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1 Introduction

1.1 The making of the standard model

During the last century, both the development of quantum theory and the investigation of the sub-
structure of matter have seen immense progress and have changed our view of the world profoundly.
The beginning of quantum theory is usually set in 1900, when M. Planck assumed that energy is
quantized in order to derive a formula predicting the observed frequency dependence of the energy
emitted by a black body [7]. In 1905, A. Einstein explained the photoelectric effect [8] by postulat-
ing that light energy comes in quanta later called photons. In 1913, N. Bohr invoked quantization
in his proposed explanation of the spectral lines of the hydrogen atom [9], introducing the theory
of electrons traveling in orbits around the atom’s nucleus, the chemical properties of the element
being largely determined by the number of electrons in the outer orbits. Bohr also introduced the
idea that an electron could relax from a higher-energy orbit to a lower one, emitting a photon of
discrete energy.

In his PhD thesis 1924, L. de Broglie proposed the wave-like nature of subatomic particles [10].
Building on the work by A. Einstein and M. Planck, L. de Broglie postulated the wave-particle
duality of matter, further stating that any moving particle or object had an associated wave.
Modern quantum mechanics was born in 1925 with W. Heisenberg’s matrix mechanics [11] and
E. Schrodinger’s wave mechanics and the Schrodinger equation [12], which was a non-relativistic
generalization of de Broglie’s relativistic approach. Schriodinger subsequently showed that these
two approaches were equivalent. In 1927, Heisenberg formulated his uncertainty principle [13],
and the Copenhagen interpretation of quantum mechanics began to take shape. Around this time,
P.M. Dirac, in work culminating in his 1930 monograph [14] finally joined quantum mechanics and
special relativity, pioneered the use of operator theory, and devised the bra-ket notation. In 1932,
J. von Neumann formulated the rigorous mathematical basis for quantum mechanics as the theory
of linear operators on Hilbert spaces [15].

Soon physicists began to try to apply the principles of quantum mechanics to classical field theo-
ries, most noticeably Maxwell theory. This research program culminated in the 1940s in Quantum
Electrodynamics (QED) developed by Richard Feynman, Sin-Itiro Tomonaga, Julian Schwinger
(shared Nobel Prize in Physics 1965) and Freeman Dyson. QED holds almost all of the conceptual
novelties that were to make up the coming theories of elementary particles. It is a special rela-
tivistic, renormalizable quantum field theory with one abelian, massless gauge field. QED makes
extremely accurate predictions of quantities like the anomalous magnetic moment of the electron,
and the Lamb shift of the energy levels of hydrogen.

A generalization of quantum field theories to non-abelian symmetry groups was studied by C.N.
Yang and R.L. Mills in 1954 [16]. However their results were given only little attention until the
work of S. Glashow [17], A. Salam [18] and most importantly S. Weinberg in 1967 [19] who proposed
a unified electroweak model based on the non-abelian gauge group U(1)y x SU(2)r,. Further, the
Glashow-Weinberg-Salam (GWS) model applies the Brout-Englert-Higgs mechanism (also Higgs-
Kibble mechanis) [20], [21], [22] to the electroweak symmetry breaking. A scalar SU(2)r-doublet
-the Higgs-field- is introduced, which — by acquiring a non-zero vacuum expectation value (vev)
— spontaneously breaks the electroweak- down to the electromagnetic gauge symmetry, thereby
giving masses to the W and the Z° boson. The GWS theory was proved to be renormalizable by
G. t’'Hooft and M. Veltman in 1972 [23].

In 1970 S.L. Glashow, J. Iliopoulos and L. Maiani [24] hypothesized the charm-quark in order to ex-
plain the small branching ratio of the K — 1+~ decay. Including the charm quark it was possible
to construct the CKM quark mixing matrix (N. Cabibbo [25] and M. Kobayashi, T. Maskawa [26])



which describes the mixing of mass- and flavor-eigenstates in the standard model. The unitarity of
the CKM-matrix lets the neutral current be flavor-diagonal. This in turn implies that neutral weak
processes obey certain flavor selection rules, that forbid flavor changing neutral currents (FCNC)
on tree level and thus explain the small measured branching ratio of the above decay which has
the order of magnitude of higher-order electroweak effects I'(K® — put ™) /Tt (K°) ~ 107, This
explanation for the absence of FCNC is now referred to as the GIM-mechanism.

In 1973, M. Gell-Mann, H. Fritzsch and H. Leutwyler [27], put forward an addition to the GWS
model which became to be known as Quantum Chromodynamics (QCD), the massless Yang-Mills
theory of the strong force coupling to a new charge called color. This theory combined with the
GWS model has the gauge group U(1)y x SU(2)r, x SU(3). ! and became to be known as the
standard model of elementary particles. SU(3). was chosen as the gauge group of QCD since it
is the only compact simple Lie group that admits a complex triplet representation accounting for
the three colors and admitting antiquark states. The existence of the color quantum number was
proposed already before, to explain the apparent violation of the Pauli-principle in the description
of baryons containing the same flavor and spin, as e.g. in the ATT state. The experimental lack
of observed colored particles led to the believe that all physical asymptotic states must be SU(3),
singlets (color neutral). This assumption was proved in 1973 by D. Gross and F. Wilczek, [28], and
by H. Politzer, [29], who showed in a 1-loop calculation, that QCD is asymptotically free, which
means that the strong force between two quarks grows as the distance between them increases, thus
making it impossible to isolate and observe a colored particle (infrared slavery). Or, from a dual
stand point: only at high energies does the running strong coupling constant become sufficiently
small to do perturbative calculations.

The nonperturbative character of low energy QCD was one of the main motivations for the devel-
opment of lattice QFT [30], where space-time is discretized and acts as a natural UV-regulator.
Today, other then low energy QCD, lattice QFT also investigates other nonperturbative aspects of
QFTs such as topologically non-trivial field configurations (solitons, instantons, monopoles).

1.2 Bhabha scattering

The main objective of this thesis is the calculation of higher oder Bremsstrahlung corrections to
Bhabha scattering

efe” = ete. (1)

Even though the leading order contribution of Bhabha scattering was first calculated by Homi J.
Bhabha already in 1936 [32], today it remains an important process for luminosity monitoring at
ete  colliders such as the Large Electron Positron Collider (LEP) and the International Linear
Collider (ILC). Luminosity monitoring is important because it directly influences the accuracy of
the measurement outcome and therewith the predictability of the experiment.

Bhabha scattering is divided into two classes depending on the kinematic region: the small-angle
Bhabha scattering (SABH) for a scattering angle 1° < 6, < 6° and the large angle Bhabha scattering
(LABH) for 6, 2 10°.

In general Bhabha scattering is mediated by both the v and Z° bosons exchanged both in s- and
t-channels.

Bhabha scattering has a long history. Following the Born level calculation [32], the complete
electroweak one-loop correction was first calculated in [33]. The analytic expression for photonic

Tt has been stressed [31] that by modding out the kernel of the fermionic-, gauge- and Higgs-representation
of the standard model gauge group, one does not lose any physically relevant symmetry, since any representation
p: G — End(V) of the group G sends elements of the kernel to the identity transformation on the vector space V', so
they only act as symmetries in a trivial sort of way. Hence, as the ”"true” —i.e. smallest possible — internal symmetry
group of the standard model one should consider (U(1)y x SU(2)r, x SU(3)c)/(Z> x Zs3).



two-loop massless Bhabha scattering was derived in [34]. Subsequently the massive expression was
given in [35], [36] and [37]. NNLO contributions with electron loop insertions where calculated
in [38], [39], [40] and [41]. The full ny = 1 two-loop Bhabha cross section evaluation was completed
with [42], [43] and [44].

1.3 Structure of the thesis

We calculate the cross section of the interference of the one-loop QED 5-point Bremsstrahlung cor-
rections to Bhabha scattering (listed in chapter 7 figures 6 and 7) with the QED-Bremsstrahlung
topologies.

In the calculation of any cross section one has to include Bremsstrahlung corrections, since photons
are massless and can thus be produced with arbitrarily small energy. Any physical detector has
a minimal energy detection threshold w. Emitted photons with an energy below w are not being
detected and thus Bremsstrahlung diagrams must be included since one cannot distinguish between
the process under consideration and the corresponding Bremsstrahlung process with real photons
of energy smaller then w. As stated, Bremsstrahlung can be of arbitrarily small energy and the
photon phase space integration includes an energy integration form 0 to w. The lower limit gives
rise to an infinite expression known as infrared (IR)-divergence since it arises from the low energy
region.

The 5-point Bhabha functions have TR-divergences coming both from the virtual loop integral and
the real phase space integration. The general treatment of IR-divergences in the standard model
will be discussed in section 4. However since the real divergences coming from the 5-point function
cancel virtual divergences from other topologies (including higher order graphs), we will not be
able to show the cancellation in this thesis.

First we will start by briefly giving an introduction to the generation of perturbation series in
Quantum Field Theory (QFT) and the structure of the electroweak part of the standard model.
Following the above mentioned discussion of IR-divergences we will calculate both the Born cross
section for QED-Bhabha scattering and the Born contribution to QED-Bhabha-Bremsstrahlung
diagrams.

After introducing Mellin-Barnes (MB) representations and briefly discussing the Mathematica [54]
packages AMBRE.m [55] and MB.m [56], we will deduce all the MB-integrals for the scalar, vector and
tensor Feynman integrals. We will discuss and use the crossing symmetry between the different
graphs, in order to reduce the calculation to the evaluation of merely two of the eight 5-point dia-
grams. The cross section will be given in terms of the phase space integrals (at the end of section
8) which are solved to O(e ') in section 9. Further the O(¢’) phase space integrals are reduced to
the Feynman parameter integrals.

In addition to the calculation of the Bhabha cross section we calculated the leading order muon
decay rate in appendix G using two different techniques. At last the occs cross section of WTW -
production is deduced in appendix H using Breit-Wigner factors.



2 Perturbative calculations in QFT

In the first part of this section we give a brief introduction to the S-matrix formalism in QFT and
the generation of the perturbation series in the path integral formalism. In the second part the
general expressions for both cross section and decay rate are listed.

The Scattering matrix (S-matrix) is of central importance in scattering theory, as it relates the
initial state and the final state for an interaction of particles. To know the S-matrix elements is to
know the probability for the given process.

2.1 The S-matrix

In QFT the probability P of finding a system in a state |Final) at ¢; when it was prepared in a
state |Initial) at ¢; is

P = | (Final| e="{t/=%) |Initial) |2 = | (Final, ¢/ | Initial, #;) |2, (2)

where H is the second quantized Hamiltonian of the theory and the second scalar product is written
in the Heisenberg picture. Since interacting fields cannot be expanded in terms of creation- and
annihilation operators, we are interested in the limit ¢ — oo where we expect the theory to reduce
to a free theory. ? For this purpose we define the S-matrix:

S= lim [e*iH“f*ti)}. (3)

(tffti)%oo

The unitarity STS = 1 expresses the probability conservation. One normally proceeds in defining
a T-matrix, that contains the interaction part of the S-matrix:

S=1+iT. (4)

In the following we will discuss the build-up of a QFT for a scalar field ¢. The above assumption
that the theory reduces to a free theory as t — 400 is formalized in the hypothesis 3
. 1/2 . 1/2

Jim ¢(2) = 2P (),  lim ¢(x) = 2% gou (), (5)
where Z is a c-number, known as wave function renormalization. With the introduction of in-
and out-fields the theory now has two distinct Hilbert-spaces H;, and Hqy,t on which the free field
operators ¢i, (z) and ¢yt () act. S is then a mapping between these two spaces.
Due to Lehmann, Symanzik and Zimmermann (LSZ-reduction formula) [57], one can rewrite the
matrix element for a scattering of m particles of momentum k; into n particles of momentum p; in
terms of the vev of a time-ordered product of the field operators:

[T [ ataie =TT [ dtyse ™ 01T (6(01) . dom)dlon) - )] 0
i=1 j=1

n iZ1/2 '
—— | P1---pal iT k1. k), (6)
=1 Pp—m

0

i=1 1

[m AL

where T[¢(z)¢p(y)] is the time-ordered product. Note that the LSZ-factors on the right hand side
of (6) account for the poles that the Green’s function on the left hand side develops on mass shell,

2An important example of a QFT that is not a free theory at ¢ — +oco is QCD. However QCD is asymptotically
free, i.e. it can be considered a free field theory for z — 0.

®These limits are to be understood in the weak sense, i.e. they are assumed to hold only when we take matrix
elements.



ie. pg = m? and k? = m?. In the realm of canonical quantization the next step would be to switch
to the interaction picture which introduces an exponential of the interaction Hamiltonian, which
when expanded, gives rise to the well known perturbative series of QFT. Finally one makes use of
Wick’s theorem which reduces the vev of a product of n fields to a sum of products of Feynman
propagators.

Instead, in particle physics, one frequently chooses to work in the path integral quantization, which
is related to the operator formalism via

z1)...¢(zy eiSe—e [ d'wg?/2
(01 T [p(ar) . plan)] 10) = L DW} ;)M]eifi_e)fd%w/a , (7)

where S = fd4x£ is the action of the theory and the damping term e~ €/ d'20%/2 wag introduced
to insure the convergence of the integration. A remarkable fact is that the damping factor € > 0
will later be responsible for our theory to have the correct causal structure (it will appear as a +ie
in the denominator of the Feynman propagator). Introducing a source J and using the functional
identity

L trd(z)d(z) =
5 [ el @i = at), ®)

one can rewrite the n-point function G(z1,...,x,) in terms of functional derivatives of the gener-
ating functional Z[¢, J]:

)

Glar,. .. o) = /D[¢]¢(x1)...¢(xn)efs - [W(m) ---Z,M‘Ewn)zm U/,

Z(g, J]

[ oo [istal +i [ atarwo). )

We generalize the above formalism to include interacting gauge fields A# and Grassmann valued
matter fields 1. The simplest such physical QFT is QED:

- 1 , 1 _
Larn = Jlif) = ml ~ 1 Fus PP = 52(0,4)* —es. (10)
— 5 ~——
E(I; ~ [; - ['Int
0

With the Grassmann source functions n and 7, we can write the generating functional of QED as

Zqrp = / D[AH,4h, ] exp [ St [A¥, 4, 9]] exp [z‘Sé” +iS§ +i / d*z (79 + ¥ + JMA“)]

i3
i0.J,," 61" i6(—7

I P A A
- ORI is g, ion” i6(—n)

conp [i [ ataaty (a5 (o - wnt) + 740 2= ) ) |

€xp |:Z SInt |:

where Sp(z —y) and D, (z — y) are the Feynman propagators of the electron and photon. In the
first step we made use of a generalization of (8) and in the second the functional integration over
the physical fields was performed, which amounts to solving infinite dimensional Gaussian integrals.
The Feynman perturbation series is now generated by power expanding the first exponential and,
order by order, letting the functional derivatives act on the second. In principle we could now
set out to calculate 4-point, 5-point functions and so on (following (9)), but we would find the

(5 )” /D[A”,q/;,q/?] exp [iS{ +z‘S§+z‘/d4x (7 + Pn + J,LA”)}

(11)



reappearance of the same expressions, only differently arranged. Further there is an overall Dirac
delta, which inspires the definition of the M-Matrix M ;

(P1+w | AT k1o Ky) = (27)46* [Sipi — Bjk5]iM g (12)

In practice one identifies the Feynman graphs of appendix B to the different propagators etc., so
that the evaluation of an n-point function to O(k) in e is equivalent to drawing all the topologically
different possible Feynman diagrams to O(k) in e and writing down their corresponding Feynman
rules.

The Feynman rule e.g. for the electron-electron-photon vertex can be deduced by considering the
QED 3-point function (analogue to (9)) to order e and truncating the two point Green functions
of the photon and the ingoing- and outgoing electron.

2.2 Cross section and decay rate

The differential scattering cross section is defined as:

do _ Scattered flux / Unit of solid angle

- _ 13
dQ Incident flux / Unit of surface (13)
The differential cross section for the scattering of two particles with momenta p; and ps and masses
my and my into n particles with momenta k1, ..., k, is:
1 d3k; d3k
do = M 2[271' <p1+p2 k) ' -
T Ml e 2 %) Gaam T @npam, .

where the first factor is the so called flux factor, the second the squared invariant matrix element
M and the last the Lorentz invariant phase space dPS(n) which ~depending on the kinematics
of the process— can be substantially simplified. This is carried out in detail for 2,3 and 4 particle
phase spaces in appendix E. An especially simple case arises in e.g. Bhabha scattering, where all
particles have the same mass. Using the simplifications of appendix E, we can rewrite the 2 — 2
differential cross section of Bhabha scattering in the center of mass (cm) frame as

do |./\/lfi|2

dQ  64n2s

(15)
with the solid angle dQ2 = d¢ dcosf and the Mandelstam invariant s = (p; + p2)2.

The decay width I' is a measure for the number of decayed particles per unit time. The decay
width of a particle with 4-momentum p* = (E,p) into a final state with n particles with momenta
kiy... ky is:

A3k d3k
2 ! . -
dr \Mfz\ [ ( Zk> (27)32E,  (2m)32E, | (16)

10



3 Electroweak part of the standard model

In this section we give a brief introduction to the structure of the GWS theory [17], [18] and [19].
Each term of the Lagrangian is given explicitly and their individual roles are explained. The whole
GWS Lagrangian consists out of the following summands:

['GWS = ngauge + Efermionic + ['Higgs + EYukawa/“‘?ﬁx + ['ghostj (17)

TV
classical quantum

where a consistent quantization of the classical part demands the introduction of a gauge fixing
Ly and a ghost term Lgp gt

3.1 Classical GWS Lagrangian
The Lagrangians of pure gauge theory and the fermionic part are

1 1
Lomge = —3FF™ — GG, (18)

Comionic = Y [LFGP)LE + QEGP)QE +IRGPF +af (p)uf + dX@p)f] . (19
i
where Fj, is the field strength tensor of SU(2);, Yang-Mills theory (where L indicates the action
only on left handed doublets) and G, the field strength tensor of U(1)y abelian gauge theory:
Fo, = 0, — 0,W — g WIS,
Gw = 0,B,—0,B,. (20)
Right-handed fermions are SU(2)r-singlets, left-handed fermions are SU(2)r-doublets, with the
particle in the upper entry having weak isospin I%V = +1 and the particle in the lower entry

II?/’V = —1. The left handed leptonic- LiL and left handed quark-doublets QiL (7 labels the three
generations and for quarks color), as well as the covariant derivative D, are defined as follows:

1— L L
e e (1) e VA R
1 I3

. . a a
DH = |:]15'U(2) (BM + 'LngWBM> — ZgQIWWu:| . (21)

Since explicit mass terms for the gauge bosons break gauge invariance (which in turn is essential
for both current conservation and the proof of renormalizability [23]) and the naive introduction
of fermionic mass terms in a chiral theory is not possible, one introduces the Higgs- and Yukawa-
Lagrangian Luiggs and Lyykawa (in which the fermionic mass terms mix the left- and right-handed
fermions, since mass terms with purely left- or purely right-handed fermions vanish identically:
Ppfap® = pPap? = 0). Due to the value of the Higgs coupling constant and mass p?, A > 0, the new
Lagrangian (that is labeled as classical above) is said to inhibit spontaneous symmetry breaking
which is really a somewhat misleading term, since the whole reason for introducing the Higgs
mechanism into the GWS theory is to not break the gauge symmetry. What is broken by the
Higgs’ acquisition of a non-zero vev is the rotational invariance of the Higgs potential, but not the
gauge symmetry. The necessity to choose one of the physically equivalent ground states as basis
for the perturbation theory merely hides the gauge invariance. Further the symmetry breaking in
the standard model is not a dynamical process like e.g. in ferromagnets. In ferromagnets above the
Curie temperature T, the dipoles are randomly orientated and the system is invariant under spacial
rotations. Below T,, however, the magnetization (measuring the magnetic dipole density) acquires
a constant nonzero value which points in a certain direction. The rotational symmetry is broken by

11



the transition of the system below T,.. In the electroweak model however a similar transition from
a phase of unbroken- to broken U(1)y x SU(2); would amount to varying the constants ;2 and
A. Such a variation is possible on a cosmic scale, however symmetry breaking in the electroweak
model should not be viewed as a process that happens "spontaneously” in the sense that it might
be observed at a particular point in time in a laboratory. So —if one wants to exaggerate the point—
one has to assess that spontaneous symmetry breaking in the standard model is neither spontaneous
nor does it break a gauge symmetry.

As a last remark the appearance of new massless scalar particles due to the Goldstone theorem
should be mentioned, their number equals the number of broken generators of the group. However
in gauge theories, these scalars are unphysical degrees of freedom, since they can be gauged away
in a so called unitary gauge. In a general gauge choice they appear as virtual particles in Feynman
diagrams and are referred to as would-be Goldstone bosons.

Explicitly the Higgs and Yukawa terms read:

A
Litiggs = (Du®)/(D"®) -V (D), V(®)= Z(@TQ))Q - o',
Lyukawa = Z [I/z'L(Gi'j)l]R(I) + Qz‘L(G?j)Uf@C + QiL(ng)df@ + h-C-} . (22)
(]
In order to quantize the Higgs doublet, one expands it around an energy minimum v:

¢+ (x) ) - 0
o) = ( o) = w= ().
%[v—i—n(m) +ix(z)] [47] v/V?2
. * * — (%
O = ind* = (¢, —¢7), M} = EG{J" (23)
with the would-be Goldstone bosons ¢*,y. The Higgs mechanism breaks the U(1)y x SU(2)r,

symmetry in such a way that the electromagnetic symmetry U(1)e,, is the remaining symmetry.
The resulting physical fields are related to the ones in U(1)y x SU(2)y, by:

1 A cos By — sinf B
+ 1 1172 i w 4% L
wWt=—"—1[w 1% = 24
® \/i [ ® T ”] ’ <ZH> < sinHW COS GW > <W3>’ ( )
with the Weinberg angle 0y defined through
M
cos Oy = 92 WV sinfy = I (25)

Vaitg Mz NCEY

The masses of the weak gauge fields and the Higgs particle are
v

v
My = 292 M

and the electric charge e is
e = gy cos By = g9 sin By . (27)

Further the third generator of weak isospin I}, and the generator of weak hypercharge Yy, are
combined in the Gell-Mann-Nishijima relation and give the generator of the electric charge:
Yw

Q=T+ (28)

3.2 Quantum part of the GWS Lagrangian

When quantizing gauge theories, one faces multiple subtleties. The most obvious might be that
—using canonical quantization— the conjugate momentum to the time component of the field is zero
and we do not know how to implement the canonical commutation relations. Formally fixing a gauge
is equivalent to imposing a set of constraints* on the fields. These constraints (e.g. X'B,, =0 for

*For a general and mathematically rigorous discussion of Dirac quantization of constraint systems see [61].

12



an appropriate X*) are imposed by introducing a Lagrange multiplier A = —1/2¢. For the classical
part of the GWS Lagrangian this means that we need to add the following term:

1 1 1
Lo = ——(CN? - —(CP)? - —C*C, 29
fi 25A( ) 2€Z( ) 2 (29)
with
CAi=0"A,, C%:=0"Z,— Mztyx, C* ='W, FiMwéyo . (30)

Where we implemented a Lorentz (covariant) gauge, i.e. X* = oM.

In the path integral formalism the necessity for introducing a gauge fixing term arises from the
fact that otherwise the propagator for the gauge fields cannot be defined. This is the case because
the propagator is defined as the Greens function (functional inverse) of the operator that is being
sandwiched by the fields (pure gauge theory can easily be brought into this form by adding a total
derivative to the above Lagrangian), but without the fixing term the operator has zero eigenvalue
and thus no inverse.

The introduction of the ghost term

_ iy [A0° @) V) | 50°(@) 34()
Ly == [ tsaty [a0) S T + S iy |0 &

with the ghost fields u?, ¢Z := x, a,b,c € {A, 7,4} and Vi€ {Au, Zy, Wui}, is also necessitated
by the redundancies in our theory connected with the gauge freedom of the vector bosons. In
solving the path integral over the gauge field in (11), we neglected discussing these subtleties. Tt
turns out however, that this was no blunder, since the theory we were discussing was QED which is
abelian. In abelian theories the ghost term gives only an irrelevant normalization factor and can be
omitted. In non-abelian theories — such as GSW or QCD - the introduction is necessary to assure
(BRS-)gauge invariance and thus unitarity, conservation laws, renormalizability.

Loosely speaking, the ghost term repairs what the fixing term broke: gauge invariance. However —
in the standard model - it is not the classical non-abelian SU(2) x SU(3) symmetry that is being
restored, but the so called Becchi-Rouet-Stora (BRS) symmetry® [58] which leaves the classical and
the quantum part of the Lagrangian separately invariant.

In the path integral picture the integration over the physically equivalent configurations results for
each space-time point in the volume of the gauge group and thus in an infinite overall factor of the
generating functional Z[J#]. This factor drops out since one only deals with the ratio Z[J*]/Z[0].
L.D. Faddeev and V.N. Popov [59] developed a method to separate this factor, introducing Grass-
mann valued scalar ghost fields. These fields violate the spin-statistic theorem, which however is
not problematic, since they are purely virtual, unphysical particles.

®In canonical quantization BRS symmetry is often discussed using auxiliary Nakanishi-Lautrup fields.
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4 Infrared divergences and Bloch-Nordsieck cancellation

As stressed in the introduction, Bremsstrahlung diagrams with soft photons of energy FE. below
the detection threshold w must be added to any process since they are indistinguishable from the
diagrams without radiation.

In this section we discuss the Bloch-Nordsieck cancellation [62], which is the statement, that QED
is IR-finite. TR-divergences are divergences that are due to the vanishing of the denominator in the
low energy E, — 0 region. They arise both from virtual (loop)- and real (phase space)-integrations.
Ultra violet (UV)-divergences on the other hand are purely virtual and are due to the divergence
of the numerator structure in the high energy E., — oo region.

IR- and UV-divergences are treated very differently in the standard model. The Kinoshita-Lee-
Nauenberg (KLN) theorem [63] and [64] (a generalization of the Bloch-Nordsieck cancellation)
assures that the standard model is IR-finite, i.e. we need to evaluate real IR-divergent diagrams
and add them to the virtually TR-divergent diagrams they cancel. Where UV-divergences on the
other hand must be treated in the context of renormalization. The KLN theorem is crucial to the
renormalizability of the standard model.

4.1 IR loop divergences

A massless line in a loop between two outer on shell lines always gives a IR-divergence.

Figure 1: One loop diagram with N legs, at least two of them on shell, with a massless line between
them

As in Figure 1, let the two outer particles have the incoming momenta p; and ps. The momentum
of the massless line can be chosen to be the loop momentum ¢. This gives the massless
propagator dy = ¢? and the propagators left (dy) and right (d;) of the massless line:

di = [(g+p1)? —m?] = 2p1.q], do=[(q—p2)? —m?*] = [~2p2.q]. (32)

All other propagators have a more complicated momentum structure which gives extra summands
that contain constant terms in g. The loop integral then reads

[ i &
q*[2p1.q][—2p2.q]d3dy - - - dn

With some numerator structure X (g, g*q",...).

In the IR ¢ — 0 all propagators ds, d4, . ..,dy are proportional to a constant, due to their constant
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summands. The integral is then proportional to the expression

® dg¢3 X ®dgX x=1
/ 1 =/ —— "= In[q]¢° (34)
0 q 0 q

Which is IR divergent at ¢ = 0. The behavior of the whole integral (33) for X # 1 depends on the
structure of the other propagators and cannot be generalized, they might however very well also
be IR divergent.

We note, that when we are dealing with a diagram that has a massless line between two on shell
lines, we always get a IR divergent integral.

4.2 Bloch-Nordsieck cancellation

The Standard Model as a whole is IR - finite. This result is known as the KLN theorem [63] and [64].
Summing up all real and virtual contributions of massless gauge bosons (photons and gluons), the
IR divergences of the loop corrections are canceled by the real IR divergent contributions, yielding
as a whole an IR finite theory.

This mechanism at one loop order in QED was first understood by Bloch and Nordsieck [62] in
1937. It was generalized to arbitrary loop order by Yennie et al in [65]. Their proof was presented
in a much simplified analysis by Weinberg [66] in 1965.

Since we consider only QED contributions to Bhabha scattering we will follow Weinbergs discussion,
limiting ourselves to QED.

4.3 Factorization of real soft-photon contributions

If we for example consider the initial particle 1 to radiate a IR photon with momentum k&, according
to the Feynman rules out of appendix B we will get the following expression for the leg including
radiation:

7,(751 - k + m) e

[(;01 _ k)2 —m2+ ie] (ie¢*)’u1 = m(}bl - }{? + m)¢*u1 (35)

If we now take the limit of zero photon momentum in the numerator, the gamma matrices turn

e(p,)
v(k)

Figure 2: Soft emission in an arbitrary process from an initial particle

into a simple factor and the whole soft divergence factorizes out of the M-Matrix. The limit gives

(}61 + m)¢*u1 = m¢*u1 + (2p1.€* — ¢*}61)U1 = 2p1.€*U1 — fk (]51 — m)u1 . (36)
=0
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For a photon emission by the incoming particle 1 this limit yields

MIR . = eplf MBorne* (37)
particle,in (pl.k +—i€) I

For an emission by an antiparticle 2, the momentum sign of the propagator changes, since the mo-
mentum flow and the fermion arrow are anti-parallel. For initial state radiation, omitting constants
and the denominator, we get

Taf*(—po + F +m) "2 Bag* (—po + m) = —2p2.€ Ty + Ta(p2 + m) ", (38)
=0

yielding the factorization

I
IR — €Dy B
Mantiparticle,in = (pg.k T 'LE)M ornez_ (39)

We find that the M-Matrix factorizes as follow:

IR lepéL MBorn *
=~/ ) 40
Im (nfpi-k + ie) €u (40)

Where ()f is the charge of the radiative fermion and 7, accounts for whether the fermion is in- or
outgoing (i = —1,Mout = +1). 1y is needed because for an incoming fermion we have to subtract
the photon momentum from the external fermion momentum to get the one of the propagator,
while we add it for an outgoing one.

4.4 Real soft-photon contribution

As shown in the previous section, in the soft limit the contribution from the radiation of a soft
photon factorizes out of the Born matrix element. Since all outer fermionic legs can be radiative
we sum over all contributions:

Mi—)f’Y N Mz—)f [Z ( tepl-gk (41)
l

k—0 mpr-k + ie)

Further, this can be generalized to the emission of n soft photons. For the emission of two photons
we have two contributions, one where photon 1 is emitted first and one where photon 2 is emitted
first. The infrared factor for one leg, then reads (omitting the (i€)’s)

(er.e’{) < eQp.€; ) N (er.e§> ( eQp.€; )
p.kq p.(kl + kg) p.ko p.(kl + kg)

L Spilod) [ L (1, 1)) (et (<Gnci) )

DPuby (k1 + ko) \ kY~ KY p.k1 p.ko
This is the product of two factors for single photon emission. By induction it can be proved that
the general formula for the amplitude for the emission of n soft photons with momenta k1,...,k,

is given by:

M) — pqimd ﬁ [Z : eQipi.€; (43)
!

P mpi-ki + ie)

There is no limitation on the number of emitted soft photons. We are thus interested in the limit
n — 0o, which we take after squaring the above matrix element. Using the polarization sum
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Y. €,6v = —gu and introducing a factor 1/n! accounting for the n identical photons in the final
state, we get the cross section

r 1 d*k; —e*Q1Qum (p1-pin)
d =  lim do™=f™) = lim do*—f = / m m
Freal, soft neroo 0 T nbee 0l H 2m) 32E (m pi-ki + 1€) (Nm pm.-ki + i€)
. ; 1 )
= nli)r{.lodal_)fa Z 62QlQmIlm = do"/ €xXp Z 62QlQmIlm ) (44)
I,m Il,m
§re;r,soft
where E; is the energy of the photon i, and
a3k : 1 AE
I, _/ : .(pl Pm) I 77l277m log — Bim log . (45)
(27)32E (m pr-ki + i€) (N P ki +i€) — 872Bim O L= B Kmin

Where AFE is the maximal photon energy and kj,;, is the minimal photon energy, which was
introduced as a regulator of the IR divergence. [, is given by

2,2
mymg,

Pim =1 (P1-Pm)? (46)

4.5 Virtual soft-photon contribution

We know that virtual IR-divergences can only arise if we have a massless inner line between two
on shell legs. Il.e. we can safely limit ourselves to the contribution of loops involving photon
propagators.

The key idea of the proof is to realize that all virtual corrections to any process involving inner
photon lines can be generated out of diagrams with an even number of real soft emissions by joining
pairs to form virtual photons. Some examples are given in Figure 3. We are still interested in an

e = e
e = P

Figure 3: We can obtain all loop corrections involving massless inner lines, by considering an even
number of soft emissions and joining pairs to form massless propagators.

analysis that includes virtual soft photons of all orders of perturbation theory (the limit n — o0).
Omitting the photon polarization tensors in (43) and introducing a propagator term —igh” /(k? -+ie)
for each generated inner photon line, we get the virtual corrections due to n photons

n

1 . 1
§Z€2QlQmJlm = MZ_)f €xXp §Z€2QlQmJlm
I,m I,m (47)

Mi2] lim M*7F x !

virtual, soft — n-soo n|

17



with

/ Ak —igh P}'Dhn

27m)% (k2 + i€) (m pi.k + i€) (—nm pm-k + i€) (48)

The factor 1/n! cancels the n! equivalent permutations of the ends of the photon lines that we join
together to form photon propagators. The 1/2 takes the 2 equivalent contributions into account
that result from exchanging the two photon lines that are joined to form one inner line. And finally
we have changed the sign of (p,,.k) in one of the denominators, because after joining, the photon
momentum at one of the vertices must be ingoing.

One might be sceptical wheather (48) also holds for [ = m. E.g. (48) has three propagator terms,
where as for a simple fermionic self energy (which is the graph we get in the [ = m case) we only
have two. However, it has been shown by [65] that (47) is also valid for [ = m. Introducing the
UV- and IR-regulators kg, and kpn, the evaluation of (48) yields

Jlm =

N Tm |: 1+ Blm
877251711 1 = Bim

Since the number of outer particles for the virtual corrections is the same as for the Born contri-
bution, we can write the cross section as

kma:r
- 2mo(nmm>] log mer. (49)

min

1 .
deirtual,soft = €xXp E Z 62QlQm(Jlm + Jl*m) o'/

Il,m

= exp | Y *QiQmRe[Jin] | do"/. (50)

_l,m

4.6 Cancellation of the IR-divergences

The general factorization (43) holds no matter if we consider the photon emission from a Born
diagram or a diagram with an arbitrary number of loops. That is (43) yields the independence of
the virtual and real factors. The whole contribution is:

dasoft = 5rea1,soft X dovirtual,soft = exp Z eQQlQm(Re[Jlm] + Ilm) daiﬁf

I,m

m 1 kmaz AE ]
= exp ZeQQlQm e log + B <logk — log ) do'=/

Im 87r2,6lm 1 - Bim min kmin
2 MMm 1+ ,Blm kmax i—=f
= ex g e m lo lo do 51

We see that the IR cut-off k,,;, drops out and yields dog.s IR-finite. The UV-divergence which is
still present through the regulator k,,,; would now need to be treated through renormalization.
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5 Soft photon correction to Bhabha scattering

Photons are massless gauge bosons, which allows them to be produced at arbitrarily small energies.
Any physical calorimeter has a finite resolution. We therefore have to take soft photon emission
below the resolution w into account, by evaluating diagrams like the ones in Figure 4.

Figure 4: s-channel and t-channel Bhabha Scattering with a soft photon emission

We have a total of eight radiative Born diagrams, the s- and t-channel contributions with soft
emission from any of the four legs.
5.1 Factorization of the IR-divergence

Applying the TIR-factorization deduced in the last section, to single soft photon emission from all
four legs in Born level Bhabha Scattering, we find

I I n n
MR — [ €P1 _ €Py  €p3 n €Dy :|MB0rnE*. 59
k) k) (k) T (puk) ! (52)

The whole cross section then reads

do‘IR _ |:g IRi| do_Born
dcos 6 dcosf’

s

with the infrared factor

R _ 2 &k P P2 p3 ps 1° 26*6V
" = irt [ | g ok~ B o oo~ e+ ) [E 3 A]’ 0
————

117%

and the photon energy E,.

5.2 The Born cross section

For the evaluation of the Born cross section we choose the center-of-mass (cm) system of the
incoming particles, which is given by

P12 =/5/2(1,0,0,£0), P34 =/s/2(1,£Bsin6,0, £ cos b). (55)

The masses and energies of all particles are equal, which yields that the absolute values of all

3-vectors are also equal:
pi= m:,/Eg—m?:% : (56)
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with the velocity f:= £ = /1 - %.

We use the Mandelstam invariants

s = (p1+p2)?=(ps+ps)°
t = (p1+p3)?=(p2—ps)*=2m*—5/2(1 — Bcosh),
u = (p1+p1)? = (p2—p3)* =2m" —s/2(1 + Bosb), (57)

to express the Born QED cross section, which is

do.QED,Born 64

dcosf =?[05+05t+0t]a (58)
with
1 [s?
o5 = 33 [5+3t+(2m2—t)2] ,
1
Ogt = @ [(S + t)2 - 4m4] 3
2
o = ¢ [5 + st + (2m? — 3)2] . (59)

5.3 The IR-divergent factor /'™
The emitted Bremsstrahlung is soft, i.e. the photon energy E, is below the detection threshold w:

E, <w < +/s,m. (60)
The infrared factor takes the form
d3k
SR — 4 2/ — E.| 'R 1
with
R [ 20002 P P} ] N [ 2p3.p4 Py i }
L1k (pa-k)  (prk)>  (p2k)?] | (ps-k)(pa-k)  (ps.k)®  (pak)?]
=) =I5
L9 [ pPips  p1p P2.ps P2.p3 ] _ (62)
L(p1k)(p3.k)  (p1k)(pa-k) — (p2k)(pa-k)  (p2.k)(ps.k) |
=) =I5
We will use the on-shell condition pl2 = m? as well as the Mandelstam relations
2p1.p2 =2p3ps = (s—2m°)
T :=2p1.ps =2pops = (2m* —t)
U:=2p1ps=2paps = (2m* —u). (63)
For two arbitrary 4-vectors ¢i, qo, one can write their scalar product as
192 = 15 (1 — 182 cos 0). (64)
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Since for massless particles their energy and the absolute value of their momentum are equal, we
have 3, = "“‘ — 1, which yields
2

pi-k = p{ Ey(1 — Bi cos ), Bi= "5 (65)
D;

Each non-interference term now only depends on one variable, namely cos ;. To apply the same
formalism for the interference terms with 7 # j, we introduce a Feynman parameter «

1
R LN 7 R
(pi-k)(p;.k) _/0 da(p(ofj)_k)g’ pa’’ = pia+pi(l - a). (66)

The fact that all energies are equal, gives

— V32 (67)
for all ijj ). The momenta and therefore the velocities ﬁgj ) differ however. For initial- 6812) and
final state 6834) radiation, these relations are still fairly simple

(12)2 = (pP9) = m? + (s — 4m?)e(1 - a), (68)
which gives us the velocities
A2 = gB3Y = g\/(1 — 2a)2. (69)

The equality of not only the individual velocities and energies, but also the ones of the initial
interference terms and final interference terms, give the equality of 1 (1{12) and [ (15%1)'
Using kinematic relations we further find

(p5113))2 _ (p5124))2 - m?2 + (T B 2m2)a(1 —
(V) = T = m® + (U - 2m*)a(l - a), (70)
which yields the equality of 1 (1{{3) and [ (Igl). In conclusion we rewrite
&’k IR IR
= 47 / da/ [ o) 32E - E'y]] [21(12) + 21'(13)} ) (71)
with
7R _ (s — 2m?) B 2m? 1 (s — 2m2) 3 2m2
(2 = "0 e T k) B2 | ()21 — p0% cosg) | (P)2(1 - Beost)
T U 1 T U
Il = - - L (72)
T el 0k B 0020 g0 cost) ()21 - o cose)]

The angles are in fact all different to one another. Normally we would have to distinguish them,
but since in each summand there is only one angle, we can always choose that angle to be the
angular integration variable.

The E;Q in I(IZ.P;.) combined with the E;l in the measure give the IR divergence

[ Srora-m= fan, [*5E - [an, mir, -

which we will treat with dimensional regularization.
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5.4 Initial state radiation

The pure initial state radiation, which - as we noted in the last section - is equal to pure final state
radiation, gives the contribution

3
SN = 4 / do / [ 2:32]5 [w— B,]| T(), (74)

to the whole IR-factor. As already mentioned, this integral is IR-divergent and we therefore di-
mensionally regularize it by the standard way of going from d = 4 to d = 4 — 2¢ dimensions. Note
however, that the regularization parameter € has to be negative for the case of pure IR-divergences.

&*k — d“"Vk = dE, BI2dQ -y (75)
with
d—2
9rd/2-1
. d—2—1 . d—3
Q1) = 11:[18m 0146, = [sin " 01061 | A0y o) = S ] sin®o1d0n] . (76)
where we have integrated over d{};_o) in the last step.
: ord/2—1 (2m 4 d) w dE
IR,in N . d—3 IR

4-d)

The conventional factor (27w)( is multiplied onto the expression, to account for dimensional

transmutation. We use the integrals

Y dFE d—4) 1
[ S = L - el + 00,
T odgsindP9 Hda(l - 2?)@/272)
/0 W - /—1 (1 - Biz)?
_ +1 dz d—4 ) ,
- /1 (1- Bi)? [” 5 [l -2+ O, (78)

and neglect terms of O(e) in the first and of O(e?) in the second integral. Using the expansion
2,n.d/271 (27.(.)(47(1) 1

Maz=1 4 2790 (79)
we get
. 1! i
g = [P 4 Infw/p] 5/0 doz/1 dzF(a, z)
1 1 +1
+ —/ da/ dzIn[1 —mQ]}"(a, x), (80)
4 Jo -1
with
s — 2m? 8m? -1
_ _ PIR = . 1
Flanz) (P9)2(1 — 55112)33)2 s(1 — pz)?’ 2e )

The IR-divergence appears as the e-pol P'R. We further proceed by evaluating the x-integrals

+1 1 2
/_1 (1-B)? ~ 1-p2

/+1 In[1 — 22 2 1, 1+8

LU T i@ MM e Mg

(82)
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Using (p0)?(1 — B2) = (pi)? we get

1 +1 1 da
/ da/ dzF (o, x) = (s— 2m2)/ —r =~
0 -1 0 (pt(x ))2

I + 5 B o [V da 1. 1-5
Z/ﬂ doz/_1 dzIn[l — 27| F(a,z) = 1n2[(s—2m)/0 M_#_Elnl—h@

DN | =

— 92 1 1—
y 1= / dOI‘Q n -~ P (83)
2 0 Ba(piP)2 1+ fa
with the Feynman parameter integrals
1 1 9 1
/ C}(; :/ 2 c« ;= 7o 0 (84)
0 (;051 ))2 o (s—4m?)a(l—a)+m?2 sB 1-p

and

/1 do \ 1—fa / 1 1—ﬁ\/(1—2a)2
0 Bulp 12)2 1+ Ba —4m?)a (1—a +m? 8,/(1 - 2a)? 1+,3\/(1—2a)2

(
_ 4 1— Py
B ﬁ/ 1—By1+ﬁy)ln1+ﬁy
_g[zLIQ[ 8] - Liy [#}—2Lig[ﬂ]+Li2 [5“]

2
B 1. 56+1
Inserting these integrals, we find the final result
. —2m?) . 1+p 1. 1-8
§IRin = 2 [PR 4 In[2 (s ! |- Zln—2
[ -I—n[w/,u]] B nl—,B ,Bnl-l-ﬁ
— 2m? 1- 1
_ sz em [ZLiQ [—f] — Lia [TB} — 2Ly [8] + Lis [%ﬂ]
1. ,1=-p 1 ,p6+1
5 In 5 + 5 In 5 |- (86)

5.5 Interference of initial- and final state radiation

Note that in the previous section we could have also calculated the interference term without having
to introduce Feynman parameters. This is possible by making use of the simple relation

1 1 1 1 1 1 1
PRk~ (o1 o)k [(pl-k) ¥ (m.m] = Vi, [w) ¥ (m)] | (87)

We did however choose the seemingly harder path via Feynman parameters, because in the inter-
ference term of initial- and final state radiation, we have no such identity that would allow us to
choose a more direct approach. The following calculation is now analogous to the one presented in
the previous section. We evaluate the following integral

6IR1nout 471' / da/ |: 27( 32E E’y]

Note that in (72) the only difference between Z(Ig) and Z(I%), except for factors, are the 5&” ). The
regularization will be the same as in (77) and the E,-, 6- and x-integrals arising will be of the

2I(%).- (88)
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exact same form as the ones in (78) and (82). However after having performed those integrals,

the parameter integrals will differ, due to the difference of the B,(jj ). After having done the above
mentioned integrations, we are left with the following expression

T B U
(&™) (42
1+5¢&13):| Uln |:1+ﬁé14):|
1

1
6IR,in,Out - 9 [PIR -I—ln[w/,u]] / da
0

TIn

N /ﬂd 2I'n2  2UIn2 —B{" N 1500 (89)
S N T S I Rt
=F
. . (13) (14)
We use (70) and the equivalent relations for 5, " and B4 :
2 1/2
BB = [m? + (T — 2m?)a(l — o)
NG
2
B — 7 [m? + (U — 2m2) (1 — o]/ (90)
as well as the integrals
T4 VT?—am®
/1 da _ In [Tﬂ/TLﬁJ
o m2+ (T —2m?)a(l —a) VT? — dmA
! 1-5 1+2
daeF = -2|Lis |1l - —— Lig [1 = ———
/0 “ [ 12[ 1—,6’(:059]—'_ 12[ 1—/8(:059]
. 1-p5 . 1+
—Lis [l = ——— Lig [1 = ——— 1
12[ 1+Bc0s9]+ 12[ 1+Bc0s9”’ (91)
to get the final result
In |:T-|—\/T2—4m4} In [U+\/U2—4m4}
61R,in,0ut - 9 [PIR + 111[2&)//1]] T T—\/T2—4m* U U—VUZ—4m?2
VT? — 4m? VU? — 4m?
. 1-p . 1+
- 2|Lis |1 = — Lig {1 = ——
[ 12[ 1—,6c0s9]+ 12[ 1—ﬂcos€}
. 1-p . 1+ 5
—Lip [1 = —— Lig [1— ——— || . 92
12[ 1+,Bcos6']+ 12[ 1+Bcos6'” (92)
The whole correction term (71) is a sum out of (86) and (92):
5IR — 251R,in + 61R,in,0ut_ (93)

The factor 2 in front of §'™" appears since 61" = §IR:0ut hecause of the identical masses of the
in- and out-states.
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6 Mellin-Barnes representation

6.1 Mellin-Barnes representation

The history of perturbative QFT has seen the development of a number of different techniques
for the evaluation of Feynman diagrams. A comprehensive account of the different approaches is
given in [5]. Likely the most important technique is the introduction of Feynman parameters [2]
(see appendix C). As will be explained below, they also are an integral part of the application of
Mellin-Barnes (MB) representations to Feynman integrals.
Today further important techniques are integration by parts and the reduction to master integrals
[67], the use of difference equations as well as the application of MB representations. For the
evaluation of the 5-Point function in Bhabha scattering, we will resort to the latter.
Even though the theory of Mellin-Barnes integrals is much older (see e.g. [68]), the first notable
application to the evaluation of Feynman integrals was made in [69] and was further developed in
[70]. The application to higher orders was carried out by [71] and [72] using different regularization
techniques. Recently the application of MB-representation has seen an important automatization
in [55] and [56].
The key identity is the so called Mellin-Barnes representation, which is in some sense an inverse
Feynman parametrization, as it turns a sum in the denominator into a product:
+i00
(A + B)fa — 2L dz[AzBfafz]F[a + Z]F[—Z]

i —100 F[a’]

(94)

This identity may be proved, by Taylor expanding (1 — )% around zero. The k-th derivative of
(1 —z)~® reads

d* Lla+k
— | (-2)"=ala+)(@a+2) - (at+k-1)1-2z) " F00= ol @ (09)
dz® |, _, I'[a]
Where (a) is the Pochhammer symbol. For |z| < 1 this yields the identity
1 = d* 1 b R Ta+ k] 2k
S - — = ————— =9F|a,b;b; 96
(1—2) &= daF (1-2)0|,_q K ZO T g 2l bibsal, (96)

where 9 F[a, b; ¢; 2] is the Gauss hypergeometric function (see appendix C). Now the ,F}, can be
represented as the Mellin-Barnes Integral [68]:

ol btial = 5ot [ da (o) Thaok A0 (97)

%m —100
Rewriting
(A+B)™" =B""(1-(-A/B))™, (98)

we obtain the Mellin-Barnes representation (94). It is important to note, that the Mellin-Barnes
representation of the hypergeometric function (97) is only valid, if the integration contour separates
the left poles (i.e. poles of I'[: - 4 z]) from the right poles (poles of I'[- - - — z]). Only if this is the
case, does the sum of the residues of the left (or right) poles add up to give the hypergeometric
series above.

6.2 Mellin-Barnes representation for multiple propagators

The application of Mellin-Barnes representations to multiple propagators might seem somewhat
strange, since the idea is to -as usual- introduce Feynman parameters in order to turn the product
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of propagators into a sum in the denominator and later apply MB-representations to turn this sum
back into a product of the summands. How can this be helpful in the evaluation of loop integrals?
Consider the general L-loop integral with measure Dk; = (—iﬂ_d/Q)ddki, the scalar propagators

D; = [¢? — m?] and a numerator structure X = X (k{",... kH"):
[Dk; - Dkz]- X
6(x) = [ P e (99)

With the introduction of Feynman parameters (see appendix C) this can be written as

Dky ---Dky) - o(l—zy---—x
G(X)ZF[Nn]/[ 1Dk H a7 1= N)N
F[nl] F[nN m1D1 + o +aznDy)Mn
(100)
Following this simplification, the loop momenta integrations reduce to a mere replacement. This
is due to the fact that we can deduce the momentum integrals of this general structure for X =
1, k', k'K (see appendix D), however more general numerator structures can be evaluated and are
implemented in the Mathematica package AMBRE.m [55]. As an example we give the scalar L-Loop
result:

_ 2\ Na—d/2(L+1)
I / o 0 ) DS o)

Where the U- and F-forms are sums of products of the Feynman parameters and Mandelstam
invariants or masses (see appendix D for details). We are left with the Feynman parameter integrals.
The key idea of Mellin-Barnes representation is to successively apply the MB-representation (94)
to the U- and F-form till all the summands factorize, i.e. till all the sums involving Feynman
parameters have vanished and one can apply e.g.:

/ H dzjzl 01— @y — ) = Flfa[(jl-]l- J[F(];Vj,] (102)

which itself follows directly from the general Feynman parameter formula by setting all propagators
equal to 1 (see appendix C).

6.3 AMBRE.m and the scalar 1-loop box B412m

As an example, we look at the scalar 1-loop Box B412m:

Conn — / Dg (103)
) Mo +p0? = m2)la +po+p2)?a + pa)? — m?le?]
Following the steps explained in appendix D, we find the F-form
Frgron = m? (29 + x4) + (—8)z123 + (—t) 2024 (104)

Generally, for 1-loop integrals it holds that U(z) = 1. Whereas we first introduced Feynman
parameters to make a sum out of the product of propagators, we now introduce MB-integrals in
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order to reobtain a product out of the F-form. The successive application of (94) gives

L Ly, sl sl
(Fha12m)” 20 Jisotar  [(—8)T123 + (—t)zawa]Vt Ty
_ - /HOOM" d [m(zg + 24)]* [(=5)z1 23]
B (27.”')2 ) isota; t [(—t)$2$4]”+Z1+z2
y Clv+ z1 + 22]T[—22] T'[v + 21| T'[—21]
Iy + 2] [[v]
1 3 +ico+a;
— (2 — H/ dzi(m)221(_3)22(_t)*1’*21*22 [a:?a:Q_U_zl_z2+z3ng?xZU"'zl_z?_ZS]
7”) i=1 —i0o+a;
y D[22 + z3]T[~23] T[v + 21 + 20|l [—20] T[v + 2] [~21] (105)
['[—22] Ly + 2] I'[v]
where v = N,, — d/2L = 2+ e. Now applying (102) gives
fo i o ldxg] [aPay R Ry TR (1 — gy — 2y — 13 — T4)
_ T+ 2PT[-1—e—2 — 2+ 2z|l[-1— e+ 2 — 2 — 23]’ (106)
I'[—2¢]
yielding the massive scalar 4-point function
1 3 pticota; .
Gsam = 5o H/ dz; (m?)™ (=) (=) 27T TETL 4+ 2 T2 + e+ 21 + 2]
e i—1 7 —toota;

[[—221 + 23]T[—1 —€ — 21 — 29 + 23|][—1 — € + 21 — 29 — 23]['[—23]

XI'[—21|['[—22] [[—2€]T'[—22]

(107)

This can be significantly simplified by applying Barnes first lemma with respect to z3, which is
given at the end of this section. The expression then reads

2 )
1 +100+a; o\ 21 , 9 ) )
n = — . _ z_ffefzfzr_ = rn 2
Gra12 @n1)? il_ll /_iooﬂi dz; (m?)™ (—s)**(—t) [—21]T[—2]T'[1 + 2]

y T2+ €+ 21 + 2)T[~2 — 2 — 229][—1 — € — 21 — 29]?
[[—2€]T[—2€ — 221 — 229 — 2] '

(108)

The deduction of the above MB-representation was automatized in the Mathematica package
AMBRE.m [55]. The starting point of AMBRE is the definition of the loop integral. E.g. the inte-
gral (103) is

Fullintegral[{1}, {PR[q+ p1,0,n1] * PR[q + pl + p2,m,n2] x PR[q + p3,m, n3| * PR[q, 0,n4]}, {q}]

invariants = {p1? = m?,...}

IntPart[1], (109)
where the command Fullintegral was followed by a specification of a replacement list for the
momentum contractions by invariants that need to be chosen carefully to get an F-form that is as
compact as possible, in order to arrive at a representation with a minimal number of MB-integrals.

Further IntPart[n] prepares the subloop n in multiple-loop integrals.
The central function in AMBRE is

SubLoop[integrall, (110)
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this performes all the steps leading to (107), including the explicit calculation of both the U- and
F-polynomial.
Finally there is an implemented command that tries to apply the Barnes lemmas:

BarnesLemma[representation,i], (111)

where for i one can insert either 1 or 2 depending on which lemma one wants to apply.

6.4 Regularization of MB-integrals

Im(z) Im(z)

Figure 5: Regularization of the MB-integrals according to the Tausk method. Poles are being
shifted (by chosing € # 0) in such a way, that the integration contour parallel to the imaginary axis
seperates the left- from the right poles.

As already stated, the Mellin-Barnes representation is only defined, if the integration contour is
chosen in such a way, that it separates the left from the right poles. For a given combination of
[I'functions this will not be the case if UV- or IR-divergences are present and the contour is
chosen to be a straight line parallel to the imaginary axis.

There are two known scemes of regularization and analytic continuation. The ”Smirnov

method” [71] which is based on deforming the contour and the ” Tausk method” [72] which fixes
the contours parallel to the imaginary axis and accounts for poles crossing in analytic
continuation.

In our following discussion, we will use the latter, which was also used to automatize the analytic
continuation in MB.m [56].

To regularize a MB-Integral means to choose an integration contour that separates the integrands
left- from its right poles. In order to ilustrate the ”"Tausk method”, we focus on the general MB-
integral

/%ioodz f(2)Tifar + 2] Tifan + 2]Tp[by — 2] -+ Tplbp — 2], ai,bj €R (112)

where the indices [, label the Gamma functions with left and right poles respectively and the
function f(z) is everywhere nonsingular and decreases sufficiently fast at infinity. As already
mentioned, we will keep the contour parallel to the imaginary axis. Our goal is now to find a
contour that stays right of all the left poles, i.e.:

Re[z] = —a; + 6;, Va;, and §; > 0, (113)
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and left of all the right poles, i.e.:
Re[z] = bj - 5j, Vbj, and (5]' > 0. (114)

These conditions are equivalent to requiring the real parts of the arguments of all the Gamma
functions in the numerator to be positive. This argument holds also for multidimensional MB-

integrals. The regularization condition for the contour to separate the left from the right poles
of

+1200 +1200
/ dzl---/ dzpy Ti[AdTo[As] - To[Anl,  As = Ay(z1, ..., 2ms€) (115)

—i00 —100
is then equivalent to the condition
Re[A1] > 0, Re[A42] > 0,..., Re[4,] > 0. (116)

In the application of MB-representations to Feynman integrals as described above, the only depen-
dence of the arguments, other then on the integration variables, will be on the parameter € that
arises in dimensional regularization.

6.5 MB.m and analytic continuation in €

In general, in order to fullfill the regularization condition (116), we will need to choose ¢ # 0.
Since we are interested in expressions (amliptudes, etc.) as Laurent series around € = 0, we must
perform an analytic continuation towards e = 0. Note that, once we have found suitable regulariza-
tion conditions, i.e. a set {Re[e]; Re[z1], Re[za], ..., Re[zn]} = {co;c1,¢a, ..., cnlc;i € R} that fullfills
(116), we keep the integration strips fixed (we do not change Re|z;]). The analytic continuation is
a continuation only in €. As e approaches zero we will cross one or several poles of the Gamma,
functions. Each pole crossing is accounted for by adding or subtracting (depending on which side
the contour is being closed) the residue in the relevant variable. For an n-fold MB-integral the
residue is an (n-1)-fold MB-integral which might still contain poles in the remaining variables that
are being crossed as € — 0. These poles are of course to be treated the same way.

To ilustrate analytical continuation we will go back to the scalar box integral (108) and intro-

duce the coordinates r;1 = 29 and 19 = —2 — € — 21 — 29:
2 ; ,
1 Hiootai 2 S \" t \" T[—ri]T[1 + m]?T[—ro]T[1 + ry)?
Croton = _ H/ dr; (m?) > (__2) b [—r]T[1 + ] D [=ro]T[1 + 7y
(271) i1 —icorta; m m [[—2€]T'[2 + 279]
xTP[=2(1 4+ e+ 7r)]T[2+ €+ 7 + 79 (117)
This integral is regularized by the following choice:
ap = —3/4, ay=-1/4, e=-3/4 (118)
A set that fullfills (116) can be easyly found using the MB command
MBoptimizedRules[MBintegral, eps — 0,{}, {eps}], (119)

where, in the third argument, one can demand e.g. the real part of one of the MB-integration strips
to be greater or smaller then a given real value (e.g. r2 < —1/4).

If we now keep a; and a9 fixed and let € approach zero, all the gamma functions in the numerator
stay finite exept for I'[—2(1 4 € + r1)], which has a right pole at e = —1/4. Closing the r; contour
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to the left, we have to substract the residue at r; = —1 — ¢, since the corresponding pole runs into
the area of integration when ¢ — 0. We therefore have

o _limes H/Hooﬂld m?) <_i>7‘1 " T=r]T[ 4 m PO =rg]O[L + o)
Belam T (2mi)? ioo-ta; ri ( m? m? ['[—2€]I'[2 4 2r9]

xT[=2(1 + e+ 7r)|T[24+ €+ 71 + 9]
lim, o [Tioota e/ S\ € t \"? T[—€’T[1 + €]T[~ra]T[1 + r9]?
" (2mi) /_iom2 dry (m) (‘W) <_m > 9sT[—2€]T[2 + 2r2] :
(120)

where the second summand is the substracted residue in r1 = —1 — e. Now, after the analytic
continuation, we can expand Gpga1on in a Laurent series around ¢ = 0. The first summand turns
out to give a contribution only in O(e) which we will neglect here. We thus only have to solve the
second, one dimensional MB-integral:

Corinn = lime_'m /+ioo—1/4ﬂ <_L>r2 r[—g[g]r[1+r2]3 (1 —ln(—s)> Lo

(27m1) J_jso—1/a m2s \ m? 2 + 2r9] €
li Fico=3/4 g t \ "' [P 1
— 1m6_'>0/ A U P[-r]T[1 + 7] 2 In(=s)) + O).
(2m1) J_jso—gsa m?s \ m? I'[—2r] €
(121)
Closing the contour to the left, this integral can be written as an infinite sum over the residues at
r = —1,—2,... by making use of the residue theorem:
7{ dzf(z) =2mi Y Res(f (122)
v Res

which relates the contour integral of f(z) along the curve 7y to the sum over the residues Res[f(z)]
enclosed by . Applying this to the above expression gives

Coin = ;<1_1n(_8)>§i+0(6)

no( " (2n+1)

where y = y(t/m?) and the conformal variable is

2
gy = YIZY=1 o Qv (124)
JI—4ji+1 y(1)

It has further to be mentioned, that in order to rewrite the integration over the imaginary axis
as a closed contour integral, so that we can apply the residue theorem, we need to ensure that
the integration on the half-circle at infinity does not contribute (i.e. that the Jordan lemma is
applicable). This is assumed in MB.m, however one needs to perform numerical checks to ensure
that the Jordan lemma indeed holds.
It might very well be the case that the integrand converges to zero at infinity on one side of inte-
gration strip, but not on the other, thereby forceing us to close the contour to the side where the
half-circle does not contribute.

The steps that led to (121) are implemented in MB.m, where the key function is

MBcontinue[integrand, eps — 0, rules, Verbose — False] (125)
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which performes the analytic continuation. The Laurent series expansion is performed by
MBmerge[MBexpand[integral, Exp[eps *x EulerGammal, {eps, 0, 0}]], (126)

where we have called an additional MBmerge command that merges integrals with the same contour,
which arise, when one has to add or subtract multiple residues.

We might face the situation that the set of necessary regularization conditions (116) cannot be
satisfied. Using the package MB.m [56] this manifests itself in the command MBopitmizedRules
giving no result. In this situation we are free to add further parameters to the arguments of the
Gamma functions, making our integrals well defined in the above sense. To retrieve the original
integrals we will have to proceed in complete analogy to the e-continuation. We let the parameters
approach zero and add the residua of every pole they cross on their way.

The introduction of new parameters can also be used to change the integration strips, which nor-
mally remain fixed. Usually one can find an infinite continua of solutions to (116). However these
solutions vary only very little. E.g. we might be able to satisfy (116) with any 2z € (=1, —1/2) but
not be able to choose a z3 < —1, which might be physically desirable. The introduction of a new
parameter makes this choice possible. In practice this means, that if we choose z9 < —1, we need
to add the residue which the new parameter crosses as it approaches zero: the residue at z9 = —1.

6.6 Barnes’ first and second lemma

Barnes’ first and second lemma, assume the integration contour to seperate the left- and right-poles
of the integrand. The first lemma reads:

+Fico T T T r
| St + 2l + 20y — 21T, — 2 = LU AUT e AT £,
—ico 211 F[a1 +ao + by + bQ] (127)
and the second lemma:
/"”‘OO dz T[ar + 2]l[as + 2|T'[ag + 2]L[b1 — 2|T[by — 2] _
i 2T F[a1+a2+a3+b1+b2+z] N
F[a1 + bl]F[al + bQ]F[ag + bl]F[ag + bQ]F[ag + bl]F[ag + bg] (128)

Tlai + as + by + bo]T]ar + as + by + ba]T[ag + az + by + ba]

When applying one of the lemmas, we need to be aware of the fact that, not only do we need a
contour t0 seperate the poles, but we might also encounter a singular expression ife.g. a; = —b;—n
with n € N. For this case there are the build in MB.m functions

Barnesi|MBint[integrand, {{eps — 0},{z1 — ai,...,2s — an}l, 2i],
Barnes2|MBint[integrand, {{eps — 0},{z1 — ai,...,2s — an}l, 2i], (129)

which introduce an infinitesimal shift in the arguments and then applies analytic continuation.
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7 The five-point function in Bhabha scattering

After giving a more detailed introduction to Bhabha scattering in this section, we calculate the
divergent part of the 5-point topologies shown in Figure 5 and 6. We will motivate and show, that
all vector- and tensor-integrals have the same divergence structure as the scalar 5-point integral.

7.1 Bhabha scattering

As already stated in the introduction, Bhabha scattering is divided into two classes: small-angle
Bhabha scattering (SABH) for a scattering angle 1° < 6, < 6° and large angle Bhabha scattering
(LABH) for 6, 2 10°. The properties of LABH are very different, depending on the energy scale.
At LEP1 energies (E., = /s ~ Mz) LABH is dominated by the s-channel Z°-exchange, so along
others, this process was used to determine properties of the Z-boson as well as to measure other
important electroweak parameters (for an extensive account of electroweak LEP measurements
see [75]). For studying the Z-boson and for precision tests of the Standard Model theoretical
higher order QED, EW and QCD corrections have to be evaluated with high precision. For multi-
parameter fits the semi-analytic Fortran program ZFITTER [76], [77] was developed.

At LEP2 (/s ~ 200 GeV) LABH is dominated by the t-channel y-exchange, which in turn means
that the QED diagrams give the biggest contribution to the cross section and thus make LEP2 not
very useful for testing the EW sector with Bhabha scattering.

In our calculations we will concentrate purely on the QED (y-mediated) diagrams in leading- and
next to leading order (NLO) Bremsstrahlung Bhahba scattering. The QED diagrams not only
dominate LABH at LEP2 energies, but even more so for SABH where 2> 99% of the cross section
is given by the pure QED process of the t-channel y-exchange. For this reason SABH was chosen
both at LEP1 and LEP2 for the luminosity monitoring.

The luminosity £ of a collider is the ratio between the event rate dN/dt and the corresponding
cross section o of a given process:

% — Lo, N = a/dtﬁ =oL. (130)

The error of a luminosity measurement or -calculation thus directly determines the precision of
measurement of the cross section and is crucial in the search for new physics. From the relation
o = N/L it is clear, that the error affecting the luminosity L must be smaller then the experimental
error affecting N. The luminosity of a collider depends in a non-trivial way on the machine and
beam parameters, by which means L might be calculated. However, this is possible only in a
highly inaccurate way and one resorts to a different strategy. To determine the luminosity of an
accelerator, one chooses a well known process (i.e. SABH at LEP), which is thought to be not
much affected by new physics, and calculates the luminosity according to

1

OBhabha

L=

N. (131)

This luminosity is then used for the determination of all the experimental cross sections via (130).
The main reason why SABH is used for luminosity monitoring is that it is substantially a QED
process, dominated by a photon exchange in the t-channel. This in turn implies that its theoreti-
cally dominant contribution is in principle calculable by means of perturbative QED at arbitrary
precision. Since the Z-exchange in the t-channel and the -Z-interferences are very small, a de-
tailed knowledge of the Z-boson properties, which have significantly higher uncertainties then the
QED parameters, has negligible influence.

The vast dominance of the t-channel photon exchange can be easily understood by looking at its
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massless tree-level differential cross section (which is calculated in section 5)

O.t,'y,Born 042 )

0 " 51 —osd)? (44 (1 + cos6,)?] (132)
e

where « is the QED fine structure constant. This cross section becomes infinitely large for 8, — 0.

7.2 Kinematic invariants

We consider the kinematics of single photon Bremsstrahlung corrections to Bhabha scattering. We
make the kinematic choice for all momenta to be ingoing:

e (p1) + e (p2) = € (—p3) + ¥ (—pa) +y(—k). (133)

This convention gives the following momentum conservation and mass-shell conditions:

p1+p2+p3s+ps+k = 0,
pi=ps=ps=p; = m’
K2 = 0. (134)

The Mandelstam invariants are

5= (p1 +p2)2a s' = (ps +p4)2,
t=(p2+p1)?, t = +p3)°
w=(p1+ps)?, = (p2+p3)° (135)

It is clear that, in the IR-limit £ — 0, the primed invariants become equal to the not primed.
There are four additional variables that are proportional to the photon momentum

v1 =2k.p1,  v2 =2k.p,
V3 = 2k.p3, V4 = 2k.p4. (136)

These of course vanish in the IR-limit. Contracting the sum of all five momenta with the photon
momentum yields

v1 + v +v3 + vy = 0. (137)
The primed and unprimed invariants are related through
s =5 +v3 + vy, t=t +v + vy, u=1u 4+ vy + v3.
The sum of the invariants is
s+t+u=4m? + vs, '+t +u' = 4m? — vs. (138)

It is possible to express all momentum contractions through the invariants s, and v;:

p1.po = (3—2m2)/2, P3.p4 = (s—2m2)/2—(vg+v4)/2
p2.py = (t —2m?)/2, p1.p3 = (t —2m?)/2 — (v + v3)/2,
p1.ps = (=5 —t4+2m?) /2 +v3/2, pops = (—s—t+2m?)/2 — (vy +v3 —vy)/2.  (139)
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7.3 Five point topologies

QED corrections to Bhabha scattering are evaluated to NNL order (including the NNLO radiative
loop corrections), however not the pentagon functions which motivates their calculation in this
thesis.

Figure 6 and Figure 7 show the eight contributing topologies for 5-point Bhabha scattering that
interfere with the two radiative Born diagrams. The labels of the diagrams are the following:

¢ = crossed, uc = uncrossed

s =s — channel, t =t — channel

r = final state emission, |1 = initial state emission,

u=electron emission, or positron emission (140)
man AVAVAN 0o —— N\ —— p—>— — ) S

{ AVAV] AVAY, [ AVAV; L AVAY,
— U\ —— . A VAVAN —<e —— —<e ——
(uc,s,r) (uc,s, 1) (c,s,r) (c,s,I)

Figure 6: S-channel 5-Point-IR-Box topologies

N . . ﬁ - ’

(uc,t,u) (uc,t,l) (c,t,u) (c,t,1)

Figure 7: T-channel 5-Point-IR-Box topologies

It turns out however, that we only need to evaluate two of these, since the other ones are either
exactly equal or equal up to an interchange of variables.

We take for example the numerator structure of the uncrossed s-channel box diagram with the
emission from the right propagator N, ,,) and the uncrossed t-channel diagram with an emission
from the lower propagator N,

Noesr) = |02+ +m)y°ulen)] [a(=pa)r®(d = ps +m)7 (4 = ps =  +m)y v(—py)]
Nty = [#(=ps)y*(d+ 1 + mpyu(p:)] [52)7(d = o+ m)y (d = po =+ m)r o(=p)|
(141)

After an interchange ps <> ps these expressions are almost equal, only that we have v(p2) and
u(—p3) in Niyesr) but @(—p2) and 9(p3) in Niye s py(p2 <> p3). If we take the Born diagrams into
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account that these expressions interfere with and sum over the spins — after the interference — we
get

Zﬁ(_p?))u(_pB) = - Z@(p3)1)(p3) = _153 +m,
> a(pa)u(pa) = — > 5(—p2)v(—p2) = P2 — m. (142)

The two minus signs cancel and for the interference term we get an exact equality after the inter-
change ps < p3

. \ ot
[M(uc,s,r) (Ms + Mt) ] = [M(uc,t,l) (Ms + Mt) ] < § ) (143)

V9 <> U3

This holds for the whole M-matrix, because the denominators of all 8 topologies are equal up to an
interchange of momenta. Analogous identities can be found to hold between the other diagrams.
We can however not find any identity between the crossed and uncrossed diagrams. This is due
to the fact that the crossed diagrams have fermionic propagators that are parallel and others that
are anti-parallel to the momentum flow, whereas in the uncrossed diagrams all are either parallel
or anti-parallel.

The evaluation of all 5 point topologies thus reduces to the evaluation of one crossed and one
uncrossed diagram. For this we choose My s,) and M.y, In the IR-limit the total 5-point
M-matirx reads

t t
MiBoint = [Mucssr) + Micsn] + ( o ) " < o ) + <m o UB)- (144)

V9 <> U3 V1 <> U4 V1 <> U4
Of course, following the above argument, this identity is to be understood in interference with
another M-matrix where the momenta were equally permuted.
7.4 M-matrix and divergence structure of M,

As already mentioned, among the uncrossed diagrams, we choose to evaluate the 5-Point-IR-Box
(uc,s,r) in Figure 8.

e(p,) e (-p3)
AVAVAVAVAVAVAVAVAY

T
Ca y(-k)
a: vy
o,
NVaVAViVaVaV,V,y v
e*(p,) e*(-p,)

Figure 8: 5-Point-IR-Box (uc,s,r)

The denominators of the propagators are:
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where the chords of the (uc,s,r)-box ¢; are

q1 = — P1, q2 = — P1 — P2,
q3 =p3 + k, q4 =P3,
g5 =0. (146)
The masses are
(ml,mg,mg,m4,m5) = (m,U,m,m,O). (147)

We have a total of three fermionic propagators in the loop and thus will get tensor integrals up to
third order

[{0,#,#11,#1/[1} = efE / ddq {]-a qﬂ’ quV’ quqqu} (148)
iﬁd/Q D1D2D3D4D5 ’
The denominators in (145) can be simplified:
D1 = [¢* + 2p1.q), Dy = [¢* + 2(p1 + p2)-q + 3],
D3 = [¢° — 2(ps + k).q — 2p3.k], Dy =[q> — 2p3.q],
Ds = [q7], (149)
yielding for d = 4:
o0 1. . a”av. gha’ af 0o 1. a*. g*a”. ata’ of
qut)/ dq{,q,qq,qqq}’ Iq&oo/ dq{,q,q q7,qqq}_ (150)
0 q 0 q

We see that M is UV finite for all numerator structures. However the scalar integral is IR divergent
for ¢ — 0. This singularity is regularized by a tensor structure in the numerator that involves the
loop momentum, i.e. the scalar integral is the only one that has an IR-loop singularity at ¢ = 0.
A second singularity of the loop integration remains: an IR divergence at ¢ = g3. This can be seen
by shifting the integration variable ¢ — ¢’ + g2 which gives the same situation as for ¢ — 0.

For ¢ — g2 however also the vector and tensor integrals are TR divergent. Take e.g. the vector
integral

ddq ot da (a — o dd
J DiD.D3DyDs J DiD2D3D,Ds5 J D1DyD3DyDs (151)
finite at ¢=0 finite at g=q¢2 divergent at g=0 divergent at ¢=0 and g=q2

we conclude that the IR divergences of the two summands at ¢ = 0 must cancel each other because
I* is finite at ¢ = 0. This leaves the divergence at ¢ = g5 of the second summand, and we see that
indeed the vector integral is IR divergent at ¢ = go. This is not surprising, because lines five and
two are the massless internal lines. Further we note the important fact, that the divergent part of
the vector integral I# is proportional to g5 and agrees with the scalar one.

An analogous argument for the tensor integral gives the same result, only that now the diver-
gent part is proportional to g5g5. This observation motivates, that for the arising loop integrals
[{0mmv1v0} we choose to make the ansatz of expanding their solution in the chords:

° =7
" = ¢/ +agy I+ g5 Iz + g Lu,
4 4
o= Mg+ Y atdl T+ 9" Tog
i1 i<jiig=1
4 4 4
e = Nl d T+ Y dlgdf T+ 9™ al Tooi- (152)
i—1 i<j<kiij k=1 i—1
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Due to our choice of cords g5 = 0, there can of course be no terms proportional to ¢f. In a more
general choice where g5 # 0 however there would be a qg contribution, which moreover would also
contribute to the divergence, line five being massless.

As an important comment on (151) we would like to state that giving the fact that for tensor
integrals we can isolate their divergent part as a scalar integral proportional to ¢4, we have to
expect that the divergence structure of the tensor integrals is just the same as the one divergence
structure of the scalar part. However — as we saw — the scalar integral is divergent both at ¢ = 0
and g = ¢o, but the tensor integral is regularized by its numerator structure at ¢ = 0. Therefore we
expect only the divergence associates to ¢ = g2 to appear. This qualitative conclusion is mirrored
by the results for the divergent parts of the integrals (176).

The above discussion is of course limited to the divergence structure of the loop integrals. As
already remarked several times, the photon phase space integrals also diverge. After solving the
loop integrals we will get structures proportional to:

1 In() (153)
v; v;
which for in IR limit v; — 0 give divergent terms proportional to 1/¢ and 1/€? respectively.
7.5 The five-point MB-integral
The MB-integrals that were deduced with the package AMBRE all have the general structure
M =M[Z,A,B,C,D,E,F,G; H] (154)
5
dr; S v\ g\ Tl=1 14T
M =/ i (—S)d/2 ri Z(t)m (t’)T‘3 (_) (_) J (155)
L—l (2%)5] § s [Te=15..18 Tk

with the gamma-functions

'y =T[—rq), 'y =T[-rs3],

['s = T[—7r4), 'y =T[-rs],

Is =T[1+D+ry+rs), Fe =T[H —rl+ry+r3],

I'7 =T[1+C +ro+ r4], Ig=T[1+ E+r3+ rs),

Lg=T[2+A+7ry+2r3 +15), Ty=T[3+A+C —2H +2r; + 14 + 5],

I''y =T[d+2+B-2Z—-2r1 —ry—r5], T[1o=T[d/)24+1+G—Z—1r1 —r4],

T3 =T[d/24+14+F+2H —Z -1, —rs), Tyu=0[-d/2+Z+r+rq+rs), (156)

and

I'is =T24+ D+ E + 19+ 2r3 + 135, I'g=T[34+A+C+2(ro+r3)+14+ 15,
Iy7=T[d+2+F+G-2Z—-2r1—r4—15], Thg=T[d+5+A+B+C—-2Z7]. (157)

The Scalar integral is

1° = M[5,0,0,0,0,0,0,0;0], (158)
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and the vector integrals

I, = M[5,1,0,0,1,0,0,0;0],
I; = MJ[5,0,0,1,0,0,0,0;0],
Is = 0.

The second rank tensor integrals are

Ill = M[57 27 07 Oa 27 07 07 07 0]7
Ins = MJ5,0,0,2,0,0,0,0;0],
Iis =0,

Iy = M[5,1,1,0,1,0,0,1; 0], Iis = M[5,1,0,1,1,0,0,0;0],
Iy = MJ[5,2,0,0,1,1,0,0;0], Iys = M[5,0,1,1,0,0,0,1;0],
Iyy = M[5,1,1,0,0,1,0,1;0], I3y = M[5,1,0,1,0,1,0,0;0],
Iyo = (—1/2)M[4,0,0,0,0,0,0,0;0].
The third rank tensor integrals are
Iy, = MJ[5,3,0,0,3,0,0,0; 0], Iy = MJ5,0,3,0,0,0,0,3;0],
I333 = M|5,0,0,3,0,0,0,0;0], Iyua = MJ5,3,0,0,0,3,0,0;0],
I;j5 =0,
Lo = M[5,2,1,0,2,0,0,1;0], I3 = M[5,2,0,1,2,0,0,0;0],
Iy = M[5,3,0,0,2,1,0,0;0], Iy = M|[5,1,2,0,1,0,0,2;0],
I3 = M|[5,0,2,1,0,0,0,2;0], Iy = M|[5,1,2,0,0,1,0,2;0],
I3z = M|[5,1,0,2,1,0,0,0;0], Is30 = M|[5,0,1,2,0,0,0,1;0],
Is34 = M[5,1,0,2,0,1,0,0;0], Iy = MJ[5,3,0,0,1,2,0,0;0],
Iyyo = M|[5,2,1,0,0,2,0,1;0], Ii43 = M[5,2,0,1,0,2,0,0;0],
Loz = M[5,1,1,1,1,0,0,1; 0], Loy = M[5,2,1,0,1,1,0,1;0],
Lisy = M[5,2,0,1,1,1,0,0;0], Isgy = M[5,1,1,1,0,1,0,1;0],
Iyoy = (—1/2)M[2,1,—4,0,1,0, —4,0; 2],
Ioo2 = (—1/2)M|[2,0,-3,0,0,0, —4,1; 2],
I3 = (—1/2) M2, 0 -4,1,0,0,—4,0;2],
Ipoy = (—1/2)M[2,1,—4,0,0,1, —4,0; 2].

= M][5,0,1,0,0,0,0,1;0],
= M][5,1,0,0,0,1,0,0;0],

Iy = M[5,0,2,0,0,0,0,2;0],
Iy = M[5,2,0,0,0,2,0,0;0],

As expected, all of these integrals turn out to be finite, except for

1,151, I29.

(159)

(160)

(161)

(162)

Where all four functions have a real IR-divergence from the soft Bremsstrahlung. Additionally the
scalar integral I° has a virtual IR-divergence at ¢ = 0 and the tensor integrals in (152) diverge for

q = q2-

7.6 The divergent integrals

The scalar integral reads

5
I =
=1

XF(’)“Q +r3+ 1)F(—’I“1 +ro + 7'3)F(—€ —ry =Ty — 2)F(7"2 +ry + 1)F(7"3 +rs + 1)

S S

/—|—z'oo+w,' d?“j (_8)7677‘173(_25)7‘2(_25/)7‘3 (v_3)r4 (v_4)r5r
—icotw (27‘()5 [(—2¢— 1)T'(2ro +2rg + 714 + 75 + 3)

xI'(—e—r1 —r5 —=2)T(e+ri+ra+r5 +3)(2r1 + 74 + 75+ 3)
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After a further change of variables in the the single integrals, the scalar pentagon function evaluates
to:

I = TI'™(s,v4,t,t") + I"%(s,v3, 1, t) + finite terms,
1 1 t
I'E tt) = 2ln— | S_ So.1(t) —2Spa(t, t')] . 164
(s5,04,1,1") SsmZos [<6+ n > 1,1(2) + So,1(?) 0.2(t,1) (164)

Where the first index of the newly defined S-functions denotes the e-order and the second one the
number of MB-integrals. The above S-functions read:

Ficotu g, —I=r p(=p)3 r
Sl,l(t):‘/_. . ;—m <—#> A F)(_F2(:)+ ), (165)
[t gy t\ T T(=r)T(1 4 )
s = [ on (=) r(-2r)
(v — Tog(m?) = 24 (=2r) + 3y (=1)] . (166)
2 pticotu, 2O\ S\ T2 T(—r)2
Soa(t,t) H/zoo-l—uj 27rz <_W> (?) I‘(—2;1)
[C(=r1 =72 = DT (=r2)T(ro + 1)L (ry + 12 + 1)]. (167)

With u,u; € (—3,0).
These integrals can be represented as sums over residues by making use of the residue theorem,

7{ dzf(z) = 2mi Z Res|[f (168)
gl

which relates the contour integral of f(z) along the curve 7 to the sum over the residues Res[f(z)]
enclosed by . The above S-functions turn out to all be representable as a combination of inverse
binomial sums:

) o ) oo
Zu,...,z;.;ﬁ,---dq = Z

at,...,ap; bi,...,bq (t)
n=0

tn in n)]’ n+1))7 n+Dl
T 1 S 55 ot O[S e

that were discussed in [83] (see Appendix C.14) where the S,(n) are harmonic sums (Appendix C)

n)=>_ ki (170)
k=1

Both S_; 1(t) and Sp,i(t) are evaluated by closing the contour to the left. Expressing the sums
through the conformal variable y:

y(t)zi/t_1 t:_M’ 0<y<1, (171)

VI—4/t+1 Y

we get:

Saat) =221 =Y 7o r S (172)
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’I'L

Soa(t) = 387 (1) — 2571 (1) Z Y@t D) 1351 (n) — 25 (2n + 1)]

— ( 24y ) [_L12 [y] — Lis [—y] — In(y) <1n(1 —y?) - ln(y)> +%<g]. (173)

ys—1 2

The S-function Sy 2(¢,#') can be substantially simplified in the IR limit ¢ — ¢ by applying Barnes’
first lemma with respect to ro. Naively applying the lemma, however gives rise to a I'(0) divergence
due to the two gamma functions I'(—1 — r1 — r2) and I'(1 + r1 + r2). In order for the lemma to
yield a finite result we need to introduce an infinitesimal shift in the arguments and later apply
analytical continuation. The result then reads:

+iocotuq dry —t —1-r ]_-1(_,],,1)3 ()
S[]’Q(t,t) = /ioo+u1 W <W> mr(l + Tl)[’}/E + v (]. + 7"1)]

= 1n( LYSTIT() + 350 Z(1) — 252 {(2)
= In(55) S-11(8) + So.(t). (174)

The whole scalar five point integral in the IR limit then becomes

I = I'(s,vuy4t,t) 4+ I"%(s,v3,t,t) + finite terms,

IR (s,00,,1) = 23771#@4 [(--m( ))s ” )—sg,l(t)],

i = gt (52 (o (52

2 <Li2 [y] + Lis [~y] + In(y) (ln(l —y?) - @) — %@)] . (175)

Strictly speaking — due to 0 < vy — the expression In(—v4/m?) is not well defined. This issue is
further adressed in (190) by making use of the identity s = s + ie.

Summarizing, the divergent parts of the loop integrals are

I = [IIR(s,m,t,t) + IR (s, 03,1, t)]-l—ﬁnite terms,

" =qh [I"(s,v4,t,1)] finite terms,
" =qyq3 [1"%(s,v4,1,1)] +finite terms,
1" =q5q5q5 [IIR(Sa vg, t, t)] +inite terms. (176)
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8 The cross section

In this section we calculate the differential cross section do/d cos@ of the interference of all eight
5-point topologies with all eight Born Bremsstrahlung diagrams. To render the phase space integra-
tion over the photon momentum feasible, we will change our kinematic convention and later carry
out the phase space integrals — using dimensional regularization — in section 9. The spinor and
gamma matrix algebra was solved with the program FORM [78]. For general algebraic manipulation
the program Mathematica [54] was used.

8.1 Kinematic conventions
First we should note, that our previous kinematic convention for all 4-momenta to be ingoing
p1+p2=—p3—ps— Kk, (177)

leads e.g. to a negative energy of the final particles. We will thus change our convention when
performing the phase space integral to

ky + ko = ks + kg + ks, (178)

rendering, amongst other things, the energy of all particles strictly positive. These two choices are
related through

(p1,p2: 03, P4, k) = (K1, ko, —k3, —k4, —ks5). (179)

The Mandelstam invariants remain unchanged under this transformation, however notice that the
IR-invariants v; do change:

(v1,v2,v3,v4) = (=21, —22, 23, 24) = (—2k1.ks, —2ka.ks, 2k3.ks5, 2k4 .ks). (180)

The Bremsstrahlung Born diagrams contain the eikonal current, which was derived in section 4.
Under the sign change of the final momenta, this current also picks up a sign:

(rda)  (haks)  (kaks) © (Faks)

ek.€ ekoy.€ eks.€ ekq.€ } B [_ epl.e  €epa.€  ep3.€  ep4.€
(p1-k) (p2-k) (p3-k) (pa-k) (181)

8.2 The M-matrix

We now turn to the main task of calculating the divergent part of the differential cross section of
the interference between the (uc,s,r) diagram in Figure 8 and the Born Bremsstrahlung diagrams
(both s- and t-channel). This interference is depicted in Figure 9, however we will evaluate the
interference of the (uc,s,r) diagram with Bremsstrahlung diagrams with emissions from all four legs.
Due to the simple relation

MM + MMy = 2Re[ M M), (182)

we will only have to calculate one of the interferences:

1
M) = : SN M ueys ) JEMIE 4 iMIF] (183)

spin pol

Where we have averaged over the spin of the incomming particles and summed over spin and
polarization of the outgoing ones. In the following we will work in the Feynman gauge (£ = 1).
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Figure 9: M ye ) X [MIE 4 MR

The Feynman rules for the (uc,s,r) diagram yield

d (=
Maucsr) = [ @) i s [olo2)r 1 + Pt

(@(=p3)7"d — s +mlr[d — s —  + mly*v(—pa)]
d . e (—
= (@) [ i) s [oan o+ -+ )
(a(=p3)7 "l — B3+ ]y [ — s — e+ mly o(=ps)| . (184)

Where we have singled out the factor (i 2~ %w~%2) to obtain the measure d%q/(in%?) which is im-
plimented in the Mathematica package AMBRE [55], where for example the command

Fullintegral[{X},{PR[q,0,n1]1*PR[q+pl,m,n2]},{q}],

corresponds to

/ 4 X (185)

/2 (@) (g + pr)? — me]

As further discribed in Appendix D, the 1/i is canceled by an i from the Wick-rotation.
The Feynman rules for the Bremsstrahlung Born diagrams give

[ngR + ,L-M{R]* — 2% [_ p1.€ n D2.€ n p3-€ p4.e] [(—ieQ) [a(pl)»y“v(pg)][5(—p4)7“u(—p3)]
U1 V2 U3 V4 S
—ie?
gy at-pao (oo (136)

the first two factors being the eikonal current who’s factorization was deduced in section 4.

8.3 The loop integral contributions

We use equation (15) of section 2 for 2 — 2 Bhabha scattering, multiply with the additional photon
phase space and integrate over the redundant angle (which gives us an extra 27), and obtain:

do /[ d4=1ks O(w — E,)] 2Re]M?)] (187)

decost | |(2r)32E, rp)® 4 | 3275
where M) was defined in (183). In section 7 we deduced I'%(s,v4,,t) and gave its result grouped

according to the e dependence of the terms. For the phase space integration however it is more
desirable to group the terms according to their dependence on the v; which comprise the soft photon

42



momentum. Further we will multiply 7% (s, vy, ¢, ) with the factor ((47)~%?) = (47)~2(1+eIn(4r))
that we factored out in order to obtain the measure used in AMBRE.

with
I = (y2y_1> [@HmHln(m?)ln(y)+1n(4ﬂ)1n(y)
#2 (Liay] + Lia 0] + ) (11 - ) - 22) - Saa) .
I = <y2y_1>[21n(y)+eln(47r)]. (189)

In I, we have kept the constant term in e, because the integration over In(vg)/(vivg) will give rise
to a €2 term. We have further inserted the identity

In(—v;) =In <_—U]> +In(—s —ie) =1n (%]) + In(s) — i = In(v;) — im. (190)

As we have discussed above, we are interessted only in the real part of the M-matrix squared. The
summand 27 in I; will thus drop out.
The appearing quantities in the cross section will then be:

Li(y)

(yzy——1> [@ + 21In(m?) In(y) + In(47) In(y)

+2 (L [y] + Lo [~] + In(y) (in(1 — ) — 0) — 1¢)]
Ir(y) (191)
(57 ) 21n(y) + eln(4r)]

We now stand facing the photon phase space integration over the two structures

—In(v;) 1
vivj vV

(192)

We saw in section 7 that j € {3,4}. wv; therefore does not change sign when we change our
momentum convention like stated above. However the v; arise from the Born diagrams which have
emissions from all four legs, i.e. i € {1,2,3,4}. Thus the above structures transform like

In(z; o -
(o) LY (e o) ifie(n2)
vy v, (*Wﬂ L) if i € {3,4}.

zizj 7 23z

(193)

The explicit integration will be carried out in the next section.

8.4 The cross section

The cross sections for the (uc,s,r)-diagram interfering with the 4 (each one emitting a photon from
a different one of the four legs) s-channel and 4 t-channel Bremsstrahlungs Born diagrams are:

dO’[(UC,S,’f’);S] = o AuC(E—l 6_2)
= s )

dcosf
do[(uc, s,7); ] =0t ruey 12
dcosf 2 A ) (194)
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with the Born cross sections o5 and o4 given in (59) and the dimensionless divergent factor

Auc(eil’eﬂ) e®(2m2—t) (14) (24) 2 (14) (34)
S0 (By@) (1P + PEY) + (s — 2m?) (P — P*Y)

m2x3

44 24 14 24
w2m?(P{* = PO + By [P + PEY) (195)
14 34 44 24
(s = 2m2) (P = PP+ om2(P{) - p{PY)))
which contains the IR divergent photon phase space integrals
plii) _ / d'ks O(w - E;)] —In(z) plid) _ / d'ks O(w-E,)] 1
! (2m)32E, (2mp)i—4 zizj 2 (2m)32E, (2mp)d=* | zizj (196)
obaying the following identities
ij ji 33 44 13 24 23 14
p = pdh, p* = pt  p¥ — pY - p — pih, (197)

for £k = 1,2. The evaluation of these integrals is the object of the next section.
The cross sections for the interference of the crossed 5-point diagram (c,s,r) with the Born
Bremsstrahlung diagrams are:

dU[(C,S,’I“);S] o Ac(e—l 6_2)
3 A s 3

dcosd
dO’[(C,S,’F);t] T O0st ey —1 -2
Toos 0 = Af(e e 7). (198)

They hold a new divergent factor which has the same structure as the first one, only that the u
and ¢ are interchanged in I » and the global factor is slightly different:

Ac(e_l,e_Q)

m2x3

2] (B(y(w) (1P + PEY) + (s — 2m?) (P = PIY)

2 pld4) _ p(24) (14) (24)
vam? (P — P*)| + hw(w) [1(P5") + ) (199)

+(S _ 2m2)(P2(14) . P2(34)) + 2m2(P2(44) _ P2(24))i|>

We can now use the crossing symmetry identity (144) to obtain the final result for the interference

of all eight 5-point topologies with the eight Born Bremsstrahlung topologies:

do
dcosf

= 205 — 05] [A (7€) + A7 e7?)] + (5 < ). (200)
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8.5 Bloch-Nordsieck cancellation

AVAVAVERRED ' M
|
WM
|
Figure 10: One has to join two diagrams and apply all possible cuts in order to determine the
corresponding diagrams for the Bloch-Nordsieck cancellation.

As deduced in section 4, there exist QED diagrams which cancel the divergent part of (200).
However these corresponding diagrams include a set of two-loop diagrams, which goes beyond the
scope of this thesis. In order to find all possible diagrams that can possibly contribute, one has to
flip the conjugated diagram and join the common final particle lines, as shown for the
(uc,s,r)-diagram in figure 10. One then has to employ all possible cuts that separate the graph into
two new and valid Feynman diagrams. As shown in figure 10, some of the arising diagrams are of
next to next to leading order (NNLQO), which makes their calculation not feasable for this thesis.
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9 The photon phase space integrals

The integral P is the same as in the single photon Born Bremsstrahlung diagram. P; is thus the
only new integral that we need to evaluate.

9.1 The P, integral

In order to be able to calculate the divergent part of the P; integral through Feynman parameters,
like we did in section 5, we will make use of the following representation of the logarithm

oonin(z) _ 4

—In(z;) = — a

i ()7 (201)

n=0

with a real parameter 7. This allows us to rewrite P; as

d='ks O(w - E,) 1
n—o/ [(2@32;7 (27w)0l—Z ] e (202)

Using the Feynman parameter representation (appendix C)

d
P=—
1 d77

1 T2 + 7 /1 ol
_ d , 203
e TN+ Jo oz + (1= @) 20

we get

d

P
1= d77

' Ow—F)] (/2"
/ / |: 27‘(‘ 32_2‘ 271-“)(1*1 4[[€a.k5]2+77’ (204)

with the parameter dependent 4 momentum

ko = (akj + (1 — a)k;). (205)
Like in section 5, we decompose the contraction k,.ks as
ko .ks = Bk (1 — Bq cos 6). (206)

In d-dimensional polar coordinates (d? ks = dEVE,?*QdQ(d_l)) this reads

d r'[2 2rp)t-d 1 dQ,, \O(w— E
P = — 2 + n](27p) - / da(a/?)n/dE,yEg_5_n - (d—1) (w 27_2 .
dn n=0 F[1+n]8(27r) 0 [ka(l_ﬁacose)] K (207)
Performing all but one of the angular integrations
T 9pd/2—1
Ay = [ ————I[sin?30dp 2
[ a9 = [ g " (208)
gives
9—1-d_—d/2 1 1 T2 2\ [w pd=5-n rm :d—3
plziﬁi /da — [U+n](a/) / dE, 7d74 /dG sin 92 .
Tla/2—1] dn|, oo ““G22 GO +n] Jo 7wt T Jy = Bacos o2
(209)
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The energy integral is easily done, and the remaining angular integral can be simplified:

Ed 5=n w "
dE —_— = Jw/p%
/‘7‘( » sin 3¢9 /+1 q (1 —r )d/2 2 (210)
= T
o [L=PBacosOtn ]y (1= faz)+n

Next we collect all the n dependent parts and differentiate

d
dnno

T[2 + ) (a/kQ)" (2w)™" (1 — 2)%/22
Cl+n]  d—4—n (1 Paw)2tn

b s o) )]
_ m LlQ _ % <2+21n (2;23) —21n(1 — Buz) + In(1 —gﬂ))

+1In(1 - 22) (2 +2In <2jk8> — 2In(1 — Baz) + M) + (’)(e)} . (211)

where we have inserted d = 4 — 2¢ and the Laurent expansion

In?(1 - 2?) ,

(1—22)"¢=1-In(1 —z2)e+ 5 e+ 0(e). (212)

We have already encountered the following z-integrals when we calculated the Born Bremsstrahlung
phase space in section 5:

+1 1 2 o In(1 — 2?) 2 [ 1 1+ Ba:|
/1 U= Baz)? ~ T- 2 /1 T Aen? B TR T A (213)

for the divergent part one new integral arises, that can however easily be calculated

T In(l - Baz) 1 1 1 — Ba
/_1 dz 0—fu? ~ (-7 [Z—Hn(l—ﬁa)—i—ﬂ—al <1+,8a>:|. (214)
There are two more integrals arising
+l (1 — z?) 1 In(1 — 2?) In(1 — Baz)
/1 s (1 - /Ba )2 ’ /1 s (1 - Ba$)2 ’ (215)

however, both contributing to the constant term in e. We list their results in appendix F. Putting
everything together gives

9—1-d —d/2 +1
o= i / e
! [é—%<2+21n (2 O‘k0> —21n(1—,8ax)+ln(1—x2)>

+In(1 — 22) <2 +2In <2w°‘kg> —2In(1 — Baz) + M) + (’)(e)} . (216)

4
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with the expansion

da 2_1_d7T_d/2
[w /1] = 1+ € (In(m) —vp — 2Infw/(2p)])]

T[d/2—1 32a2 [
€ 2 72 In(n)?
3972 [%E 19 + # +2In(2)(In(27) — vg — 2In(w/p))
T+ 20n(w/n) (s + In(w/n) — In(m) (75 + 2In(w/w)] + O (217)
this gives
P = 128;71'2 |:ei2p(€’2) - %P(e,l) + .P(e’[]):| + O(e), (218)

with

J
U da +l dx o
Peyy = /0 )2 / A= pBon)? [ln(l — 2% —2In(1 — Boz) + v —In(n) + 2+ 1In <4ﬂk3>}
J

21— B2 [(7E - In(7) — 21“(2ﬂk3)) +2In(a) — In(1 - 52)]

U da U In(a 1 (1 — B2
_ 2[’7E—1n(7r)—21n(,u\/§)]/0 d—+4/0 dau—Z/O da%

(ka)? (ka)?
U da [ In?(7
Peoy = /0 )2 /_1 dz [# —(2+v —41In(2)) In(7) + 2In(a)(— In(7) — In(4) + &)
w w 2 A
+2In (ﬁ) <2 In(a) — In(7) + In (ﬁ) —41In(2) + v + 2) -t 7}3 + 2vg
—2In(v/sw/2) <— In(m) + 21n <%> —In(4) + 7E> +61n%(2) — 4(1 + yg) In(2) m

2 (- In(r) + 21In <5> — In(4) + 7E> (1 = faz) | (21n(e) — In(r) — 2In(y/5w/2)

1% (1 - /604517)2
w In(1-22) 2In(l-Baz)In(1—22) In*(1-2?)
o () - e 4 2) S - SR
(219)

Where we have made use of (k2)2(1 — 82) = (kq)? and (k%) = v/s/2, which follows from the fact
that all the particles have the same energy in the cm-system, since they all have the same mass.
Note that this simplification would not have been possible, if we had not transformed our momenta,
so that they all have positive energy.
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We insert the x-integrals out of appendix F into P ), and are left with the a-integration
1 2
Peoy = / da HF +1n%(7) — 4yp In(sw) — 81In(sw) In ( ) + 4y In < > +~%
0 12 12

—21n(x) ( 2In(sw) + 21n <M> +2In(2) +’YE> +4ln (M> In (4M ) 4y In(2 )} @
(3 ) -0 6) ) 2
+ (2 In(r) — 4In <%> + 2im — 27E> %

+2(—21In(sw) + 4In(2) + in) fﬁ(a(kja) + 2(2log(sw) — 41n(2) —m)%

+4ln(a) In(1 - Ba) +41n(/8a)1n(1 — Ba) 41n(a) In(1 + Ba) 41n(/8a)1n(1 + Ba)

Ba(ka)? Ba(ka)? Ba(ka)? Ba(ka)?
41n2(1 _IBa) ln2(1 _IBa) ln(1+/8a) ln(l _/Ba) 41n2(1+18a) 1n2(1+18a)
B (N e T Y N () LR TN

i (4[] e [ oo [ - [23])

The analytic result for the divergent part of the phase space integrals is given at the end of this
section, the individual parameter integrals are listed in appendix F.

For the constant term there are a number of new integrals arising including parameter integrals
over dilogorithms, that will lead to trilogs Lis [z]. The kernel of the paramter integral of course
heavily depends on which leg radiates the soft photon. To make this more explicit, we will give the
Pie,y two further upper indicies (7). denoting the different momenta k; and k;.

We find the following kinematic identities:

(k§D)? = m?, (B = B,
(k((l34))2 _ (k&43))2 =m? + (s — 4m?)a(l — ), (/3((134))2 — (5(43 )2 = B2(1 - 20)2,
(K09)? = (K2Y)2 = m? — ta(l — a), (B = (B2Y)? = g[mQ —ta(l - o)),
(k&) = (k{Y)? = m® —ua(l - a), (BY2)? = (B0Y)? = é[m2 —ua(l —a)l.

(221)

Integrals for the radiation from the same leg (ij) = (ii) are trivial.

Integrals arising for initial-initial or final-final interference (ij) = (34) are already fairly complex,
however all except for three can be solved with Mathematica after applying a variable transfor-
mation. Due to the length of the results, they are not listed here, but can be found in the file
P1_ALPHA Integrals.nb.

Integrals arising for initial-final interference (ij) = (24) are of even higher complexity and have not
been evaluated.

9.2 The P, integral

The photon phase space integration over the second structure P, was already evaluated, however in
the Born Bremsstrahlung diagrams, we evaluated them grouped together, we will therefore deduce
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their individual results in this section. We are to carry out the integration

P2=/ Ay Ow—E)] 1
(2m)32E, (2mp)?=* | 2z

Following esentially the same steps as in the P; case gives

C [w/pdt ot de 27t AT d2 e (1 g2)d/272
= T A (k3)2 T wm—l]/ld”TTTE;F—

_ / /+1647r H +<7E—ln()+21n<2u>+1n(1—3:)>]m

7T 2 n
+6HE—77E—1 2( ) 4 2m(2) (75 — n(2))

(om(2) -t ) 2]

_ 1 U da 1 w 1 Uda 1 14 Ba
- w7 ), ) [‘EME‘““ )”1“(2;»)] 5 ), —wav@l“(l—ﬁa

+@ /01 (dea)Q H—4ln2 (%) — 4(yg — In(n)) In (%) — In(r) + 25 In(w)

8 9 2 9
+-In(2)In(8) —8In°(2) + — — &

All the above parameter integrals we already found in the P; case.

o0

2 <21n <%> — In(m) -I-’)/E> ﬂialn <1i—gz

(222)

)

(223)



9.3 The divergent part

Using (221) the O(e~!) part of the above deduced integrals evaluates to:

PO
. iz |2 — + (yg — In(w) — 2In(uy/5) — 2 — In(1 — 7))]
P34
1 i [ (1) = L [n (12) (4 = In(x) - 21n(ny/5)) + Lis
_Li, [%}—%m(}f—ﬁ) In(4(1 — %)) — Lu[ }+L12[ m
)
| bt [ (R
~ (9~ In(r) - 2In(uy5)) In ((LEEHED)
v [ ] o [ s [
() In (V) +n (V) I (Vi)
@)
h PO (¢ o w)
e
U] e [+ (e - )+ 2hafe/u) - 310 (22))]
)
S 2 =Ly —In(m) + 2w/l n (H2) = 35 2 [2Lis [6] - 2Lia [~ 4]
+Liy [Tﬁ} Liy [#} +%1n2( ) Ly? (Tﬁ)}
ST
R T (=1 + 7 = In(m) + 2nluw/p]) [YE= 10 (Vi te 1) |
| () 0 () - et (Y
23
& P (t & )

(224)

The individual integrals leading to these results are listed in appendix F.
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10 Summary and Results

The central result of this thesis is the QED cross section (200) in section 8 for the interference of all
eight pentagon eTe™ — e*e™ 7y Bremsstrahlung diagrams with all eight Born level Bremsstrahlung
topologies:

do
dcosf

= 205 — 05] [A (7 e + A7 e7?)] + (5 < ). (225)

The Born cross sections o5 and og were calculated in section 5 and are given in equation (59):

o = —— £+st+(2m2—t)2
S 832 ’
1
ot = =5 [(s+1)?—4m']. (226)

8s2t

The divergent expressions A% (e~! ¢72) and A°(e~!, e2) were given in section 8 equations (195)
and (199):

e8(2m? — 1)
m2m3

+2m?(P{* - PPY)] + ny(e) [P + PPY)

A e ) = [ ] (Ety() [P + PEY) + (s — 2m?) (P = PI*Y)

+(s — 2m?)(PSY — PBY) 4 om?(P{™ — P2(24))D :

[es(u — 2m?)

m2m3 ] (IQ(y(u)) [t(Pl(M) + P1(24)) + (s — 2m2)(P1(14) — p1(34))

+2m?(P{* = PPY)| + n(y(w)) [o(P{ + PP*Y)
+(s — 2m2)(PSY — POYY am? (P - P2(24))D . (227)
Where the Pk(ij ) are the divergent photon phase space integrals that were solved in section 9 and

the Ij(y) arise from the divergent loop integrals deduced in section 7. They are explicitly listed in
(191):

L(y) = <y2y_ 1) [lniy) + 21In(m?) In(y) + In(4n) In(y)
+2 (Lig [y] + Lia [~y] + In(y) <ln(1 —y?) - ln;y)> - %@)] ,
L(y) = <y2y_ 1) 21n(y) + € In(4r)]. (228)

Mellin-Barnes representations for all the loop integrals were deduced in section 7 and are given in
equations (159)-(161). They are all of the form (155). Out of these integrals the divergent part
was extracted and treaded in dimensional regularisation which, after applying the residue theorem,
lead to (191).

The divergent parts of the phase space integrals were completely solved and are listed in sec-
tion 9 expression (224). The class of functions found is similar to the one arising from the Born
Bremsstrahlung phase space integration performed in section 5.

The constant terms of the photon phase space integration were reduced to the parameter integrals
in section 9. The pending integrals are given in (220) and (223). Their complexity depends heavily
on which legs radiate the soft photon. Radiation from the same leg yields trivial integrals that can
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easily be solved. All integrals for initial-initial and final-final radiation interference except for three
could be evaluated using variable transformations and Mathematica. Their results are given in the
file P1_ALPHA Integrals.nb. The class of the arising functions is more complicated and include
i.e. trilogs since we have to integrate over dilogarithms in (220) and (223).

Integrals for initial-final interference were not solved.

An obvious next step would be to evaluate all pending phase space integrals and therewith com-
plete the O(€”) evaluation of the phase space integrals. Even though the deduced MB-integrals for
the Feynman loops can be integrated using Monte-Carlo methods, it would also be desireable to
analytically solve them up to O(e"). This might also give rise to new phase space integrals.
Further, as for all IR-problems, it needs to be shown that the deduced expression cancels against
the IR-divergences of other graphs.
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Appendix



A Conventions

We use natural units
h=1, ¢c=1, e=1, (A.1)

where A denotes Planck’s constant, ¢ the vacuum speed of light and €y the permitivity of free space.
The electromagnetic fine-structure constant « is then given by

9 e? e? 1

p— ’ pr— e % .

- Ameghc

(A.2)

In this convention, energies and momenta are given in the same units, electron volt (eV).
The space-time dimension is taken to be d and the metric tensor g,, in Minkowski-space is defined
as

go=1, gi=-1,i=1...d-1, glJZO,Z?éj (A3)

Einstein’s summation convention is used, i.e.

d
Tyt = Zazuy” . (A.4)
n=1

Bold-faced symbols represent d — 1-dimensional spatial vectors:

x = (z9,X) . (A.5)
If not stated otherwise, Greek indexes refer to the d-component space-time vector and Latin ones
to the d — 1 spatial components only. The dot product of two vectors is defined by

d—1

P-q=podo — Y _ Pidi - (A.6)
i=1

The y-matrices vy, are taken to be of dimension d and fulfill the anti-commutation relation

{7ua7u} = 29W . (A.7)
It follows that
7”7“ = d (A.8)
Tr (7#71/) = 4g;w (Ag)
Tr (VuvwYa¥8) = A9uw9as + 9us9va — 9uagus) - (A.10)

The dagger-symbol for a d-momentum p is defined by

b=yt . (A.11)
The conjugate of a bi-spinor u of a particle is given by

=uly , (A.12)

where { denotes Hermitian and % complex conjugation, respectively. The bi-spinor u and v fulfill
the Dirac-equation,

(h—mulp) = 0. TP)P—m)=0 (A.13)
B+mop) = 0, Tp)P+m)=0. (A.14)



Bi-spinors and polarization vectors are normalized to

> ulp,o)ilp,o) = p+m (A.15)

a

> v(p,o)v(p.o) = p-m (A.16)

a

SR N R = g (A.17)
A
where A and o represent the spin.
The commonly used caret “"” to signify an operator, e.g. O, is omitted if confusion is not to be
expected.
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B Feynman Rules of QED

The following rules are to be associated with Feynman diagrams and yield the analytic expression
for M.
B.1 General rules

e Write down the Dirac spinor and -matrices in the order that is obtained by following the
fermionic lines through the diagram in the opposite direction of the fermionic flow.

4-momentum conservation must be respected at each vertex.

Associate an integral (27)~* i dq with every closed loop having the loop momentum g*.

Multiply by a symmetry factor 1/n! for any n equivalent final states.

Due to anti-commutativity, every closed fermionic line gets a factor —1.

B.2 Free particles

Associate to incoming electron, positron, photon

B.3 Propagators and vertex

AH T v /1.2
photon propagator AN —ig" +z(176§)(k“k /)
electron propagator ¢ ;52]5 :L:;)

-
AH
electron photon vertex 1eyH
e+

e In the fermion propagator, if the momentum flow and the fermionic flow are antiparallel:

p— =P

¢ Common gauges are:

Landau gauge

Feynman gauge

Yennie gauge

N N A
Il
Q w = o

Unitary gauge

o7



C Functions and sums

In the following we summarize definitions and elementary relations of special functions and sums

frequently encountered in QFT.

C.1 Gamma function

Mathematica symbol: Gamma[x].
o
I'(x) =/ dt t* et
0

oo

n! 1 x
T(z) = Lim n® — 1e®E { ~a/n (1 z
(z) im n ] xe H e + -

n—oo x(x—i—l)---(m—i—n))’ F(:E

n=1

Where the Euler-Mascheroni yg constant is approximately yg = 0.577215665.
Some algebraic relations

I'm+1) = n! forneN
I'l+2z) = zT'(z)
[(22) = T(@)T(x+1/2)(@2m) /22212
I(n+1+¢€) 2 (—e)k
i S L7 A, 14 ] _
F(n + 1) ( + 6) exXp [ e k Sk(n)
Parametrization
1 /OO r—1_—At
—_— = = dt ¢
Ar - T(z) Jo
Residues
n+1 _1\n
Res[I'(a — z);a +n] = ( 1)' Res[I'(a + z); —a — n] = ( 1')
n! n!
Laurent series expansion
1 1 2
M0 =7 -ty (15 + 7 ) e+ 0@
€ 2 6
C.2 Feynman parameter representations
1 ~ Tla+1] / 4 Y € ) L
AeBb  T[a]l'[b] [zA+ (1 - a:)B]“+b
SN EYAR / / a1 ) (1 - a)
AepbCe — Tla]T [(zy)A + (z(1 — y))B + (1 — z)Catbte
1 F[Z-az‘ / i1 6z — 1)
_ e —l d i i )
AT ART Llea] -+ Tlan] Jo [];I e (21 A1 + - + 2 Ay 20

C.3 Pochhammer symbol
Mathematica symbol: Pochhammer|[a,n].

B I'(a+n)

(a)p, = T'a) =(a+n—-1)-(a+1)(a)

o8

(C.1)

(C.2)

(C.3)

(C.7)



C.4 Beta function

Mathematica symbol: Betala,b].

B RPTE
= o
o = [ den
I'(p)T'(q)
I'(p+aq)
Some algebraic relations
B(p.q)
B(p.q+1)
B(p.q)

C.5 Polygamma function

Mathematica symbol: PolyGamma|n, x|.

Useful representations

Due to the identity 1°(m) = S1(m —1) —

m € N given by (C.21).
Residues

Res[¢(z); —n] = -1,

C.6 Polylogarithms
Mathematica symbol: PolyLog[n, x].

Li, [z]

Li, [2°]

1 w/2
= / dt P11 — )97 = 2/ df sin??"1 9 cos® 10
0 0

(C.9)
= B(p+1,9) +B(pq+1)

= I%B(p+1,q)

= PlB(pg+) (C.10)

dn+1 dn

it il (@)] = ()

$(z) = FF((;E)) (C.11)
= ¢M(@) + 27" (-1)"n!

n = 1

= (-1 +1n!kz_(:) R (C.12)

— (—1)+D) /OOO dtltn_e;tt (C.13)

vE, we also have an integral representation for n = 0 and

Res[p(™ (z); —n] =0  for m >1 (C.14)
o~z [ L [f]
kz—; P _/0 dt ———
1:;’ Li; [2] = —In(1 — z)
2"~ Li, [z] + Lip [~x]] (C.15)
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C.7 Nielsen integrals

Mathematica symbol: PolyLog]a, b, x].

—1)atb-1 b 1oe® 1 (2) 1og?(1 — 2z
Suplz) = ((a_)l)!b! /0 1,108 ()zg( )
Li, [2] = %;(15] = Sp_1.1(z) (C.16)

C.8 Harmonic sums

Mathematica symbol: HarmonicNumber|n,a]. For a > 0:

Sa(n) :Zﬁ S aln)=>" == 8a(0) =0 (C.17)
k=1 k=1
n n
Sa ey k _1 kSa yeeny @ k
Soar ) = 30 S ®) gy = 3 B B ® g
k=1 k=1
The permutation relation
Sm,n + Sn,m = SmSn+ Ssign(m)sign(n)[\m\HnH = SmSn + Sman
51,71 + 571’1 = 515 1+85, (019)
Relations to other functions
Sa(n) = (_1)a71¢<a—1>(n F1) 4 ¢ a>2
a F(a) ay -
Sin) = Yn+1)+ve
Sa(n) = G —¢pW(n+1) (C.20)
Integral representation
-1 a—1 1 +2) — 1 1 +2) — 1
Siam) = CU [astog @ EL 2L s = [ aeEEEC
(Cl— ) 0 T+ 0 T+ (021)
C.9 o-values
o
Ual...ai = Sal,...,ai(oo)a 0o = Zl (C22)
k=1

There is a strong connection between finite o-values and the multiple (-values. However there is
no general formula that relates the two. Some of the basic relations are:

1 1 3
o = §C2 + Ea%a o_3= —143, o12 = —(3+ 01(2 (C.23)
3 1 5
091 = 2(3, 021 = _ECQ In(2) + 143, 0_91 = —§C3 (C.24)
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C.10 Riemann zeta function

Mathematica symbol: Zeta[a].
Cazzﬁzaa:Sa(oo):Lla[l], a>0
k=1

Integral representation

1 oo xa—l
= de2
Ga ['(a) /U T 1

Zeta values of even weight, are proportional to 7 to that power:

2 4 6 8
=00, G="p, (3=1202057, (o= g5 .

C.11 Hypergeometric series

Mathematica symbol: HypergeometricPFQ[{ay,...,ap}, {b1,...,bq}, x].

F[al,---,ap,x] - iwﬂk
S T 2 ()i () B!
a, b o [(a + k) ¥ 1
] R DY i Rc=r.
k=0

1 1 +ioc R
= %m/ dz (—z)*T'(a + 2)['(—2)

—100

C.12 Mellin transform

1
M[f](N) = /0 dz ¥ f ()

Mellin-convolution

1 1
[A® Bl(z) = /0 dﬂﬁl/o dzod(z — z129) A(71) B(22)
M[A® B](N) = MIAJ(N)- M[B](N)
An important example

1

(_1)11711“(&) . M[([L‘M logafl(x))](N) = W

C.13 Harmonic polylogarithms

For 1y # Oy and 1, = (@, My—1):

=
3
g
B,
I

/0 " f(a: 2 H—1; o),

f(a; 2)H[my—1; x].

|
o=
3
g
B,

I
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900 915 = 9150

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)



H[0;z] = Inz, f(0;2) = %7

T dg! 1
H[l,ﬂﬂ]—/{; 1_$/__1n(1_$)a f(l,ﬂ?)— 1— 2’
T dg! 1
H[-1;2] = = In(1 ~1;z) = .
)= [ {3 =m0+, -l = s (©3)
Product algebra
H[0y:a] = ~ 0" 5, H[Ty:s] = = (- In(1 W H[(=1),:7] = — In”(1
[wax]_a n-z, [wafE]_a(_ n( _$)) 3 [(_ )wafE] ; n ( +$)a
H[p; z]H[G 2] = Y H[Fal. (C.34)
repyq

The sum is understood to be over all permutations of indices that do not change the original internal
order of the respective index vector. For example if we take p'= (a,b) and ¢ = (¢, d) we get

Hla, b; z]H[c,d; 2] = Hla,b,c,d;z] + Hla, ¢, b, d; z]
+H[a, ¢, d, b; z] + H[c, a, b, d; z]
+H[e,a,d, b; z] + H[c,d, a, b; z]. (C.35)

a can interchange freely with ¢ and d, so can b. a however always has to be listed before b. ¢
always has to be listed before d.

C.14 Inverse binomial sums

The appearing sums in section 7 are in direct correspondence to the class of inverse binomial sums
discussed in [83]

Tl geeesBp J1seee 5] = 1 Uj . i . i . ; . ;
A A (D @.—c[sal =D - [Sa, (G=1)]" [S, (25 =1)}" ... [Sp, (27 —=1)).

Pt j (C.36)

Our sums are of a slightly different form compared to (C.36), namely

oo

SK "'9‘ ; ] 9"'9‘ 1 un . 7 y ;
S ) = ) (70 (3 1) o OO - Sy () S, 2 Y. 183, (2m 4 DI
n=0 \n (C37)
These two classes are of course related. By setting n = 7 — 1 and using
1 225 -1) 1
1 _22-1) 1 (C.38)
27—2 7 27
(5 (7)
we find the relation
SK “.’~;"“." 2 ".“";".“"
S ) = s ), (.39

Note that a correspondence of this form holds only for ¢ =1 in (C.36).
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The results for all the sums appearing in our calculations are listed in [83], where they can be

found in Table 1 of Appendix D. Expressing the sums through the conformal variable y:

:\/1—4/u—1 u__(l—y)2

Jiamr1 YTy (C.40)
we get
~ - = . > . y
ST I(uw) = nz_:o il P -21n(y), (C.41)
&1, _ °° Y .
SHZ(uw) = nzo et D) Si(n) 71 [—4Liz [-y] — 4In(y) In(1 + y)

+ In?(y )_ 202] (C.42)
ST = Z u” o Si(2n +1) = y2y_ - [2Li2 [y] — 4Lis [—y] — 41n(y) In(1 + y)

+2In(y) In(l - y) + - 50’ (y) - 4@], (C.43)
i% “(u) = Z @n + 1) Si(n)? = ygy_ 7 [1651,2(—9) — 8Li3 [~y] + 16Lis [~y]In(1 + y)

+81n%(1 + y) In(y) — 4In(1 4 y) In?(y) + % In®(y) + 8¢ In(1 + y)

—4¢2 In(y) — 8C3} : (C.44)
=1 A > u™ n) — — ) 3 )
E2,7( ) nz:o ( )(2n+1)82( ) 3(’!/2_1)1 (y)v (C 45)
i‘;’i “(u) = ;}%Sl(nﬁ = ygy_ i —96S51 2(—y) In(1 + y) — 9651 3(~y

+4885 2(—y) — 24¢a In?(1 4+ ) — 481n?(1 + y)Liz [~y + 48¢3 In(1 + y)

+481n(1 + y)Liz [~y] — 161n(y) In®(1 4+ y) + 24¢ In(y) In(1 + y)

+121n?(y) In?(1 4+ y) — 2103 (y) In(1 + ) + % In*(y) — 3¢ In?(y)

+6In (y)Liz [—y] + 2In*(y)Liz [y] — 103 In(y) — 24 In(y)Lis [—y]

—81n(y)Lis [y] + 3¢4 + 24Liy [—y] + 12Liy [y]}, (C.46)
S B > u" Y 1 . .

Zé; (u) = nz:() m&g(n) 1 [E In*(y) 4 12Liy [y] + 21n?(y)Liz [y]
~4¢3In(y) — 8In(y)Lis [y] — 12¢ . (C.47)

o n

Y

fﬁ:é: :(U) - Z %Sl(n),ﬁ(n) = y2 — |:§ 1n3(y) ln(l-l-y) _% 1n4(y) +<2 1n2(y)

n=0

+21n’(y)Lia [—y] + 21n*(y)Liz [y] + 2¢3 In(y) —8In(y)Lis [—y] -8 In(y)Lis [y]

42¢4 +16Lig [~y] +12Liy [y]} .

Some of the above results have been published in [79].

63

(C.48)



D Integration of L-loop, N-point functions

D.1 General setup

We consider the L-loop, N-point function

_ [ Dk Dk X
G(X) = / DI D (D.49)
with the measure Dk; = (—in~%2)d%;, the scalar propagators D; = [¢? — m?] and a numerator
structure X = X(k{",...,k¥"). The ¢; in the propagators are of course sums of the loop and

external momenta.
In the following we will simplify the integral G(X) in several steps.

¢ Feynman parameters

_ Dk, -- DkL | M=z —on)
G(X) = F[N"]/ Llng] - H 331D1 +o+anDy)M (D.50)

with N, = n; 4+ --- + ny. Interchanging the integrals, we are now dealing with the expression

G(X) = F[m ] / dej "NIL(X)0(1 = 3y — @), (D.51)
with
Dk, ---Dkr]- X
I5(X) E/(xll[?l-;---+06L]LDN)N“' (D.52)

e L-vector notation

Each propagator D; is a polynomial of second order in the momenta. Because the whole de-
nominator is a sum of the D;, it itself is also a polynomial of second order in the momenta and can
therefore be written as

1 1

= D.53
(:E1D1+"'+ZENDN)N" (kMk—2Qk+J)N" ( )

In the above notation k is a L-vector that has the loop momenta kq,...,kr as entries. M is a
(LxL)-matrix and Q = Q(z;,p.) as well as J = J(z;z;, m?,peipej) are also L-vectors. The momen-
tum integration is now much simpler.

e Momentum shift

By shifting the momenta, we can get rid of the linear momentum term
E = k+M'Q,
EMEk —2Qk+J = kMk—-QM™'Q+ J. (D.54)

Shifts, of course leave the measure unchanged. Renaming k — k& we have

Dky -+ Dkr] - X
In(X) :/(kM[k _IQMILC;+J)NH. (D.55)
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¢ Wick Rotation

In order to evaluate integrals in Minkowski space, we perform the Wick Rotation
KO — kY, Dk; — iDkp;, k> — —k2, (D.56)

which gives us (renaming kr — k)

n(x) = ()% P [ 057)
with
p?=—(J -QM~'Q). (D.58)

¢ Diagonalization of the Matrix M

Note that M is a symmetric matrix and as such, can always be diagonalized by a rotation ro-
tation V:

kME = B[V (VYMV T VIk = K Myiagh!' =Y ik, (D.59)
N N ———— N -
K’ Myjag K’ ¢

Where the «; are the eigenvalues of My;qq:
Mgioq = diagfa, ..., ar]. (D.60)
Since the Jacobian J[V] for the change of variables k' = Vk is one:
detV=1 =VIiI=V" =JV]=detV =detV =1, (D.61)

the diagonalization leaves both the measure and the integral invariant. Renaming k' — k now
yields

, Dk; ---Dkr] - X
I(X) = (=1)N» L/[l . D.62
LX) = (VYO | e (D-62)
¢ Rescaling k
ki = \/aiki,  Dk; = (a;)"%/*Dk;, (D.63)
and using
L
Hai = det M, (D.64)
i=1
gives (renaming k — k)
, _ [Dk; ---Dk;]- X
LX) = (=) (i) (detar) " [
(k3 + -+ k2 + p2)Nn
~ —1)Nn [d%;y -+ d%] - X
_ (et -4/ / . D.65
( e ) ﬂ_Ld/Q (k%+"'+k%+,u2)N" ( )

Note that after having done the Wick rotation, (D.65) is now a euclidean integral.

65



D.2 Concrete evaluation

We will now evaluate the L-loop integral of the form (D.65). For this however, we need to first
focus on the one-loop case.

¢ One Loop, X =1

Consider the euclidean one loop integral

_ dkp A%k
Ii(1) :/W —z(—l)N“/m. (D.66)

Using d-dimensional polar coordinates and integrating over the angles, we get (renaming kp — k)
7(1) 2m/? /°° dk - k41 2md/? 1 /°° 2k /2 dk] k2
1 = = .

T2 Jy W+~ TR 20 Sy B+ D% g

Changing the variable

¢=k/u?,  dq=(2k/u?)dk, (D.68)
we get

B(d/2,N — d/2)

Il(l) = 2(M2)N_d/2 ’

- [%[1/2 1 /oo dg - ¢%/2-1 B [%(1/2
0

F[d/2]] 2(u?)N /2 @+ | Td/2]

(D.69)

where we have made use of the integral representation of the Beta function. Rewriting the Beta
function as a combination of Gamma functions, we find the final result

. d?k n¥2 | T[N —d/2
B = [ g - [ww—dﬂ] R (70

e L-Loop, X =1

It is easy to generalize the one loop result to L-loops. Consider the euclidean L-loop integral

R = [ty [ et
(k]221 +o +kJ2E‘L+N2)N (k% +"'+k% — )N (D.71)

We can now rewrite this integral as (renaming kg — k)

_ dk;
I (1) = [ d%;q---d%; _ /— D.72
o0 = [athyathy [ S (.72

with M;_1 = (k% 4+ o+ k%q + p?). This form of course allows us to apply the one loop result,
which in fact can be done in the same matter for all L-loop integrations. We thus get

B Ak - Ak, m42T[N — d/2]
Ip(1) = / CEn _: 2 +LM;)N7d/2 T[N]
_ ntae [F[N - d/2]] [r[(zv —d/2) - d/2]] . [ I[N — Ld/2]
(u2)N-Ld/2 T[N] T[N —d/2] L[N — (L -1)d/2]

.(D.73)
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Canceling each of the first L-1 numerators with the denominator of the following factor, we get the
final result

_ d d Ld/2 TIN = Ld/2
(1) E/ 5 hpr dTkpr __m [ [ 4/ ]]. (D.74)
(K + o+ k)N (u2)N-Ld/2 T[N
¢ One Loop, X = k?
Consider the euclidean one loop integral
- d%kg - k2 dk - k2
IkQE/iEz'—lN/i. D.75
1( ) (k%"i‘MQ)N Z( ) (kg_ug)N ( )

The calculation of the X = k? case is completely analogous to the X = 1 case. We make the same
change of variables (renaming kp — k)

P - |2 1 © [2k/p2dklkd [ 279/ 1 % dq - qU/?
W)= d/2] AT, Wy = || T, G
B B(d/2+1,N —1—d/2)
o d/2 (u2)N-1-d/2
d w2 TDIN-1-4d/2
T 2 (N4 | T[V] / ]- (D.76)

e L-Loop, X = kf

With the already obtained results, the evaluation of the X = kf L-loop case is elementary. The
result reads

I—l(kg) _ / ddkEl ddkEL kQ :Z'L(_l)N-l-L-I-l/ ddkl...ddkL.k%
B (k% + +kEL+:u) (B + -+ k7 — p2)N
d nLd/Q T[N — 1 — Ld/2]
- 2 (u2)N-1-Ld/2 T[N] : (D.77)
e G(1)
Inserting (D.74) into
1)
Ip(1) = (det M)~ /2 Ld)/2 Ip(1), (D.78)
gives us
_ a2 (=D [T[Ny — Ld/2]
Ip(1) = (det M)~% (T [ A , (D.79)
inserting this into (D.51), we get
—1)N T[N, Ld 2] n
G = (;ﬂ()Nn) Ld/2 F[[m / / H[dmﬂ 7 1(det M)T20(1 — o — )
B N, r — Ld/2 U () Nn —d/2041)
= (=1) ]5(1—m1...—xN) F () Vo7 (D.80)
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Where we have introduced the F- and U-Form:
U(z) = det M, F(z) = (det M) . (D.81)
It is worth noting, that in the one loop case M is one. For L=1 we thus have the following situation:
M=U(z)=1, F(z)=u> (D.82)

This is easily understood, since for L=1, M is just the coefficient of the k% term in the denominator
(x1D1 + -+ + zyDy). Each D; has the loop momentum squared with the coefficient one as a
summand. The overall coefficient is then the sum of all the Feynman parameters, which is put to
one under the integral by the delta distribution. In two and higher loop cases this is no longer the
case, since M will also have entries for the product of different momenta.

* G(k)
In the steps that led to (D.65) we transformed the integration momenta three times
ki =i+ M7'Ql k= Vikl, k= /aiks. (D.83)

Note that in this notation k; is the ith entry of the L-vector k, so k; is itself a 4-vector and should
be denoted as k{*. Inverting the last two transformations and inserting them into the first, leads to
the overall transformation

1
ki = —— (Vi) Uk + M1 Q! D.84
i \/a_z( )R+ My (D.84)
where we implicitly sum over the index [. We need to take this transformation into account when
evaluating G(X) for non trivial X. After renaming k; — k we have

Ir(ky) = (d tM)d/2(_1)N"/[ddk1"'ddkL] e (Vi) 'R+ M Q1°
L{k7 ) = (ae

mLld/2 (k% 4+t k% + p2)N (D.85)
The linear term in k vanishes due to
/ddk fE)E® = 0. (D.86)
This leaves only the constant term
I (k) = [My, Q1% - I (1) = [M}) Q) (det M) ™" - Ip(1) (D.87)

which yields

U($)Nn—1—d/2(L+1)

EE AN

Gk = (- F ‘Ld/2/ (1 =21 — )

o G(k}Ky)

When evaluating L-loop, N-point functions with two momenta in the numerator, the transfor-
mation (D.84) gives us quadratic, linear and constant terms in the momenta. The linear terms
vanishes as before, and we are left with

IL(kSkS) = (det M) ~2[My, Q' [My; Q1P T, (1) + (detM) /2177 (D.89)
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where

CpyNe A% At ] | S T (V) TV
s _ (1) / N
L= rLd/2 (k%+...+k%+u2)N

_ Do (= )N"/ R AL (D.90)

Qy mLd/2 (k% 4+t k% + p2)N
I}j‘ﬂ can be simplified in the above way, because it is only non linear (i.e. non vanishing) for k = 1.
We now make the ansatz

197 = gof. 1. (D.91)
If we contract both sides with ¢®%, we get

LV )V (=)™ / [A%; -- - A%k, k7

d o mLld/2 (k24 -+ K2 + p2)N
1

2

Vi)'V (=DM TN —1-Ld/2
o (u2)N-1-Ld/2 T[N]

(D.92)

where we have used (D.77). Putting all the partial results together, we get the final result

U(m)an2fd/2(L+1)
F(z)Nn—d/2L

GUH)) = (-1 / H[d“ 5(1 =1+ — )

Wy —1 _1_
[[MUQ] M3QY - %U(m)-F(ax)(V” S I B o
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E Phase space

E.1 Two particle phase space

We will first look at the case of a two-body phase space:

dPS(1,2) = (27)46" (p1o — p1 — p2) Epi__d'p (E.1)
d*p; d®py
dd(1,2) = ¢ —pp — — =
(1,2) (p12 — p1 — p2) 2B, 28,
1 d3p1
= Y (B —E — Fy) = - — E.2
(E12 — En 2)2E2 TR (E.2)
where the four momentum of the initial particles is pf,.
We now use properties of the Dirac distribution to rewrite it
1
S[E?, — 2E\2E, + B} — B3] = S[Ey — (Ey3 — By)]. E.3
[Efy 12E1 + Ef — Ej) T3, 2B — By [E1 — (B2 — Ey)] (E.3)
zero at E1=(E12—Es)
=
S[E) — (E19 — Ey)] = 2B, §[E}y — 2E12E, + E? — E2]
© 2F5 0[p12.p12 — 2p12.p1 + p1.p1 — p2.p2]
= 2B, 8[mly + mi — m3 — 2mo By (E.4)

The equality (*) holds because of three momentum conservation. Using this representation of the
Dirac distribution we get

d3
d®(1,2) = 8[m?, + m? — m2 — 2m1,E1] ﬁpl. (E.5)
1
Now we rewrite the differential in polar coordinates:
d? 1 . ., .,
S = AU dlp| = |1 |dQdE;. (E.6)
Ey Ey

The last equality holds because of dm? = 0 = dE? — d|p1|? = 2E,dE; — 2|p1|d|p1|. From this it
follows that EydFE; = |pi|d|p1|, which reduces the phase space to

P IZI

1
Using |p1]| = \'/2(m2,, m?,m3)/(2m2), this can be reformulated as
1 N2(m2. m2. m2
do(1,2) (miz, mism3) 4y, (E.8)

- 4m12 2m12

The Kiéllen function A(a, b, ¢) is defined as A(a, b, ¢) = a®+b?+c% —2ab—2bc—2ca = (a—b—c)? —4bc.
Integrating the phase space over the azimuthal angle gives a factor 27, and the final result reads
E Al/2 (mfy, mi, m3)

2

d®(1,2) = 7 12
12

dcosé. (E.9)
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E.2 Three particle phase space

Now we are considering the three-body phase space which we need since the muon is decaying into
three particles. Once again we only consider the reduced phase space

d3py d3py d3
d®(1,2,3) = 6*[p1az — p1 — po —p3]ﬁplﬁpjﬁpj (E.10)

We multiply with
1 =d"p126*[p12 — p1 — p2] (E.11)

resulting in

d3p1 d3p2 4 d3p3 4 4
d®(1,2,3 —=9 - ——d%96 D1 — Do —
(1,2,3) |28, 28, [p12 — p1 — p2] 28, 0 P [p123 —p1 — P2 —p3]
—d®(1,2) e
_ d’p3 3
= d®(1,2)-=~ o, d*p126* (P13 — p12 — p3]dEra. (E.12)
We multiply, this time with
1= dmiy6' [prapra — miy] = dmiad' [BYy — [pial” — miy) (E.13)

which gives

d3 .
d@(l, 2, 3) = dq)(l, 2)ﬁp§d3p12(54[p123 — P12 — p3]dm%2dE1261[E%2 - \p12\2 - m%Q]
(E.14)

If we understand F'5 as the integration variable, the argument of the last Dirac distribution vanishes

for Eiy = /|p12|? + m3,, giving rise to
. dFE19 S 1
dE120[ET, — |p1a]” — miy] = 5 By = \/|p12|? + miy] = 5.
‘2\/ p12| + m12‘ 2Fo

(E.15)
Inserting this gives the final result
d’p3 d’p1a 5
d(1,2 = d®(1,2 — —
d®(1,2,3) d®(1,2) - —= 9F; 2F1s *[p123 — p12 — p3] dmi,
—d®(12,3)
d®(1,2,3) = d®(1,2)d®(12,3)ds’. s'=m?, (E.16)

From its definition (E.10) it is clear that d®(1,2,3) is totally symmetric in its entries - that is to
say the following holds as well:

d®(1,2,3) = d®(2,3,1) = dD(2,3)d®(23,1)ds’. (B.17)

For the evaluation of the three particle phase space of the Bremsstrahlung diagrams, we made use
of (E.16).
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F Bhabha phase space integrals

F.1 Further x-integrals for section 9

The x-integrals for the constant term

/del(ri(l—_ﬁfgj - i | (41“()‘%‘41“(2”“(1%2)

—2Liy [635— J + 2Liy [ﬁiﬂfln (F.18)
e —a?)In(1 — B 1 2 1+ Ba
[ o = g [ (@m0 i+ o (2
+ 21n2(1 - /Ba) - 21n2(/6a + 1) - (2 - 21n(/8a) - ’i7T(1 +,8a))1n (1 tga>
. | 1= Ba 1+ Ba

F.2 Feynman parameter integrals for section 9

Parameter Integrals for the divergent part and final state radiation from the same leg:
/ 2 In 1 + 1+8
m? + 4m2 (1 —a)  sB 1-8)°
/ da In( 1 Li -20
= 1 RS
m? + s—4m2 Ja(l — ) l1-8

1 N
5P L2[1+BH
ey = o [ (75 = i

1;5] — 2Li, [1;5”
(F.20)

Parameter Integrals for the divergent part and initial-final state interference

2 Vam? —t ++/—t
/mQ—tal—a: t(t—4m2)1n<m—\/\/:t>
daln(« _ 1 2y/—t 2/ —t
/mQ—tal—a_ t(t—4m2)[ [\/_—\/W} b [\/_Jr\/WH
Vdaln (1 - 4(m? - ta(l — a))) _ 2 L [ Vu+ v/t ]
/0 m? —ta(l — a) t(t — 4m?2) [ 2 Vu —4m?2 —t
—Li[ Vi V- }—Li[ Vit Vol ]+Li[ V- V-t }
i - vamr =i L Vame =] T [+ Vam? =1
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Parameter integrals for the divergent part and final-final state radiation from different legs

/01 [m2—<4m2d—as> Tl = (Hg)’

o 1=Ay/(-2a)
N 8/(1=2a) 2 ) . . |[1=-5 . [1+8
/ Bm (s—dmda(l —a)+m2 3P [mQW 2L | 5]+L12[ 2 Lz | =5
1., (1=B\ 1. ,[(1+8
(50 e ()] e
Parameter integrals for the divergent part and initial-final state radiation
doln Vs+2y/m?—ta(l—a)
/1 Vi—2y/m’>—ta(1-a) B 4 [ﬁ n <\/§+ 2m> _ Wu In (\/ﬂ—i- \/—t>
o (2/y/3)m? —ta(l —a)]3/2  (4m2 —t) [2m Vs —2m V-t Vu —+/—t
L YAmE oty (VA bV (F.23)
Ne VAm2 —t— =t ) |’ '
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G Muon decay

In this section we will analytically calculate the muon decay rate (see Figure 11) in two different
ways. First we calculate it directly by doing the s integration in a convenient frame and second we
change the s integration to an integration over the electron energy.

Do >

Figure 11: muon decay u~ — e v,V,

The focus hereby lies on the formal aspects of the second calculation, where we first approximate
the denominator of the W propagator to then solve the neutrino phase space integrals using
tensor integration. Tensor Integrals are of the type

/d4pp“1 ptn f(p), (G.1)

where f(p) is any scalar function, which might also depend on p. Tensor integrals arise naturally
in loop calculations, when integrating the numerator of the gauge boson propagator, which has a
tensor structure involving the integration variable (i.e., the loop momentum).

G.1 Feynman rules

For the process under consideration, we will use the following Feynman rules:
The W~ -fermion-(anti-)fermion vertex

GpM2, Y2
[—ZTW] Yu(l =) (G.2)
and the W ~gauge boson propagator
—1 k., —1 kuk,
Y gy—i(l—s)] =—[gy—7<a—1> .
k2 — M2, [ MR —eME, k2 — M2, [ ak? — M2, (G.3)

Where ¢ = 1/a is a gauge parameter, G is the Fermi constant and My is the W~ mass.
In our further calculation, we will alway use the unitary gauge:
2
—ig’“' + kuk, /My,
5 .
k* — My,

(G.4)

In the muon decay all external particles are fermions. The incoming muon is associated with the
spinor u, while outgoing antifermions (i.e., the electron neutrino) with v and outgoing particles are
associated with the spinor conjugate «.

74



G.2 M-matrix

The above rules give the following expression for the M-matrix:

GrMg _ G + Kk | M2
M=- W gy (1 — v5)uo] [y, (1 — ) va] - £ 1 (G.5)
V2 8 k2 — M2,
The complex conjugate reads
GpMZ, _ 9op + kakg /M
M = ———= [ugys(1 — 5 )us) [Ba7a (1 = 75)ui] W (G.6)
V2 k? — M2,

The expressions between the square brackets form scalars. We can thus arrange them, without
having to worry about y-algebra, in the following order:

IM? o [ovs (1 — v5)ustisyu(1 — 75)uo] [@17 (1 — ¥5)vaBava (1 — ¥5)ui] . (G.7)

Next we sum over the particle spin components. This summation gives rise to the usual trace
expressions:

D M o Tr [Tgvs(1 — ¥5)ustisvu(1 — ¥5)uo] Tr [G1%, (1 — ¥5)v2B27a (1 — 5)ui] -
spin (G8)
Like always, we make use of the cyclic property of the trace as well as the Dirac equation for the

expressions u;%; and v;U;, resulting in

D M o Tr{(Bo + my)vs(1 = 75)Pamu(L = 75)] Tr [(B1 +me)y (1= 5)p2va (1 —5)] o)
spin 9

where the neutrino masses are set to zero. Inserting the constant and boson propagators that we
have been omitting so far, we get

2 4
I IMP = LTy tm (1~ )l — )

spin

Tr[(pr +me) v (1 = 75)P27a(l — 75)]
9ap t kakB/MVQV v + kuk,,/M%,
k? — M2, k? — M2,

(G.10)

This expression for the squared M-Matrix can be solved, making use of the ~-trace identities. In
our calculations we used the program FORM, yielding:

1 ) 32G%m, )
5 > IMP? = m[pﬂ.plpﬂ.p2p0.p3 — p0.p1 p0.p3 p2.p3 + p0.p1 p2.p3 (M3,)
i w
spin
M m?
— p0.p2p0.p3 pl.p3 + p0.p2 pl.p3 (MZ, + 2m—V2V) — p0.p3pl.p2 (M2 + 7“)
o
4+ p0.p3 pl.p3 p2.p3 + p0.p3 p0.p3 pl.p2 — pl.p3 p2.p3 (2ME,)]. (G.11)

Where a.b is the Minkowski scalar product of two four vectors.

From here we have two possibilities of calculating the total decay rate:

1.) We can fix the kinematics of the decay in a convenient way and then integrate over one angle
and s.

2.) We can approximate the boson propagator, integrate over the neutrino phase space, using
tensor integrals and integrate over the energy of the electron.
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G.3 The kinematic approach

Using the expression for the three-body phase space, derived in the appendix E:

1
dP8(1,2,3):Wd¢(1,2)dq>(12,3)ds, s =m?2, (G.12)
we can rewrite the two-particle phase spaces as:
.
de(1,2) = %8 Smedcos&3
2
aTm;, — S
de(12,3) = ——t——. G.13
2.3 = 57 (G.13)

Where we have integrated over dcosf,,. The angle 6,, is the angle between the muon and the
muon neutrino, 6, is the angle between the electron and the electron antineutrino. The differential
cross section now reads:

L 1] mE ) —md)
I'= WW . |:§|M| :| . 9 dCOSGedS. (G].4)

At this point we turn back to the expression (G.11) and express all contracted momentum pairs
through the Mandelstam variables, which are defined as follows:

s = (po—p3)? = (1 +p2)?
t = (po—p1)* = (p2+p3)°
u = (po—p2)”=(p1 +p3)°. (G.15)
Any possible contraction of the momenta in (G.11) can now be expressed via these three variables:
mi +m? —t mi —u
bo-p1 = 9 Po-p2 = 5
m2 — s s — mg
Po-p3 = ) p1-p2 = 5
2
U —1m t
p1-p3 = s D2.p3 = - (G.16)
2 2
Using MATHEMATICA, we rewrite Y |M|? purely in Mandelstam variables:
1 2 4G% 4, 4 2ar4 2 2, 2 2 2
§Z|M| = 00— o) [—memu—élmeMWmu-l—me(me-I-mu—s)smu
spin w
+ (4m§MV2Vmi)t + AME (m? + mi — u)u]. (G.17)

The expression (G.17) depends only on s,¢ and u, but we have to integrate over s and cos .. This
means we need to express ¢ and u in terms of cosf,. We are able to do this by choosing the W
boson rest frame:

E o= (+/5,0,0,0)

s—i-mz mi—s
bo = 70a07
2/s 2/s
_ T 000
b3 = 2\/§ 3 Uy Uy
2 .2 ) o2
P = (s;—\/rgne’ 82\/7;_% sin @, cos ¢, % sin 6, sin ¢, 82\/7;_% cos 96>
s —m?
ps = ——=2(1,—sinf,cos $, —sinb, sin ¢, — cos ;) . (G.18)

2V/s
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Where we have also made use of the freedom to choose the direction of the muon momentum. It
can be easily seen, that the above choice respects the momentum conservation py = p1 + p2 + ps3,
the on-shell condition p? = m?, as well as all the identities in (G.16).

For further calculation, we have to get rid of the variable u using the following property of s,¢ and
u:

s-l—t-l—u:mi-l—mg. (G.19)
leaving dependence only on s and ¢, where ¢ can be expressed in terms of cos 6, using (G.18):

2 2
G.18) (ms, — s)(s —mZ)(cos B, + 1
£ = 2.y €29 (m, — s)( " )( ) (G.20)

Multiplying >~ | M|? with the other factors out of (G.14) and doing the cos 6, integration, we get
the differential decay rate:

o GRmE s,
ds 2M. D)
ds 192mi7r3(5 - Mv2v)253 [ ws(my, + 2s)
+ (2M§V3+mi(4M§V + 65 M3, +382))m§] _ (G.21)

The limit of infinite W mass and vanishing electron mass

G2 (m2 — 2 | 94)2
lim ar _ rlmy, — ), S), (G.22)
My —oo dS 96m 3 3
me—0

yields the correct zeroth order result:

2
/mu s G%(mi - s)(mi + 25)? B G%mz (G.23)
0

96m 7 © 19273

The s integration of the whole expression is a little more involved, since we encounter the following
integrals:

/ds(Mfi)Q. n=0,41,42,+3 (G.24)
w S

We get undefined expressions, if we for example do the following integral:

/ds s My +In (M3 — s) (G.25)
(M2, —s)2 M3 —s w ’ '
which has a dimension-full expression in the argument of the logarithm! To prevent this situation,
we scale the integration variable with the W mass. The new integration variable is the dimensionless

quantity z = s/MZ,. With the original integration range

m < s <md, (G.26)
our integrals become:
. . s _\n . .
/mi dsi _ Méén_4) /mi s (Mgv) _ M‘(}[%n—Q) /mi/Mﬁv dzi.
my (M= s)? me o (1) = 5)? et (0= 2 @)
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Using the integrals listed in G.8, we find the expression:

G2m®
I'p~ = e v,v.) = 1;72 5 [In(z) (1227 + (242% + 2427) y — 272%y?)
™
12—122 622 —6 223 — 2722 4+ 27z — 2
+ . — +
Yy Yy Yy
339
+ 3927 39z + (273:2 — 27zp3) Y
2 2
1—y 12 —122—12 33z —242° — 24z
In — T
l—ay) \y* y? y? y
+  (32% +3z) + (242® + 2427) y — 272%y?)] , (G.28)
with
2 2
me mﬂ
= = G.29
= VT (G.29)
This expression gives the following value for the total decay rate:
(™ — e v,7.) =3.008728 - 10 ¥ GeV, (G.30)

which agrees well with the experimental value 2.995917 - 10~19GeV [92].

G.4 M-matrix with tensor integrals

As mentioned in the introduction, we will also approximate the denominator of the propagator to
simplify the integrand, i.e. > |M|?, for the phase space integration. Making use of k = pg — p3
and letting the muon-neutrino mass vanish (i.e., p% = 0), we rewrite the squared denominator of
the W-propagator as follows:

1 1 1 1
(M3, — k22~ (M2, —m2 + 2py.p3)° <M§V> (1 — (m2 — 2po.ps3)/M7,)? (G.31)

The expression (mi — 2pg.p3) /M3, is small compared to 1. We therefore use the approximation

1 2
<1_€> =(14+e+e2+.)2x 142 (G.32)

which is valid for small € and gives

<le/1[/> (1= (mZ — 21170-103)/Mgv)2 ~ Mlév (1 2(m = 2p0-3) M) (G33)

Using this and letting all M{;, with n < —4 equal to zero, we find the result

Z|M|2 = Po-P1P2.-P3 (64G%mi/M§V)

spin
Po-p2 po-p3 p1.p3 (—512GH/Miy)

po-p2 p1-p3 (320GEm, /M, + 128GF)

po-ps p1-p2 (—64GEm., /M)

P1.-p3 p2-p3 (—128G2Fmi/M3V)- (G.34)

+ + + o+
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Only considering the zeroth order in Myy, only one term contributes:
D IMO 2 = (128G7)po-p2 p1-ps. (G.35)
spin
Using the third equality in (G.37), this is relatively easy to solve and gives the short expression
frequently to be found in textbooks (i.e. [1]):

8 2

G%mi(l - WZ}LE)
19273

Where m] for n > 4 was also neglected. In our further calculation, we will consider the full

expression (G.34). To obtain the total decay rate, we are now left to integrate over the three
particle phase space dPS(1,2,3).

rOg- - e VT,) =

(G.36)

G.5 Phase space tensor integrals

We can now integrate (G.34) over the separated phase space of the two neutrinos d®(2,3) (see
appendix A.2 for its derivation). We see that we have to integrate over expressions involving two
and three muon momenta po and p3 all being contracted either with one another or with momenta
that we do not integrate over. We separate the scalar products in the following way:

/d<1>(2,3)po-p1 p2.p3 = po.p1 Guw 1M
/dq)(?, 3)po-p2 Po-P3 P1P3 = Doa Pos P1y 1°7
/d@(2,3)po-p2 p1.p3 = DPig pow 1M

/d@(2,3)po-p3 p1.p2 = pou P 1M

/d¢(2,3)p1-p3 P2.p3 = DPig gay 1°77. (G.37)

Where I*¥ and I*?7 are the tensor integrals:
m = /d¢(2,3)pgp§ (G.38)
9 = /d<1>(2,3)p%p§p§- (G.39)

In the two body phase space of the muons, these are the only integrals that we will have to compute.
We will first tread the simpler case (G.39) and make the following ansatz for the tensor structure
of the solution:

v = [ av(2,3phr; = A + BPRPY, (G.40)

where P* = (p3 + p2)* and P? =t = s’ = 2pyp3. Note that s’ differs from s used in the kinematic
approach! Further A and B are constants to be determined through contracting I'*¥ with g*” and
P*PY, We have to contract twice, as we need two equations to determine our two constants A and
B:

/

/d¢(2a3)p2-p3 =/d@(2,3)%

)\1/2 I 1
/dcosH WM] %:%s'/dcosﬁz %s'

Q”VIMU

4 s!
4A+ P’B=4A+s'B (G.41)
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PtPYT,, () /d<1>(2,3)p2u(p3 + p2)p3u(p3 + p2)” = /d<1>(2,3)(pz-ps~,)2

S’2 T
= dd®(2,3)°— = =52
/ (2,3) 1 83
= P’A+P’P’B=3A+s"B. (G.42)

The equality (**) might seem awkward, since we are pulling the factor P* = (p3 + p2)* under an
integral which is over the d®(2, 3) phase space. However, the kinematic fact (p3 + p2)* = (po — p1)*
shows that P* is a constant under the d®(2,3) integration.
Finally solving (G.41) and (G.42) for A and B gives the tensor Integral
v n, v T v n v
I = [ d®(2,3)pyps = —s g" + —PHP". (G.43)
24 12

The calculation of the tensor integral over three momenta will not be carried out in detail as it is
analogous to the calculation of (G.40). The ansatz reads

79087 — /dq)(2, 3)pg‘p§pg = AP*PPPY 4 BPgPT + C(P’Bgo"’ + P"gaﬂ).
(G.44)

Round brackets around a group of indices signal that the expression is symmetric in these indices.
Since I*(57) is symmetric in 8 and v, we choose an ansatz which is also symmetric in these indices.
We now have to contract 7%57) three times in order to obtain the three constants A, B and C. We
contract with ¢g®® P7, g7 P® and P®P#P7, solve the resulting equations and get

e

7087 — /d@(2,3)p§p§p§ _ 24PaP5P’Y + :_SSI(PBQOKY + P’Ygaﬂ _ Pozg,@’Y)‘

(G.45)
G.6 Energy spectrum

Having performed the tensor integration over the neutrino phase spaces d®(2, 3) from our original
expression of the three-body phase space

1
dPS(1,2,3) = d®(2,3)dd (23, 1)ds’, (G.46)
(2m)?
we are left to integrate over d®(23,1)ds’. With
s' = (p2 +p3)® = m33 = m, +m? — 2m,E,, §=mly = (p1 +p2+p3)* =m,
(G.47)
and
A/2(5 o m2
d®(23,1)ds’ = %Mdcos ods’ (G.48)
8

we can integrate over dcos @ which gives rise to a factor 2 since our integrand is independent of
cos 0. The only integration left is over ds’, which we will rewrite as an integration over the electron
energy FE.:

ds' = —2m,,dFE,. (G.49)

It is very important to consider the range of integration, when changing the variables. The s’ range
is:

0< s < (my —me)? (G.50)
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With

E, A N 51
) = = (G.51)
it follows that
m? + m?
E.(0) = —L—=  E.((mu —me)?) =me. (G.52)
2my,

The upper bound for the variable s’ is the lower bound for E, and vice versa. In order to incorporate
this fact in dI', we need to change the integration limits, making the lower limit the lower bound
and the upper limit the upper bound:

2 mfﬁ'mg

(my—me) Me 2my,
/ ds’ :/2+ , (—2m,dE,) :2m#/ dE,. (G.53)
0 mp+mg

me

2my,

As we see the minus sign of the energy measure is compensated by changing the integration limits.
Now rewriting the full phase space in terms of F, gives:

d®(23,1)ds' = +2n\/E%2 — m?2 dE,. (G.54)

After integrating (G.34) over the neutrino phase space, we rewrite the result in terms of
E.. Incorporating the change of variable according to (G.53), multiplying it by the factors
~1V/EZ —m2 dE, and 1/2m,, and using the definition:

_ 1 2
dr = - 2Z|M| dPS(1,2,3), (G.55)

spin

this leads to the following result for the energy spectrum:

a mcﬂ( 2y )

dE, 3ME,

2 2

2
+ EVE2-m2Gh < Zmy 2y 2mem“>

3M3V7r3 38 3MZ, 73

v VBTG (o M ) e
In the limit of infinite W mass and vanishing electron mass this becomes:
Jim_ ddzg - Gjﬁ“ B2 <%mu - Ee> . (G.57)
Mme—0

It is easy to check that in lowest order

m+m

/m AR, %/ (G.58)

this gives the correct result for the total decay rate:

mpy

= Grmy 5 (3 GE (2 o % _ Grmy
/0 dE, [ 33 E; Zm#—Ee = 19,3 (muEe —muEe)‘OZ = 09,3 "

(G.59)
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Figure 12: The physical region m, < E, < %:ne of the electron energy spectrum

G.7 Total decay rate

The energy integration, just like the s integration in the kinematic approach, has to be handled
with caution. If we were to integrate the above expression we would for example encounter the
integral:

/ AE,/B? —m? = \/7 (E + VB m2). (G.60)

which once again has a dimension-full expression in the argument of the logarithm. To prevent this
situation, we scale the integration variable E, with the muon mass, so that the new integration
variable becomes z = E./my,:

b b E n E 2 m 2
/dEeEQ\/Eg—mg = mZH/ dE, <—> ( ) —<—>
a a my my my

b/my
= m"+2/ dza"/z? — A2. (G.61)

W
a/my

Where A = m,/m,. The new integral is now entirely dimensionless and we no longer encounter any
problems with the dimension of the logarithm argument. Using the integrals evaluated in appendix
A.3, we reproduce the zeroth order I'®©) in My plus additional terms. As already stated in (G.36)
the zeroth order reads:

2
o G — )

19273

(G.62)

Its numerical value is:
1 =3.0087246 - 10 GeV. (G.63)

The whole expression for the total decay rate reads:

2 2
M enm) = gt | (m () - (7))
m W7T mﬂ mu

(120m ma(2m? +2m - M%)
+ (mZ—m2) ((8mf — 35m#M3V)mz + 3m;, 4+ 5m} M,
+ (3mE + (8m], + 5M,)mS + (218m), — 35m), My )m.")] . (G.64)
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Which evaluates to:
T(u~ — e v,T,) = 3.0087279 - 10~ GeV. (G.65)

This is the same value already found in the kinematic approach in chapter 5. In the limit of infinite
W mass and vanishing electron mass, we once again find the well known zeroth order:

GZm®
. _ . (0) _ F''u
m = lim T 19273 (G.66)
me—0
Who's value is:
lim T(u~ — e v,7,) = 3.0092877 - 10~ GeV. (G.67)
MW%oo
me—0

The mean lifetime 7 of a particle is defined as the inverse of its total decay rate. Inserting the value
(G.65) yields:

1 1
3.0087279 - 10-1%V  (3.0087279 - 10~10eV)(1.5192675 - 1015eV s~ 1)
1876752 - 10 . (G.68)

T =

1
r
T = 2.

Since the decay p~ — e~ v, 7, is the vastly dominant decay channel, the value (G.68) gives a good
prediction for experimental results [92]:

r(exP) — 919703 - 10 5. (G.69)

G.8 Integrals

The following integrals were used for our calculations: In section 5:

x3 1 z?
/x(l—m)2 1—m+3n( @)+ $+2
x2 1
/dg”(l—a:)? R
T 1
d = In(1 -
/$(1—a:)2 1_$+n( 7)
1 1
[y - =
1 1 1
/d%(l_m)? = 1o mll-2)+hl)
1 1 1 1
/dwﬁm = <1_x—;>+21n(x)—21n(1—a:)
1 1 2 1 1
/dxﬁm = 3lIn(z) —31n(1—w)—;+1_$ Y=L (G.70)

in section 9:

/dwm -
/dmxm -
/d\/j -

G = =8 Wi R

dz x
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G.9 Numerical input

In our calculations we used the following numerical Input out of [92]:

me = 0.000511GeV
m, = 105.6584 GeV
My = 80.403GeV
Gr = 1.16639-10° GeV 2 (G.72)

As well as the conversion constant that connects energy in natural units to inverse time in SI units:

leV = 1.5192675s~". (G.73)
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H W*W~ production

In this section we calculate the o¢cs contribution to the W ™*W =* production process. The o¢c3 con-
tribution contains only s-channel diagrams of the crayfish type, a t-channel crab diagram (see figure
13) and their interferences. Contributions of deer diagrams (figure 2 in [88]) are not considered.

fi(p1)

f2(p2)
f3(p3)

fa (p4)

Figure 13: s-channel crayfish (left) and t-channel crab (right) of the
W*W —* production process ete™ — WHW —* — 4f

H.1 M-matrix

The M-matrix is a sum of the three diagrams in Figure 1. Moreover, the W¥ -propagators and the
W decay products M’fQ and Mg, appear in every diagram, they can therefore be factorized in the

following way:

M

MV_I_M’)/

+ Mz

M, M8,

(Vo

2 1 1
> (81 — MI%V + i\/ﬁFW(sl)) (82 — MI%V + i\/grw(SQ))

—1i

(s — M7 +1iy/sT(s))

(ieC(j)V7*?)B] (H.1)

)2355 + > (ie)

Jj=".Z

M; (j =, Z) are the Z-boson and photon masses, My the W-boson mass. I'; (j = v, Z) are the
Z-boson and photon decay width, I'yyy the W-boson decay widths. sy, ¢, is the sine and cosine of
the Weinberg angle. Finally

S

S1

In all of the calculations

= (kl + k2)2 = 2k1ky
= (p1 +p2)% =2p1po,

s9 = (p3 +pa)? = 2p3pa. (H.2)

we take the fermions to be massless, since their masses are very small

compared to the W pair production threshold /s = 2My,. Further, the summand proportional
to By is the t-channel part and the ones proportional to B; (j = v, Z) are the two s-channel

contributions. They are

MG = U(pz')%l_z%U(Pj)

B = U(k2)7a1_2—75g7,3u(k1)

B =tk (LGS + RGOS Y )

VIl = gB (W — W)Y — 20PTWE + 290 WP (H.3)
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With the couplings

— s2 Sw Cw
L(y)=R(y)=C(y) =1 (H.4)

It might seem surprising that there is apparently no numerator structure of the W-Propagators
in (1). To clarify this point, one has to look at the Feynman rules. For the W-propagator (in its
gauge invariant form) and the coupling to its decay products, they are

ie 'gﬂﬁ' _ W’BWB,(I _ 5)/(W2 . fMQ ) 3 1= s
<\/§sw> <_Z (W121— 1‘143V+i\/§1“v;(81)) - [U(pl)%' 5 u(p2) (H.5)

It is easy to see, that the gauge dependent term vanishes when we contract it with g

wWiwl MY, = WEW )y 5 ulp:)
= W) G+ ) ()]
= Wip)h s Pl + W) pulpa)). ()
=0 -0

Where we have made use of Wi = py + p2 and the Dirac equation pu(p) = 0 for massless fermions.
This means that in contraction with M’fQ

L ewiwl oo/ wioemy) g7
(W2 = M2, + in/siTw (1)) WE = My +ivsiTw(s)) gy p)

After performing the contraction of gﬂﬁl with g one arrives at the propagator and indices structure
of (1). The numerator structure of the Z- and  -propagator in (1) is to be explained in direct
analogue to the structure of the W-propagator above.

H.2 Squaring M

The s-channel fermion-fermion-vector coupling B;Y has a left- and a right-handed part

B] = L(j)B} +R()B]

( R
_ 1-
B} = i(ks), 275u(k1)
_ 1+
B, = u(ka) 7y —5—u(ky)- (H.8)
In this decomposition the squared M-Matrix reads
e \! 1 1 35
M 2 M 2 M 20
M _(ﬁsw> |51 — My +iy/siTw (s1)]? \52—M3V+i\/5rw(32)|2‘ 127 Ml
[ 4 4 . .
¢ aB —e C)L() &8 -
By|?pab 2R Va8 (gel gy
* <\/§sw> 1Bl +j§z “12s2 (s - M3 —iy/sTj(s)) (B Br)
FCEILE)L(F) + R(H)R(j)] By7a8 977
Vieryne B2 . H.9
- ];Z<S—MQ—I-Z\/_F())(s—M]?—i\/EFj(s))( )| 1Bt (F.9)
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Not overlined Minkowski indices stem from M, overlined ones from M*.

The appearance of the expression 2Re]...] is due to the simple equality ab*+a*b = 2Re[ab*]. Further,
in order to obtain the above form, we used |Br|*Y7 = | Bg|*"7 which follows from a straight forward
calculation.

The phase space of a four particle final state

4 4
d3pi 4
dry = 0" (k1 + ko — ; H.10
4 H%?X (k1 + ko ;pz) ( )
decomposes into
dl'y = ds;dsedI'(12,34)dI(1,2)dI(3,4). (H.11)

Where the generalized two particle phase space is given by

T \/A(mzbﬂ mg m%)

dl'(a,b) = 5 decosb, (H.12)
4 mey
with the usual definitions
mgb = (pa+ pb)2
Ma,b,c) = a®+b* + % — 2ab— 2ac — 2be
A = A(s,81,89). (H.13)
In M2 the only p; (i=1,..,4) dependent parts are |M2|?# and |Mss|2®@ respectively. The inte-

gration over dI'(1,2) and dI'(3,4) can therefore be performed easily.

> [ Muara) = Y

spin spin

_ % / trpryspars(l — 75)]dT(1, 2)

1 —
- ! / 4 PE — pipag® + pPpl) + @PHBpipldr(1,2)  (H.14)

2u(py)dl(1,2)

(PQ)E(PQ)ng —

2
With s1 = (py -I—pg)2 = 2p1po and the identities

/dI‘(l 2) = 2 (H.15)
p_ T (51w 274
/dF(l 2)pipy 1 ( 59 + Wi'Wy ) ; (H.16)
we get
Z/|M12255dr (1,2) = 3[ s19%% + WiW?). (H.17)

spin

An analogous expression holds for | Mgz, |?*dT(3,4).

H.3 Rewriting |M|?

The above M-Matrix can further be rewritten as a combination of six generic functions. Three
functions C? (a,b=s,t) describing the couplings and three dynamic functions G?.

> IM2AT(1,2)dT(3,4) = C'G" + C*'G*" 4 C**G** (H.18)

spin
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The three coupling functions are
2 e \*
ctt —A(s1, 8 < > ,
g Alst, 52) oo

LA e'C(i)C(j)[L()L(j) + R(E)R())]
¢ g Als1:52) 2 ((s — M7 +iv/sTi(s))(s — M7 — i\/grj(s))) ’

i,j:’)’,Z
) ) A C(5)L(j)
Gt _ W_A —e 9% J H.19
9 (s1, SQ)FZ;Z <28%) ‘5= M +iy/sT(s) |’ ( )

with the factor

A(sy,89) = ( ‘ >4 ! :
PP \VRs ) s = M v iETw ()P s~ ME ivETw()lR | gy 9

Using the two particle phase space integrations

_ - _ —
(Mip[PPd0(1,2) = Zl-s1g™ + WIWY]
— T — —
|Mzy|*@dDl'(3,4) = 3[=s20"" + WEWS] (H.21)
The dynamic functions become
G"(cost) = [=5197 + WW]|[=s29°" + W W) | B, 277
G*(cost) = [—s19"" + WIW])|[—52g"® + WSWS] (VI2PV I8 | B |27
G*(cosh) = [—slgﬂg + VVIBVV1 [ 529" + WSWE (VWB)BfBB?. (H.22)
H.4 Cross section
The unpolarized differential cross section is
1 (2m)* 1 \*
do = - 2 dly. H.2
o 4Z|M| <4k1k2> <(27r)3> ! (F.23)

spin

Inserting the expression for dI'y yields o¢cs out of [1]

dogces do VA 1 1 )
= = |l= I \ss=5) |7 I'(1,2)dI'(3,4
dcosf  dsjdsadcosf <327r> <32(27r)6> 4Z|M| dI'(1,2)dT'(3,4)

spin

) 1 ;i g g
- <£> <W> gt eG4 emgt] L (H24)

H.5 Breit-Wigner factors

The above coupling functions C® all contain the factor A(s;, so) which might be rewritten as

Al ) < e? > 1 < €2 ) 1
Sla S92 - a 9 . = o 3
252 |s1 — M%, +iy/s10w (si)]? 252 89 — M‘%V +iy/3a0w (7)) ]2
24n Ty (51)/+/51 247l (s2)/+/52
2472 2472
= p(s1)p(s2), (H.25)
S1 S9

88



where the Breit-Wigner factors p(s;) are:

Vi Tw (si)

p(s;) =

with the off shell W decay rate

(&

2
w

The Breit-Wigner factors are normalized such that
lim p(s;) = 6(si — Miy).
FW*)O
It is evident, that

limop(s) — 0 fors # M3,

T'w—

1
T [s; — M2, +i/5Tw (s:) |2

(H.26)

(H.27)

(H.28)

(H.29)

but we do not know what happens at s = M‘%V To analyze this, we integrate over limr, o p(s).

1 1 1
pls) = %<5—M5V—i\/§rw_s—M3V+i\/§rW>
1
li = lim — [In(s — M2, —i\/sT'w) — In(s — M2, +i+/sT
plim dsp(s) Fv;gogm.[n(s w —iv/sCw) — In(s w +ivsTw)]

Using the following identity for the complex logarithm with cut

limIn(—R =+ ie) = In(R) + i,

e—0
we find
271
li d =— =1
plim ) [ dspls) = 50 =1,

yielding indeed the above normalization

lim p(s;) = d(s; — M7,).
T'w—0

H.6 Results

We globally extract the Breit-Wigner factors in the term

4= hplsi)n(sz)
sd 256s1s9

and rewrite the cross section as

SZOCZZ _ <g> A [Cttgtt+cstgst +Cssgss]_
The new coupling functions take the final form
¢ =1
e BMbsh 4 AQTY(s)sh — M3sd)s b o
s2((s — M2)? + sT%(s))
o5t 2(—2M}s2 — (2T%(s)s2, — 2M2s2 — M2)s — s?)

s((s — MZ)2 + sT%(s))
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(H.30)

(H.31)

(H.32)

(H.33)

(H.34)

(H.35)

(H.36)



After evaluating the v-traces, the G functions read

45159C
G"(cosf) = Cy+ 81:22 2

G**(cosf) = AC1 4+ 12518905

48182[8(81 4—82)-— C&]

G*t(cosh) = (s—s1 —89)C + " , (H.37)
with
C1 = 2s(s1+ s9)+ Co,
Cy = —t(s—s1 —sy+1t)— s159. (H.38)
The WW production angle cosf is contained in the invariant ¢:
t = (514 s2 — s+ VAcosh). (H.39)

One can further integrate out the production angle to obtain the double resonating cross section.
For this, the following integrals are used

1
/dcos@cos"@ = 1,0,1/3 forn=0,1,2
-1

1
/dcos@t1 = 2L(s,s1,2)
-1

1
2
/ deosft™2 = —, (H.40)
-1 5189
with
1 - A
L(s,81,820) = —=1n st =5+ VA (H.41)
A s1+89—85— VA
The dynamic functions now take the form
1
gt = EP\ + 125(s1 + s2) — 488159 — 24(s — s1 — s2)s152L(s, 81, S2)]
A
g*® = E[)\ + 12(s15 + s182 + s25)]
1
gt = G [(s — 81— s2)[A+ 12(s18 + 8182 + 525)]
+24(s18 + 8182 + 828)8182L(8, 81, 82)] - (H.42)

H.7 The CC3 cross section

The above result needs to be integrated over s; and s in order to obtain the total cross section.
This is done numerically using MATHEMATICA. In the massless case the kinematic range for the
integration variables are:

0 S S1
0 S 59

[VANVAN

(V5 - VA1) (H.43)

In figure 14 we plotted o¢cs as a function of the CM-Energy +/s. We observe the increase after the
threshold and a decrease ~ 1/s-1In(s/M2y) afterwords. Even though the individual s- and t-channel
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Figure 14: total decay rate o¢cs(s)

contributions do not decrease, their interference term leads to gauge cancellations which further
lead to the overall decrease that assures unitarity preservation.
The numerical results were obtained with the input quantities:

Tv(s) = (Vs/My)Tv
'y = 2.4952GeV
'y = 2.141GeV
Myz; = 91.1876 GeV

My = 80.403 GeV

a2My) = (128.07)7!

e(2Mw) = 0.31324

sw(2My) = 0.23004. (H.44)
Using the narrow width approximation

lim p(s;) = 8(s; — M), (H.45)

T'w—0

discussed in chapter 6, we can use the off-shell result to reproduce the on-shell one, first calculated
in [90]:

Jcces,on

Be' oMZ,  2M{,\L 5
14+ =W 4 7 W)= __Z
+ + 51

32msd s s 52

MZ(1—2s2) 2M;1V(1 L2 )L s 5 M3
(s — M%) 52 MZ,'B  12M2 3 s

M4 4 _ 4 2 1 2 2
285 S+ )8 ( s 20; +12>}, (H.46)

48(s — M32) ME T ME
with the definitions
1
B=1\/1-4MZ /s and L=1In <%> . (H.47)
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Figure 15: total On-Shell and Off-Shell decay rates occs(s)
In figure 15 we plotted both the On-Shell and the Off-Shell cross sections. We observe a
flattening of the On-Shell case compared to the Off-Shell one.

H.8 Four body kinematics

We are interested in a parametrization of the four final momenta. In the corresponding phase space

4 4
d®pi
ar, = x 0 (k1 + ko — :
4 1111 2p? (K1 2 ;pz)
= dsydsodI'(12,34)dI'(1,2)dT'(3, 4) (H.48)
we have eight independent integration variables, with the kinematic regions:
(m1 +ma)* < 51 < (Vs —mg —ma)?,
(m3 +m4)* < S92 < (Vs —+/51)%,
—1 < cosf, cosby,cosfy <1,
0 < ¢7 ¢17 ¢2 < 2. (H49)

The integration over ¢ just gives a factor 2wr. We write down the momenta of the 2 — 2 process
ete” — WT*W * in their center of mass system:

kl = (pUa _pSinga 0,pCOS€)
k? = (pUapSinea 07 —pCOSG)
1
W, = 57§<s+—sl—s2JL0;VX)
1
Wy = 57§<s——sl+s2ﬂhﬂf;¢x>, (H.50)
with
A(Sam%am%) m;—0 \/g
= 5 = VS ML M) mino VS H.51
p =[Pl NG 5 = Po; (H.51)
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and
A= A(s, 81, 82), k2 = sq, k2 = so. (H.52)

Note, that the W ~-boson is moving in the positive z-direction. Now we give the final momenta p;
and ps in the W™ rest frame:
1
2w/81

(31 + m% — m%, v/ Aga8inficosdi, v/ Azqsinfysingy, v/ )\34(:056'1)
1

Py = NG (31 — m% + m%, —1/ Az48in0cosgdy, —/ A348infsingy, —\/)\34c0s6'1) , (H.53)

with Aj2 = A(s1,m2,m2). The key idea is now to boost p; and po along the positive z-axes to
bring them into the center of mass system of the incoming particles. p3 and py, which are defined
analogous to (H.53) in the rest system of W™ and will have to be boosted along the negative
z-axes. For the Lorentz boost we need the velocity S of the W~-boson, which we extract out of
the momentum

p1 =

A M,
Wl z \/_ i

SN

/ 1 VA
= = . H.55
p=+ 1+ My, /W?, +3+31—32 ( )

With v = (1 — 2)~/? we get

(H.54)

to give

VA s+ 81 — 89
= d =" ° H.56
By 2./818 an 7 2./818 ( )
The boosted momenta read:
1
p1 = SWa (’Y(Sl + m% — m%) — ,6’)/(\/ )\34C0891), v/ Az48inficoseoq, v/ Ag4sinfysingy,

—B7(s1 + m? —m3) + *y(\/)\34cos6'1))
1 . . .
py = 2—\/5 <7(31 — m% + m%) + By(V/ Agqc0801), —\/ Az48in6; cospy, — 1/ Ag48infysingy,
—By(s1 —m? +m2) — 7(\/)\34c0s91)> . (H.57)

In the massless case all final momenta are:

po= g (1, sinf;cos¢y, sinfsingy, cosh)

Py = g (1, —sinfcos¢y, —sinfsingy, —cosb )

py = @ (1, sinfacos ¢, sinfasings, coshs)

py = ? (1, —sinfycospy, —sinfasingy, —cosbs) . (H.58)

The general massive expression is given in equation (B.21) of [88].
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Zusammenfassung

Der Schwerpunkt dieser Diplomarbeit ist die Bhabha-Streuung e*e~™ — eTe~. Bhabha-Steuung
ist unter anderem an e'e”—Beschleunigern (wie z.B. LEP) von grofier Bedeutung, wo man mit
ihrer Hilfe die Beschleunigerluminositit bestimmt, welche direkten Einfluss auf die Genauigkeit
aller weiteren Wirkungsquerschnittsmessungen hat.

In dieser Diplomarbeit wird der divergente Teil des Wirkungsquerschnittes von Bremsstrahlungsko-
rrekturen zur Bhabha—-Streuung berechnet. Es wird die Interferenz von allen Einschleifen—QED
Fiinf-Punkt Topologien (Kapitel 7 Abbildungen 6 und 7) mit den acht QED-Bremsstrahlungs
Topologien untersucht.

Bei der Berechnung der Finf-Punkt Funktionen treten zwei verschiedene Sorten von Infrarotdi-
vergenzen auf. Durch die Schleifenintegration ergeben sich virtuelle IR-Divergenzen, sowohl der
Skalar-, als auch der Tensorintegrale. Weiter tritt auf Grund der weichen Photonenemission eine
reelle IR-Divergenz bei der Phasenraumintegration auf.

Die generelle Struktur der IR-Divergenzen im Standardmodel wird in Kapitel 4 diskutiert. Es wird
gezeigt, dass reelle und virtuelle IR-Divergenzen sich Ordnung fiir Ordnung in der QED (Bloch-
Nordsieck) gegenseitig wegheben. Da jedoch die Divergenzen der Fiinf-Punkt Funktionen unter
anderem auch mit Zweischleifen-Diagrammen korrespondieren (sieche Ende Kapitel 8), kann die
Bloch—Nordsieck—Cancellation [62] nicht gezeigt werden.

Die Diplomarbeit beginnt mit einer kurzen Einfiihrung in die theoretischen Grundlagen der Per-
turbationstheorie und die Struktur der elektroschwachen Teil des Standardmodels. Nach der
oben erwahnten allgemeinen Diskussion der IR-Divergenzen berechnen wir sowohl den Born-
Wirkungsquerschnitt der QED-Bhabha Streuung, als auch den Born—Beitrag zur QED-Bhabha—
Bremsstrahlung.

Nach dem Einfithren in Mellin-Barnes (MB) Darstellungen werden die Mathematica Pakete
AMBRE.m [55] und MB.m [56] diskutiert, mit derren Hilfe die regularisierten MB-Integrale fiir die
Skalar-, Vektor- und Tensorintegrale hergeleitet werden. Die Divergenzstruktur wird diskutiert und
die divergenten Anteile der MB-Integrale werden explizit unter Verwendung des Residuen Theo-
rems gelost. Hierbei werden Losungen in Form von inversen Binomialsummen gefunden, welche auf
eine Unterklasse der in [83] diskutierten Funktionen zuriickgefithrt werden konnen.

Mittels der crossing symmetry, welche anhand eines Beispiels gezeigt wird, kann die Berechnung der
Zahlerstrucktur von nur zwei der acht Fiinf-Punkt Topologien reduziert werden. Der differentielle
Wirkungsquerschnitt wird in Kapitel 8 in Abhéngigkeit von den Photonen-Phasenraumintegralen
P; und P, hergeleitet, welche in Kapitel 9 vollstandig gelost werden.

Der konstante Term der Phasenraumintegrale wird bis auf die Feynmanparameterintegrale re-
duziert. Fiir Emission von gleichen Beinen ergeben sich triviale Integrale, fiir initial-final Interferenz
deutlich komplexere Integrale die nicht berechnet werden. Ein Grofiteil der Parameterintegrale der
initial-inital bzw. final-final Interferenz sind in der Mathematica Datei P1_ALPHA Integrals.nb
gelost.

Zusatzlich zu der Berechnung der Bhabha Wirkungsquerschnittes wird in Appendix G und H der
elektroschwache Muonzerfall zu niedrigster Ordnung auf zwei verschiedenen Wegen, so wie der
elektroschwache o¢cs Wirkungsquerschnitt von W W ~—Produktion mit Hilfe von Breit—~Wigner
Faktoren hergeleitet.
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