al
ulation of (G.40). The ansatz readsI�(�
) = Z d�(2; 3)p�2 p�3p
3 = AP�P �P 
 +BP�g�
 + C(P �g�
 + P 
g��): (G.44)Round bra
kets around a group of indi
es signal that the expression is symmetri
 in these indi
es.Sin
e I�(�
) is symmetri
 in � and 
, we 
hoose an ansatz whi
h is also symmetri
 in these indi
es.We now have to 
ontra
t I�(�
) three times in order to obtain the three 
onstants A, B and C. We
ontra
t with g��P 
 , g�
P� and P�P �P 
 , solve the resulting equations and getI�(�
) = Z d�(2; 3)p�2 p�3p
3 = �24P�P �P 
 + �48s0(P �g�
 + P 
g�� � P�g�
): (G.45)G.6 Energy spe
trumHaving performed the tensor integration over the neutrino phase spa
es d�(2; 3) from our originalexpression of the three-body phase spa
edPS(1; 2; 3) = 1(2�)5 d�(2; 3)d�(23; 1)ds0; (G.46)we are left to integrate over d�(23; 1)ds0. Withs0 = (p2 + p3)2 = m223 = m2� +m2e � 2m�Ee; ŝ =m2123 = (p1 + p2 + p3)2 = m2� (G.47)and d�(23; 1)ds0 = �4 �1=2(ŝ; s0;m2e)ŝ d 
os �ds0 (G.48)we 
an integrate over d 
os � whi
h gives rise to a fa
tor 2 sin
e our integrand is independent of
os �. The only integration left is over ds0, whi
h we will rewrite as an integration over the ele
tronenergy Ee: ds0 = �2m�dEe: (G.49)It is very important to 
onsider the range of integration, when 
hanging the variables. The s0 rangeis: 0 � s0 � (m� �me)2: (G.50)80



With Ee(s0) = m2� +m2e � s02m� (G.51)it follows that Ee(0) = m2� +m2e2m� ; Ee((m� �me)2) = me: (G.52)The upper bound for the variable s0 is the lower bound for Ee and vi
e versa. In order to in
orporatethis fa
t in d�, we need to 
hange the integration limits, making the lower limit the lower boundand the upper limit the upper bound:Z (m��me)20 ds0 = Z mem2�+m2e2m� (�2m�dEe) = 2m� Z m2�+m2e2m�me dEe: (G.53)As we see the minus sign of the energy measure is 
ompensated by 
hanging the integration limits.Now rewriting the full phase spa
e in terms of Ee gives:d�(23; 1)ds0 = +2�pE2e �m2e dEe: (G.54)After integrating (G.34) over the neutrino phase spa
e, we rewrite the result in terms ofEe. In
orporating the 
hange of variable a

ording to (G.53), multiplying it by the fa
tors(2�)�4pE2e �m2e dEe and 1=2m� and using the de�nition:d� = 12m� 2412Xspin jMj235dPS(1; 2; 3); (G.55)this leads to the following result for the energy spe
trum:d�dEe = 12m� "E3epE2e �m2eG2F  �2m3�3M2W�3!+ E2epE2e �m2eG2F  2m4�3M2W�3 � 2m2�3�3 + 2m2em2�3M2W�3!+ EepE2e �m2e G2F  m3�2�3 � 7m2em3�3M2W�3 + m2em�2�3 !+ pE2e �m2eG2F  + 5m2�m4e6M2W�3 � m2�m2e3�3 + 5m4�m2e6M2W�3!# : (G.56)In the limit of in�nite W mass and vanishing ele
tron mass this be
omes:limMW!1me!0 d�dEe = G2Fm�3�3 E2e �34m� �Ee� : (G.57)It is easy to 
he
k that in lowest orderZ m2�+m2e2m�me dEe ! Z m�20 dEe (G.58)this gives the 
orre
t result for the total de
ay rate:Z m�20 dEe �G2Fm�3�3 E2e �34m� �Ee�� = G2F12�3 �m2�E3e �m�E4e���m�20 = G2Fm5�192�3 : (G.59)81
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Figure 12: The physi
al region me � Ee � m2�+m2e2m� of the ele
tron energy spe
trumG.7 Total de
ay rateThe energy integration, just like the s integration in the kinemati
 approa
h, has to be handledwith 
aution. If we were to integrate the above expression we would for example en
ounter theintegral: Z dEepE2e �m2e = Ee2 pE2e �m2e � m2e2 ln�Ee +pE2e �m2e� ; (G.60)whi
h on
e again has a dimension-full expression in the argument of the logarithm. To prevent thissituation, we s
ale the integration variable Ee with the muon mass, so that the new integrationvariable be
omes x � Ee=m�:Z ba dEeEnepE2e �m2e = mn+1� Z ba dEe� Eem��ns� Eem��2 ��mem��2;= mn+2� Z b=m�a=m� dxxnpx2 �A2: (G.61)Where A = me=m�. The new integral is now entirely dimensionless and we no longer en
ounter anyproblems with the dimension of the logarithm argument. Using the integrals evaluated in appendixA.3, we reprodu
e the zeroth order �(0) in MW plus additional terms. As already stated in (G.36)the zeroth order reads: �(0) = G2Fm5�(1� 8m2em2� )192�3 : (G.62)Its numeri
al value is: �(0) = 3:0087246 � 10�19GeV: (G.63)The whole expression for the total de
ay rate reads:�(�� ! e����e) = G2F960m3�M2W�3 ��ln�mem��� ln�m2em2����(120m4�m4e(2m2e + 2m2� �M2W ))+ (m2e �m2�) �(8m6� � 35m4�M2W )m2e + 3m8� + 5m6�M2W+ (3m8e + (8m2� + 5M2W )m6e + (218m4� � 35m2�M2W )me4�� : (G.64)82



Whi
h evaluates to: �(�� ! e����e) = 3:0087279 � 10�19GeV: (G.65)This is the same value already found in the kinemati
 approa
h in 
hapter 5. In the limit of in�niteW mass and vanishing ele
tron mass, we on
e again �nd the well known zeroth order:limMW!1me!0 � = limme!0�(0) = G2Fm5�192�3 : (G.66)Who's value is: limMW!1me!0 �(�� ! e����e) = 3:0092877 � 10�19GeV: (G.67)The mean lifetime � of a parti
le is de�ned as the inverse of its total de
ay rate. Inserting the value(G.65) yields:� � 1� = 13:0087279 � 10�10eV = 1(3:0087279 � 10�10eV)(1:5192675 � 1015eV�1s�1)� = 2:1876752 � 10�6s: (G.68)Sin
e the de
ay �� ! e����e is the vastly dominant de
ay 
hannel, the value (G.68) gives a goodpredi
tion for experimental results [92℄:� (exp) = 2:19703 � 10�6s: (G.69)G.8 IntegralsThe following integrals were used for our 
al
ulations: In se
tion 5:Z dx x3(1� x)2 = 11� x + 3 ln (1� x) + 2x+ x22Z dx x2(1� x)2 = 11� x + 2 ln (1� x) + xZ dx x(1� x)2 = 11� x + ln (1� x)Z dx 1(1� x)2 = 11� xZ dx1x 1(1� x)2 = 11� x � ln (1� x) + ln(x)Z dx 1x2 1(1� x)2 = � 11� x � 1x�+ 2 ln(x)� 2 ln(1� x)Z dx 1x3 1(1� x)2 = 3 ln(x)� 3 ln (1� x)� 2x + 11� x � 12x2 ; (G.70)in se
tion 9:Z dxpx2 �A2 = x2px2 �A2 � A22 ln�x+px2 �A2� ;Z dxxpx2 �A2 = 13 �px2 �A2�3 ;Z dxx2px2 �A2 = x4 �px2 �A2�3 + A2x8 px2 �A2 � A48 ln�x+px2 �A2� ;Z dxx3px2 �A2 = 15 �px2 �A2�5 + A23 �px2 �A2�3 : (G.71)83



G.9 Numeri
al inputIn our 
al
ulations we used the following numeri
al Input out of [92℄:me = 0:000511GeVm� = 105:6584GeVMW = 80:403GeVGF = 1:16639 � 10�5GeV�2 (G.72)As well as the 
onversion 
onstant that 
onne
ts energy in natural units to inverse time in SI units:1 eV = 1:5192675 s�1 : (G.73)

84



H W+W� produ
tionIn this se
tion we 
al
ulate the �CC3 
ontribution to theW+�W�� produ
tion pro
ess. The �CC3 
on-tribution 
ontains only s-
hannel diagrams of the 
ray�sh type, a t-
hannel 
rab diagram (see �gure13) and their interferen
es. Contributions of deer diagrams (�gure 2 in [88℄) are not 
onsidered.
e+e� W+W�
; Z f 4(p4)f3(p3)f 2(p2)f1(p1)W1

W2k2
k1 �(q)

Figure 13: s-
hannel 
ray�sh (left) and t-
hannel 
rab (right) of theW+�W�� produ
tion pro
ess e+e� !W+�W�� ! 4fH.1 M-matrixThe M-matrix is a sum of the three diagrams in Figure 1. Moreover, the W� -propagators and theW de
ay produ
tsM�12 and M�34 appear in every diagram, they 
an therefore be fa
torized in thefollowing way:M = M� +M
 +MZ= "� ep2sw�2 1(s1 �M2W + ips1�W (s1)) 1(s2 �M2W + ips2�W (s2))M�12M�34#� 24�i� ep2sw�2B��t + Xj=
;Z(ie) �i(s�M2j + ips�j(s))(ieC(j)V 
��)B
j 35 : (H.1)Mj (j = 
; Z) are the Z-boson and photon masses, MW the W-boson mass. �j (j = 
; Z) are theZ-boson and photon de
ay width, �W the W-boson de
ay widths. sw; 
w is the sine and 
osine ofthe Weinberg angle. Finallys � (k1 + k2)2 = 2k1k2s1 � (p1 + p2)2 = 2p1p2; s2 � (p3 + p4)2 = 2p3p4: (H.2)In all of the 
al
ulations we take the fermions to be massless, sin
e their masses are very small
ompared to the W pair produ
tion threshold ps = 2MW . Further, the summand proportionalto Bt is the t-
hannel part and the ones proportional to Bj (j = 
; Z) are the two s-
hannel
ontributions. They areM�ij = u(pi)
� 1� 
52 u(pj)B��t = u(k2)
� 1� 
52 =qt 
�u(k1)B
j = u(k2)

 �L(j)1 � 
52 +R(j)1 + 
52 �u(k1)V 
�� = g��(W1 �W2)
 � 2g�
W�1 + 2g�
W �2 : (H.3)85



With the 
ouplings L(Z) = ��1=2 + s2wsw
w � ; R(Z) = sw
w ; C(Z) = � 
wswL(
) = R(
) = C(
) = 1 (H.4)It might seem surprising that there is apparently no numerator stru
ture of the W-Propagatorsin (1). To 
larify this point, one has to look at the Feynman rules. For the W-propagator (in itsgauge invariant form) and the 
oupling to its de
ay produ
ts, they are� iep2sw� �ig��0 �W �1W �01 (1� �)=(W 21 � �M2W )(W 21 �M2W + ips1�W (s1)) !�u(p1)
�0 1� 
52 u(p2)� (H.5)It is easy to see, that the gauge dependent term vanishes when we 
ontra
t it with 
�0W �1 W �01 M�012 = W �1W �01 [u(p1)
�0 1� 
52 u(p2)℄= W �1 [u(p1)(=p1 + =p2)1� 
52 u(p2)℄= W �1 [u(p1)=p1| {z }=0 1� 
52 u(p2)℄ +W �1 [u(p1)1 + 
52 =p2u(p2)| {z }=0 ℄: (H.6)Where we have made use of W1 = p1 + p2 and the Dira
 equation =pu(p) = 0 for massless fermions.This means that in 
ontra
tion with M�012�ig��0 �W �1 W �01 (1� �)=(W 21 � �M2W )(W 21 �M2W + ips1�W (s1)) ! �i g��0(W 21 �M2W + ips1�W (s1)) : (H.7)After performing the 
ontra
tion of g��0 with 
�0 one arrives at the propagator and indi
es stru
tureof (1). The numerator stru
ture of the Z- and 
 -propagator in (1) is to be explained in dire
tanalogue to the stru
ture of the W-propagator above.H.2 Squaring MThe s-
hannel fermion-fermion-ve
tor 
oupling B
j has a left- and a right-handed partB
j = L(j)B
L +R(j)B
RB
L = u(k2)

 1� 
52 u(k1)B
R = u(k2)

 1 + 
52 u(k1): (H.8)In this de
omposition the squared M-Matrix readsjMj2 = "� ep2sw�4 1js1 �M2W + ips1�W (s1)j2 1js2 �M2W + ips2�W (s2)j2 jM12j2�� jM34j2��#� 24� ep2sw�4 jBtj2���� + Xj=
;Z 2<e"�e42s2w C(j)L(j)(s�M2j � ips�j(s))V 
��(B��t B�
L )#+ Xi;j=
;Z e4C(j)C(i)[L(i)L(j) +R(i)R(j)℄(s�M2i + ips�i(s))(s�M2j � ips�j(s))(V 
��V 
��)! jBLj2

35 : (H.9)86



Not overlined Minkowski indi
es stem from M, overlined ones from M�.The appearan
e of the expression 2<e[:::℄ is due to the simple equality ab�+a�b = 2<e[ab�℄. Further,in order to obtain the above form, we used jBLj2

 = jBRj2

 whi
h follows from a straight forward
al
ulation.The phase spa
e of a four parti
le �nal stated�4 � 4Yi=1 d3pi2p0i � Æ4(k1 + k2 � 4Xi=1 pi) (H.10)de
omposes into d�4 = ds1ds2d�(12; 34)d�(1; 2)d�(3; 4): (H.11)Where the generalized two parti
le phase spa
e is given byd�(a; b) = �4q�(m2ab;m2a;m2b)m2ab d
os�; (H.12)with the usual de�nitions m2ab = (pa + pb)2�(a; b; 
) = a2 + b2 + 
2 � 2ab� 2a
� 2b
� � �(s; s1; s2): (H.13)In jMj2 the only pi (i=1,..,4) dependent parts are jM12j2�� and jM34j2�� respe
tively. The inte-gration over d�(1; 2) and d�(3; 4) 
an therefore be performed easily.Xspin Z jM12j2��d�(1; 2) = Xspin Z u(p1)
� 1� 
52 u(p2)u(p2)
� 1� 
52 u(p1)d�(1; 2)= 12 Z tr[=p1
�=p2
�(1� 
5)℄d�(1; 2)= 12 Z [4(p�1p�2 � p1p2g�� + p�1p�2 ) + �����p�1p�2 ℄d�(1; 2) (H.14)With s1 � (p1 + p2)2 = 2p1p2 and the identitiesZ d�(1; 2) = �2 ; (H.15)Z d�(1; 2)p�1p�2 = �12 �s12 g�� +W �1W �1 � ; (H.16)we get Xspin Z jM12j2��d�(1; 2) = �3 [�s1g�� +W �1 W �1 ℄: (H.17)An analogous expression holds for jM34j2��d�(3; 4).H.3 Rewriting jMj2The above M-Matrix 
an further be rewritten as a 
ombination of six generi
 fun
tions. Threefun
tions ~Cab (a,b=s,t) des
ribing the 
ouplings and three dynami
 fun
tions Gab.Xspin jMj2d�(1; 2)d�(3; 4) = ~CttGtt + ~CstGst + ~CssGss (H.18)87



The three 
oupling fun
tions are~Ctt � �29 A(s1; s2)� ep2sw�4 ;~Css � �29 A(s1; s2) Xi;j=
;Z e4C(i)C(j)[L(i)L(j) +R(i)R(j)℄(s�M2i + ips�i(s))(s�M2j � ips�j(s))! ;~Cst � �29 A(s1; s2) Xj=
;Z��e42s2w� 2<e" C(j)L(j)s�M2j + ips�j(s)# ; (H.19)with the fa
torA(s1; s2) � "� ep2sw�4 1js1 �M2W + ips1�W (s1)j2 1js2 �M2W + ips2�W (s2)j2# : (H.20)Using the two parti
le phase spa
e integrationsjM12j2��d�(1; 2) = �3 [�s1g�� +W �1W �1 ℄jM34j2��d�(3; 4) = �3 [�s2g�� +W�2 W�2 ℄ (H.21)The dynami
 fun
tions be
omeGtt(
os�) � [�s1g�� +W �1 W �1 ℄[�s2g�� +W�2 W�2 ℄ jBtj2����Gss(
os�) � [�s1g�� +W �1 W �1 ℄[�s2g�� +W�2 W�2 ℄ (V 
��V 
��) jBLj2

Gst(
os�) � [�s1g�� +W �1 W �1 ℄[�s2g�� +W�2 W�2 ℄ (V 
��)B��t B�
L : (H.22)H.4 Cross se
tionThe unpolarized di�erential 
ross se
tion isd� � 14Xspin jMj2 � (2�)44k1k2�� 1(2�)3�4 d�4: (H.23)Inserting the expression for d�4 yields �CC3 out of [1℄d�CC3d
os� � d�ds1ds2d
os� =  p�s2�!� 132(2�)6�2414Xspin jMj2d�(1; 2)d�(3; 4)35=  p�s2�!� 1128(2�)6�h ~CttGtt + ~CstGst + ~CssGssi : (H.24)H.5 Breit-Wigner fa
torsThe above 
oupling fun
tions ~Cab all 
ontain the fa
tor A(s1; s2) whi
h might be rewritten asA(s1; s2) = � e22s2w�| {z }24��W (s1)=ps1 1js1 �M2W + ips1�W (si)j2 � e22s2w�| {z }24��W (s2)=ps2 1js2 �M2W + ips2�W (si)j2= 24�2s1 24�2s2 �(s1)�(s2); (H.25)88



where the Breit-Wigner fa
tors �(si) are:�(si) = 1� psi �W (si)jsi �M2W + ipsi�W (si)j2 : (H.26)with the o� shell W de
ay rate �W (si) � e248�s2wpsi: (H.27)The Breit-Wigner fa
tors are normalized su
h thatlim�W!0 �(si) = Æ(si �M2W ): (H.28)It is evident, that lim�W!0 �(s)! 0 for s 6=M2W ; (H.29)but we do not know what happens at s =M2W . To analyze this, we integrate over lim�W!0 �(s).�(s) = 12�i � 1s�M2W � ips�W � 1s�M2W + ips�W �lim�W!0Z ds�(s) = lim�W!0 12�i �ln(s�M2W � ips�W )� ln(s�M2W + ips�W )� (H.30)Using the following identity for the 
omplex logarithm with 
utlim�!0 ln(�R� i�) = ln(R)� i�; (H.31)we �nd lim�W!0Z ds�(s) = 2�i2�i = 1; (H.32)yielding indeed the above normalizationlim�W!0 �(si) = Æ(si �M2W ): (H.33)H.6 ResultsWe globally extra
t the Breit-Wigner fa
tors in the termA = e4s4w �(s1)�(s2)256s1s2 ; (H.34)and rewrite the 
ross se
tion asd�CC3d
os� =  p�s2�!A �CttGtt + CstGst + CssGss� : (H.35)The new 
oupling fun
tions take the �nal formCtt = 1Css = 8M4Zs4w + 4(2�2Z(s)s4w �M2Zs2w)s+ s2s2((s�M2Z)2 + s�2Z(s))Cst = 2(�2M4Zs2w � (2�2Z(s)s2w � 2M2Zs2w �M2Z)s� s2)s((s�M2Z)2 + s�2Z(s)) : (H.36)89



After evaluating the 
-tra
es, the G fun
tions readGtt(
os�) = C1 + 4s1s2C2t2Gss(
os�) = �C1 + 12s1s2C2Gst(
os�) = (s� s1 � s2)C1 + 4s1s2[s(s1 + s2)� C2℄t ; (H.37)with C1 = 2s(s1 + s2) + C2;C2 = �t(s� s1 � s2 + t)� s1s2: (H.38)The WW produ
tion angle 
os� is 
ontained in the invariant t:t = (s1 + s2 � s+p� 
os�): (H.39)One 
an further integrate out the produ
tion angle to obtain the double resonating 
ross se
tion.For this, the following integrals are usedZ 1�1 d
os� 
osn � = 1; 0; 1=3 for n = 0; 1; 2Z 1�1 d
os� t�1 = 2L(s; s1; s2)Z 1�1 d
os� t�2 = 2s1s2 ; (H.40)with L(s; s1; s2) � 1p� ln"s1 + s2 � s+p�s1 + s2 � s�p�# : (H.41)The dynami
 fun
tions now take the formGtt = 16[�+ 12s(s1 + s2)� 48s1s2 � 24(s� s1 � s2)s1s2L(s; s1; s2)℄Gss = �6 [�+ 12(s1s+ s1s2 + s2s)℄Gst = 16 [(s� s1 � s2)[�+ 12(s1s+ s1s2 + s2s)℄+24(s1s+ s1s2 + s2s)s1s2L(s; s1; s2)℄ : (H.42)H.7 The CC3 
ross se
tionThe above result needs to be integrated over s1 and s2 in order to obtain the total 
ross se
tion.This is done numeri
ally using MATHEMATICA. In the massless 
ase the kinemati
 range for theintegration variables are: 0 � s1 � s0 � s2 � (ps�ps1)2: (H.43)In �gure 14 we plotted �CC3 as a fun
tion of the CM-Energy ps. We observe the in
rease after thethreshold and a de
rease � 1=s � ln(s=M2W) afterwords. Even though the individual s- and t-
hannel90
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Figure 14: total de
ay rate �CC3(s)
ontributions do not de
rease, their interferen
e term leads to gauge 
an
ellations whi
h furtherlead to the overall de
rease that assures unitarity preservation.The numeri
al results were obtained with the input quantities:�V (s) = (ps=MV )�V�Z = 2:4952GeV�W = 2:141GeVMZ = 91:1876GeVMW = 80:403GeV�(2MW ) = (128:07)�1e(2MW ) = 0:31324sw(2MW ) = 0:23004: (H.44)Using the narrow width approximationlim�W!0 �(si) = Æ(si �M2W ); (H.45)dis
ussed in 
hapter 6, we 
an use the o�-shell result to reprodu
e the on-shell one, �rst 
al
ulatedin [90℄: �CC3;on = �e432�s4ws ��1 + 2M2Ws + 2M4Ws2 � L� � 54+M2Z(1� 2s2w)(s�M2Z) �2M4Ws2 (1 + 2sM2W )L� � s12M2w � 53 � M2Ws �+ M4Z(8s4w � 4s2w + 1)�248(s�M2Z)2 � s2M4W + 20sM2W + 12�� ; (H.46)with the de�nitions � =q1� 4M2W =s and L = ln�1 + �1� �� : (H.47)91
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Figure 15: total On-Shell and O�-Shell de
ay rates �CC3(s)In �gure 15 we plotted both the On-Shell and the O�-Shell 
ross se
tions. We observe a
attening of the On-Shell 
ase 
ompared to the O�-Shell one.H.8 Four body kinemati
sWe are interested in a parametrization of the four �nal momenta. In the 
orresponding phase spa
ed�4 � 4Yi=1 d3pi2p0i � Æ4(k1 + k2 � 4Xi=1 pi)= ds1ds2d�(12; 34)d�(1; 2)d�(3; 4) (H.48)we have eight independent integration variables, with the kinemati
 regions:(m1 +m2)2 � s1 � (ps�m3 �m4)2;(m3 +m4)2 � s2 � (ps�ps1)2;�1 � 
os�; 
os�1; 
os�2 � 1;0 � �; �1; �2 � 2�: (H.49)The integration over � just gives a fa
tor 2�. We write down the momenta of the 2 ! 2 pro
esse+e� !W+�W�� in their 
enter of mass system:k1 = (p0;�psin�; 0; p
os�)k2 = (p0; psin�; 0;�p
os�)W1 = 12ps �s+ s1� s2; 0; 0;p��W2 = 12ps �s� s1 + s2; 0; 0;�p�� ; (H.50)with p � j~pj = p�(s;m21;m22)2ps mi!0= ps2 = p0; (H.51)92



and � � �(s; s1; s2); k21 = s1; k22 = s2: (H.52)Note, that the W�-boson is moving in the positive z-dire
tion. Now we give the �nal momenta ~p1and ~p2 in the W� rest frame:~p1 = 12ps1 �s1 +m21 �m22;p�34sin�1
os�1;p�34sin�1sin�1;p�34
os�1�~p2 = 12ps1 �s1 �m21 +m22;�p�34sin�1
os�1;�p�34sin�1sin�1;�p�34
os�1� ; (H.53)with �12 � �(s1;m21;m22). The key idea is now to boost ~p1 and ~p2 along the positive z-axes tobring them into the 
enter of mass system of the in
oming parti
les. ~p3 and ~p4, whi
h are de�nedanalogous to (H.53) in the rest system of W+ and will have to be boosted along the negativez-axes. For the Lorentz boost we need the velo
ity � of the W�-boson, whi
h we extra
t out ofthe momentum W1;z = p�2ps = MWp1� �2� (H.54)to give � = +s 11 +M2W =W 21;z = + p�s+ s1 � s2 : (H.55)With 
 = (1� �2)�1=2 we get�
 = p�2ps1s and 
 = s+ s1 � s22ps1s : (H.56)The boosted momenta read:p1 = 12ps1 �
(s1 +m21 �m22)� �
(p�34
os�1);p�34sin�1
os�1;p�34sin�1sin�1;��
(s1 +m21 �m22) + 
(p�34
os�1)�p2 = 12ps1 �
(s1 �m21 +m22) + �
(p�34
os�1);�p�34sin�1
os�1;�p�34sin�1sin�1;��
(s1 �m21 +m22)� 
(p�34
os�1)� : (H.57)In the massless 
ase all �nal momenta are:p1 = ps12 (1; sin�1
os�1; sin�1sin�1; 
os�1)p2 = ps12 (1;�sin�1
os�1;�sin�1sin�1;�
os�1)p3 = ps22 (1; sin�2
os�2; sin�2sin�2; 
os�2)p4 = ps22 (1;�sin�2
os�2;�sin�2sin�2;�
os�2) : (H.58)The general massive expression is given in equation (B.21) of [88℄.93
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ZusammenfassungDer S
hwerpunkt dieser Diplomarbeit ist die Bhabha{Streuung e+e� ! e+e�. Bhabha{Steuungist unter anderem an e+e�{Bes
hleunigern (wie z.B. LEP) von gro�er Bedeutung, wo man mitihrer Hilfe die Bes
hleunigerluminosit�at bestimmt, wel
he direkten Ein
uss auf die Genauigkeitaller weiteren Wirkungsquers
hnittsmessungen hat.In dieser Diplomarbeit wird der divergente Teil des Wirkungsquers
hnittes von Bremsstrahlungsko-rrekturen zur Bhabha{Streuung bere
hnet. Es wird die Interferenz von allen Eins
hleifen{QEDF�unf{Punkt Topologien (Kapitel 7 Abbildungen 6 und 7) mit den a
ht QED-BremsstrahlungsTopologien untersu
ht.Bei der Bere
hnung der F�unf{Punkt Funktionen treten zwei vers
hiedene Sorten von Infrarotdi-vergenzen auf. Dur
h die S
hleifenintegration ergeben si
h virtuelle IR-Divergenzen, sowohl derSkalar-, als au
h der Tensorintegrale. Weiter tritt auf Grund der wei
hen Photonenemission einereelle IR{Divergenz bei der Phasenraumintegration auf.Die generelle Struktur der IR{Divergenzen im Standardmodel wird in Kapitel 4 diskutiert. Es wirdgezeigt, dass reelle und virtuelle IR{Divergenzen si
h Ordnung f�ur Ordnung in der QED (Blo
h-Nordsie
k) gegenseitig wegheben. Da jedo
h die Divergenzen der F�unf{Punkt Funktionen unteranderem au
h mit Zweis
hleifen{Diagrammen korrespondieren (siehe Ende Kapitel 8), kann dieBlo
h{Nordsie
k{Can
ellation [62℄ ni
ht gezeigt werden.Die Diplomarbeit beginnt mit einer kurzen Einf�uhrung in die theoretis
hen Grundlagen der Per-turbationstheorie und die Struktur der elektros
hwa
hen Teil des Standardmodels. Na
h deroben erw�ahnten allgemeinen Diskussion der IR-Divergenzen bere
hnen wir sowohl den Born{Wirkungsquers
hnitt der QED{Bhabha Streuung, als au
h den Born{Beitrag zur QED{Bhabha{Bremsstrahlung.Na
h dem Einf�uhren in Mellin{Barnes (MB) Darstellungen werden die Mathemati
a PaketeAMBRE.m [55℄ und MB.m [56℄ diskutiert, mit derren Hilfe die regularisierten MB{Integrale f�ur dieSkalar-, Vektor- und Tensorintegrale hergeleitet werden. Die Divergenzstruktur wird diskutiert unddie divergenten Anteile der MB-Integrale werden explizit unter Verwendung des Residuen Theo-rems gel�ost. Hierbei werden L�osungen in Form von inversen Binomialsummen gefunden, wel
he aufeine Unterklasse der in [83℄ diskutierten Funktionen zur�u
kgef�uhrt werden k�onnen.Mittels der 
rossing symmetry, wel
he anhand eines Beispiels gezeigt wird, kann die Bere
hnung derZ�ahlerstru
ktur von nur zwei der a
ht F�unf{Punkt Topologien reduziert werden. Der di�erentielleWirkungsquers
hnitt wird in Kapitel 8 in Abh�angigkeit von den Photonen-PhasenraumintegralenP1 und P2 hergeleitet, wel
he in Kapitel 9 vollst�andig gel�ost werden.Der konstante Term der Phasenraumintegrale wird bis auf die Feynmanparameterintegrale re-duziert. F�ur Emission von glei
hen Beinen ergeben si
h triviale Integrale, f�ur initial-�nal Interferenzdeutli
h komplexere Integrale die ni
ht bere
hnet werden. Ein Gro�teil der Parameterintegrale derinitial-inital bzw. �nal-�nal Interferenz sind in der Mathemati
a Datei P1 ALPHA Integrals.nbgel�ost.Zus�atzli
h zu der Bere
hnung der Bhabha Wirkungsquers
hnittes wird in Appendix G und H derelektros
hwa
he Muonzerfall zu niedrigster Ordnung auf zwei vers
hiedenen Wegen, so wie derelektros
hwa
he �CC3 Wirkungsquers
hnitt von W+W�{Produktion mit Hilfe von Breit{WignerFaktoren hergeleitet.
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