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NLO Feynman integrals
Progress in tensor reduction of 1-loop
Feynman integrals

Tord Riemann DESY, Zeuthen, Germany
in cooperation with J. Fleischer, J. Gluza et al.

Talk held at
HP2: High Precision for Hard Processes
4-7 September 2012, Max Planck Institute for Physics, Munich, Germany
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Introduction
A long version of this talk was presented at:

5th Helmholtz International Summer School - Workshop

Dubna International Advanced School of Theoretical Physics - DIAS TH
Calculations for Modern and Future Colliders

July 23 - August 2, 2012, Dubna, Russia

http://theor.jinr.ru/ calc2012/

My first visit to West Germany was due to an invitation to the MPP Munich, see e.g. in
spires:

On The Derivation Of Standard Model Parameters From The Z Peak

T. Riemann, M. Sachwitz (DESY, Zeuthen), D. Bardin, M. Bilenky (Dubna, JINR).
PHE-89-07, C89/04/03.1,  Contribution to Conference: C89-04-03.1 Ringberg
Workshop 1989

For the Fortran program package ZFITTER, which was used for that talk, see the
private homepage:

http://zfitter.com
The webpage also reflects some recent experience of general interest.
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Definitions

n-point tensor integrals of rank R: (n,R)-integrals

R
J#HR — /ddk Hr:1 ler
" w9 [, ¢

d = 4 — 2¢ and denominators ¢; have indices v; and
chords g;

¢ =(k—q)—m’+ie

tensor integrals due to, e.g.:

- A - fermion propagators
kA + three-gauge boson
couplings

k—qn k=g

3/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012



Introduction  Approaches Example: n=4 PJFry Recursions Small Gram Contractions n <7
00@0000 00000000 00000 [o]e] 00000 [e]e) 00000000 000

A simple example

1-loop self-energy:

pmoo / d% Kt

2 ind/2 [k2 — M2] [(k + p)? — M3]
= pu- B

Solve:
pu - B = p? - Bi(p, My, M)
B / dk pk B / d%  pk
iw9/2 k2 — M] [(k + p)2 — ME] in9/2 Dy D

_ /ddk Do — (p? — M2 — M2) — Dy

- i7rd/2 D1 D2 ’
]

Bi(p, My, Mp) = 22 [Ao(M1) — Ao(Mp) — (0? — M5 — MZ)Bo(p, My, Mz)]

A tensor Feynman integral is expressed in terms of scalar Feynman integrals.

Summary
oo
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Passarino-Veltman algorithm

© Contract n-point and R-rank Feynman integral with
external momenta p;" and with g*, and cancel propagators

@ Invert the resulting system of linear equations

©® The result consists of (n — 1)-point and (R — 1)-rank
functions

Reducing tensor rank introduces inverse Gram
determinant:

5 LR 5
A -HR—AMR i A - R—1 M- L R—1,S
s = Zidet( G Ao I =) Asily

i=1 s=1

Gram determinant Gj:
Gn = |2qiq, i,j=1,...n—-1 (1)

and Ay, A are kinematic coefficients. The g; are internal momenta.
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Systematic approach to tensor reductions:

1,2,3,4-point functions:
* Passarino, Veltman 1978 [1]
Open source programs for 5,6-point reductions:
* LoopTools/FF (n < 5), T. Hahn [2, 3] 1998,1990.

* Golem95 T. Binoth et al. [4] 2008
* PJFry V. Yundin, PhD thesis 2012 [5] + Fleischer, T.R. [6] 2010

Need in addition a library of scalar functions:
* 't Hooft, Veltman 1979 [7]
* QCDloop/FF K. Ellis and G. Zanderighi [8, 3] 2007,1990
* LoopTools/FF T. Hahn [2, 3] 1998,1990
* OnelLOop (complex masses) van Hameren [9] 2010

6/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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This talk: Efficient reduction formulae in the algebraic
Davydychev-Tarasov-Fleischer-Jegerlehner-TR approach

+ Get n > 4 tensor reduction with - - - :
+ ... arbitrary masses
+ ... killed pentagon Gram determinants

+ ... treatment of full kinematics, also with small
sub-diagram Gram determinants

* new: --- multiple sums over tensor coefficients made
efficient by contracting with external momenta
Fleischer, TR [10] PLB 701(2011)646

* new: --- higher n point functions, n>7

Fleischer, TR [11] PLB 707(2012)375
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History of the Approach - not a complete list of references

8/56

[12]
[13]

(18]
[16]
[4]

(6]

(18]

[10]

(21]

Melrose 1965: Reduction of Feynman diagrams and Cayley determinants
Davydychev 1991: Integrals in different space-time dimension.

See also Bern et al. (1993) [14]
Tarasov 1996: Dimensional recurrence relations

Fleischer,Jegerlehner,Tarasov 2000: 1-loop reductons and signed minors.

Summary
oo

Binoth,Guillet,Heinrich,Pilon,Schubert, 2005: Algebraic/numerical formalism for

one-loop multi-leg amplitudes

Fleischer and T.Riemann (since 2007) 2011: Complete reduction of 1-loop
tensors.

See also Diakonidis et al. [17]

Yundin’s package PJFry 2010; https://github.com/Vayu/PJFry.

See also Fleischer, TR,Yundin [5, 19]

Fleischer and T.Riemann 2011: Contracted tensor Feynman integrals.

See also Diakonidis et al. [20]

Fleischer and T.Riemann 2012: A solution for tensor reduction of one-loop

n-point functions with n > 6

v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Tensor integrals expressed in terms of scalar integrals in higher dimensions
D=d+2 = 4—2¢ 6 —2¢,--- [Davydychev:1991], also [Fleischer et al.:2000] |

nj=vj=1+ 5,‘,’,”,'/';( = Vv, vik = 1+ Sik + 5jk

d n
B = / kuH cf Z qu [d+]
r=1
v I T [d+] 1 [d+]
T R0 Cab SR T LT e PA
r=1 ij=1
A d z b TR 2] (ld+]2
B = ek e == 3 arqame - 5> dai
=1 k=1 i
d n n
B = / Kk ke [le = S af g adof m 150
r=1 ioj k=1
LV d 1 4 0| d 2
LY eyl 4 Lgeg @

ij=1
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Tensor integrals expressed in terms of scalar integrals in higher dimensions
D=d+2/ = 4—2¢, 6—2¢,--- [Davydychev:1991], also [Fleischer et al.:2000] II

v o ddk o < — . o d °
B = [ SRk [Tet == S qt ey aaf afmn Iyl
J=1 ij,k,1,m=1
T oo ol o 1604 TS oap ol 0+
+5 > gvrarafag mly — 29" e el @)
i k=1 i=1
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The integrals

d+]' n
/[d+]’stu~~ - [a+1] H 1 @)
piijk- o 00+ 0nct - —brs—6r—dru—--

r

d%%
[ =] %

=

where [d+]' =4 +2/ — 2¢.

L't ab#s
is obtained from

ir)

by
* shrinking line s

* raising the powers of inverse propagators a, b.
11/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Dimensional shifts and recurrence relations for pentagons (ll)

Direct approach — just perform Tarasov’s dimensional recurrences

Following [Tarasov:1996,Fleischer:1999 [15, 16]]
apply recurrence relations, relating scalar integrals of different dimensions, in
order to get rid of the dimensionalities [d+]' = 4 — 2¢ + 2I:

shift dimension + index:

v (A7) =

shift dimension:
1

5
@ =3 v+ 1)l =
p 0s

also:

(;5 [7(

ARSALP
0,0 ]s
B 5
d=> uk it +1)|k (7)
5 L i=1

where the operators i+, j*, k™ act by shifting the indices v;, v}, vk by +1.

12/56 v. 2012-09-04 19:57 T. Riemann
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Example

Example for a “scratched” integral (v; = 1+ 4;):

I[d+]2,s ((/)'Ss)sl[d+],s (;g)sl[d+],s > (/tz)s [d+],st
Vijly jj = _(S) 4. +(5) 4 +Z(3) by
s/5 s/5 t=1 \s/5
The

(®), (®),
©. 2" 0. O

etc. are ratios of signed minors of the modified Cayley
determinant ()., i.e. up to a sign, they are equal to
sub-determinants of ().

and

(%)

Summary
oo
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An alternative to dimensional recurrences of scalars: Recursions for tensors

5-point tensor recursion:

Express any (5, R) pentagon by a (5, R — 1) pentagon plus
(4, R — 1) boxes
[Diakonidis,Fleischer, T.Riemann,Tausk: Phys.Lett. B683 (2010)]

5
M- MR—H M- R—1 At } : A - HR—1,S AL

s=1

Forn=6,7,8,--- things are close but differ a bit; see later.
auxiliary vectors with inverse Gram determinants

Qu _ i /.L(?)s -0 5
S - qj () ’ S = 9ocog
i=1 5

For e.g. R = 3, again [1/()s]® will occur.
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, .0 1R
ql1u1 q’HHF! l5

, .. 11 KR
Gtz q’1 M3 q’RMH I5

Recursions

00000

/
/

Small Gram Contractions
oo 00000000

n<7
000

d? TI.(q; - k)

. 5 9
imd/? [T-1¢
k2ddk TI74(q; - k)
imd/2 H}L';:1 Gj

One may arrange a one-loop calculation such that all the
one-loop integrals appear only in such contractions.

Important:

Summary
oo

The contraction with g,,, ., is shown here in a symbolic form; in
practice we work strictly 4-dimensional with g, ,.,.

15/56 v. 2012-09-04 19:57 T. Riemann

Tensor reduction
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Notations: Gram and modified Cayley determinant, signed minors
[Melrose:1965]

Gram determinant Gp:
Gn = ‘2qlq]|7’7]:17n_1 (8)

Modified Cayley determinant ()y of a diagram with N internal lines and chords g;:

0 1 1 1
1 Y11 Y12 coo Y1N
1 Y, Y. N 7
On=| ! Ve Yoo Yo ®
1T Yin Yov o0 Y
with the matrix elements
Yi=—(@—g)?+m+m, (i,j=1...N) (10)

The propagators are: D; = (k — g;)% — m?
For the choice g, = 0, both determinants are related:
On=—Gn

= The modfied Cayley determinant () does not depend on masses.
16/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Notations: signed minors [Melrose:1965]

n <7 Summary
00000000 000 fole)

signed minors of () are constructed by deleting m rows and m columns from (), and
multiplying with a sign factor:

ook o m _
ki ke o Kkm )y

—1)Zilitki) ) rows ji - - - jm deleted
(=1)="san 153 S9Nk | columns Ky - - - km deleted an

where sgn ¢, and sgn , are the signs of permutations that sort the deleted rows
J1 -+ jm and columns ki - - - km into ascending order.

Example:
Yiir Y2 Yin
0 Yia. Yo Yon
() = . - (12
N : :
Yin  Yon Yn
17/56 V. 2012-09-04 19:57
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Example: Getting a 4-point function from a six-point function

~+

V
0 0
My
0 0f < s v
7 - teq 0 Svu

Figure: A six-point topology (a) leading to four-point functions (b) with realistically
vanishing Gram determinants.
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Example: Getting a 4-point function from a six-point function

The example is taken from a talk by A. Denner, [22].

The corresponding 4-point tensor integrals are, in LoopTools [2, 23] notation:
DO0i(id, 0,0, Spu, ted, tay.s Susu, 0, M2,0,0). (13)

The Gram determinant is:

Os = — 2t [s55 + Souteq — Suu(Sou + teg — ta)]; (14)

It vanishes if:

Sm'/u(suﬁu — Spu + té,u,)
ted — led,crit = . (15)
Suou — Sou

In terms of a dimensionless scaling parameter x,

leg = (1 + X)ted,Cl‘itv (1 6)

19/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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The Gram determinant in terms of x:

()4 = 2 x sppule,(Suou — Sou + tay)- (17)
A minor of ()4:
ZME2 M2 M2 — sy 2
(0) _ M 0 —Spu MZ (18)
0/4 M% — S‘Wu —Siu 0 —teg
M2 —tay —tog 0

= ,wutz +2 M 1% ta[—2Sputeq + Sppu(Sou + teg — )]
+ M3(s3, + (ted — tou)? — 2Sou(teq + toy))-

We will need the ratio

04
(0)a

x (scale)® ~ X

R(x) =

20/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Following Davydychev [13] one gets

d 4 n
e = /k”ka*kac,“: St a ol m 1)
r=1 i j k=1
| d+ w 2] ld+]?
_5219[/ or qﬂ nll/‘[“/] 49[/ g /]/‘[1 ] (19)
L=

We identify the tensor coefficients D ala LoopTools,
e.g.:

A% = Dins (20)
Similarly:
4
I;E,dg—;]zg = D111 (21)

v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Rank R = 4 tensor D;411 — Numerics with dimensional recurrences

From (32) we see that a “small Gram determinant” expansion will be useful when the following dimensionless
parameter becomes small:

R(x) = X s, (22)

where s is a typical scale of the process, e.g. we will choose s = s;,54.
Following [22], we further choose:

Supu = 2X 104GeV2,
Spy = 1x 104GeV2,
4 2
fo, = —4x10%Gev?,
and get teg it = —6 x 10*GeVZ. For x=1, the Gram determinant becomes ()4 = 4.8 x 103 GeV4.

The small expansion parameter R(x) and Dy are shown in figure 2.

195F B

190F E

RX)
Dan

185F i

180F B

175F B

00 . . . . . . . . . . . -

00 02 04 06 08 10 102 107 108 10 104 0.01 1
X X
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PJFry - an open source c++ program by V. Yundin

PJFry 1.0.0 - one loop tensor integral library

* More information and the latest source code:
project page: https://github.com/Vayu/PJFry/

* — how to install

* — how to use

+ — samples

+ See also: Yundin’s PhD thesis [5]
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PJFry — small Gram region example

Example: Ej333 coefficient in small Gram region (x — 0) grom v..

Valencia 2011 [24]]

Comparison of Regular and Expansion formulae:

G s 107131 - - - - == - - f oo — e oo oo

‘ ‘ - L ‘ ‘
1x10° '] 1 5x107%  1x10*  2x10 5x10™ | 0001

X=0: Es333(0,0, —6x10%,0,0, 104, —3.5x10%, 2x 104, —4x10%,1.5x10%, 0, 6550, 0, 0, 8315)
24/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Dimensional shifts and recurrence relations for pentagons

25/56

Following [Davydychev:1991 [13]]
Replace tensors by scalar integrals in higher dimensions:
Example R = 3:

vA a2k B A
- / Ly ) PV (23)
U r=1

4 n—1

» d+® 1 o D o o d+]?

- X argamhl + 530 @ a + g +a g
i k=1 i=1

and nj = (14 6;)(1 + dik + 5je)-
[d+]' =4 —2¢+ 21
2

1%  scratch the line / from "]

v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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The result of simplifying manipulations

...and collecting all contributions, our final result for e.g. the tensor of rank R = 3 can
be written as follows:

4 4
B =Yt B+ Y 9" ay) Book, (24)
i.j,k=1 k=1
with:
5
1 1,08\ [g4s d—1/s [dﬂ?s]
Epj = 7[* S e = ——— () e (25)
= 2 L2(g) - ()
5 .
1 0/ [d+2, e Os d+]2,
Ep = fzw{[(sk)slﬁf] o]+ (g0l e
s=1 \0/5

v’ no scalar 5-point integrals in higher dimensions
v no inverse Gram det. ()s
We have yet:

t scalar 4-point integrals in higher dimensions:
tinverse Gram det. (9), = ()a

2
If”.*] S ete.

26/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Reduce /ftd,f] S 1o 91 plus simpler objects |

By nontrivial manipulations we get e.g.:

o V3 KCRE L]t I

[d+]%.s 0) (?) [d+]? (gjl)4 [d+]
vl NG CR L R e
0

; ©,
(), d— ot 1 /ot
- Z (01) &0+ B (07) "o

Bl @ = 0)a =

These equations are free of inverse Gram determinants ()

But they contain yet the generic 4-point and (partly indexed) 3-point
functions in higher dimensions, /%1, 711

—

N
N

, etc.
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Last step: evaluate the /11, [l*"1! etc, |

Several strategies are now possible:

+ Just evaluate them analytically in d 4+ 2/ — 2¢ dimensions — if
you may do that — Fleischer,Jerlehner,Tarasov 2003 [25]

+ Just evaluate them numerically in d + 2/ — 2¢ dimensions

+ Reduce them further by recurrences — buy the towers of 1/()4
— apply (6)

* Make a small Gram determinant expansion — apply (6) another
way round

Last two items are done here.

28/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Reduction of scalars /2 to the generic dimension — § = Do, I§ = Co |

Non-small 4-point Gram determinants:
Direct, iterative use of (6) yields e.g.:

flol @ [l 24: (o )4 ,[d+]’ 1 1 (29)
0s 0s ° d+2/—5
ot 4 ut
o+t _ (ot)4 [l (0r)4 [+ 1 (30)
3 0.5 T 20, e

And we are done.
This works fine if ()4 is not small [and also the (}),].

29/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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Make a small Gram expansion |

Again use (6):

3 1 = (%) ~(° i
0a(d = 3w+ 1" = {(0)44;(,()43]

i=1

If ()4 = 0, then it follows (n = 4):

n
2>
K
If ()4 < 1, re-write (6), as follows:

(2),, pk _ On = qpp2
0t = g [(D+1) = D wilip 2.
(0 n (O)n i

D,k
In 1

n
o= >
k

Effectively we may evaluate /2 in terms of simpler functions
depending on /2+2.

n<7
000

Summary
oo

(31)

(32)

~", with a small correction

30/56 v. 2012-09-04 19:57 T. Riemann Tensor reduction HP2, MPI, Munich, 09/2012
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31/56

We may go a step further, and insert into (32) for /92 the rhs. of (31), taken now at
D =D+ 2:

(2)nID,k

(g) n—1

On [(D+1)—il"]

0, T
" ©) 0 3

Z k HID+27k_ n [(D+3)_Zyl]lr?+4 o

©©n O, ;

The terms proportional to [()n/(g)n]a, a = 0,1 may be evaluated at the correct
kinematics. They depend on three-point functions, and their reduction by normal
recurrences will not introduce the unwanted powers of 1/()4. The last term,
suppressed by the factor [(),,/(g)n]Z, depends on /24, It may either be taken
approximately at ()» = 0, where it can also be represented by 3-point functions (and
their reductions), or it may be evaluated more correctly by another iteration based on
(31).

And so on and so on ...

In the tables with numerical examples D;11, D111y we worked out up to 10 stable
iterations.

n
o= >
k

3
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Contractions with external momenta p; (or with internal momenta g;) |

We expect strong improvements of efficiency by using contracted
tensor integrals

[Fleischer, TR: PLB 2011 [10] ]

After having tensor reductions with basis functions /2,

which are independent of the indices i, j, k, ...,

one may use contractions with external momenta in order to perform
all the sums over i, j, kK, ....

This leads to a significant simplification and shortening of
calculations.

Reminder:

One option was to avoid the appearance of inverse Gram
determinants 1/()s.
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Contractions with external momenta p; (or with internal momenta g;) Il

Forrank R =5, e.g.:

5 5 5
B = 3N arqaRaanEim + Y 9"t aa} Edok
s=1 Li,j.k,I,m=1 i,,k=1
5
+ ZQ[WQ’\qu] 00007 (33)

i=1
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Contractions with external momenta |
The tensor coefficients are ex i i (o+1',s :
pressed in terms of integrals 14’1._ 17, eg.

= P S O (o R 5 S DI S SN S
ijkim (o) sm/s ijk "4 jk
0/s

0s [d+]1* s

Now, in a next step, one may avoid the appearance of inverse sub-Gram determinants ()4.

The complete dependence on the indices i of the tensor coefficients is contained now in the pre-factors with signed
minors. One can say that the indices decouple from the integrals.

As an example, we reproduce the 4-point part of

n,.,vk,/f;klf - E(’)) }) () @d(d +1)(d +2)(d + 3)/‘[1“14
L GEO) + GG + (@) (@) (‘?)( +3(35) D)+ @O+ GO iy, 10

0f 0j 0j 0i 0k 0f
N (ar) (5k) + (&) (%) + (51) (3) ,£d+12 . (34)
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In (34), one has to understand the 4-point integrals to carry the corresponding index s and the signed minors are

(&) = ()5 e
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Contractions with external momenta |

A chord is the momentum shift of an internal line due to external momenta,
D; = (k — g)> — m? +ie,and q; = (p1 + p2 + - - - + p;), with g = 0.

The tensor 5-point integral of rank R = 1 is ([6], eq. (4.6):

5
Eo= =gy (35)
i=1
s e 095
= Z q; Z 0 I4 (36)
i=1 s=1 (0)5

This yields, when contracted with a chord,

Qauls = —ﬁ ZSJ [i(% - qi) <8;> 5]

0/5 s=1 Li=1

3. (37)
In fact, the sum over i may be performed explicitly:
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T = ;(Qa Qi) (%7)5 = +% { <(SJ>5 (Yas — Yss) + <g>5 (0as — 553)} ,
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Contractions with external momenta |

We get immediately

5

:
Qault = — o PR (38)
0/5 s=1
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Contractions with external momenta |

The tensor 5-point integral of rank R = 2

Is" = ZQ, Y Ej + 9" Eqo, (39)
7/1

has the following tensor coefficients free of 1/()s:

5

11 /s d+],
En = —220(0) o, (40)
_ 0 5
5
0i d+], Os a+],
E = Z K )/}t ]s+<0j> /}17,.“5]. (41)
s=1 5 5 5
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Contractions with external momenta |

Equation (39) yields for the contractions with chords:

4
GanGou b6 =D (Ga- G)(G - G)Ejj + (Ga - Gb) Evo- (42)

ihj=1

and finally (42) simply reads

(s
(02)s (60)s
©)s
(o)s

[(535 — 055) (Yos — Yss)

Qan. Qo Ig v = 7 Z{

+ (Ops — 05s) (Yas — Yo5) + —or2 (Yas — Yos) (Yos — Yss)] }LE‘HLS

5 213

5
Z 251,

531 05)5[1
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Contractions with external momenta

with

2= Y (g%
@ = a7\ osi .

=il

= 2(1-6) { (éss)s(yas ~ Yes)+ (82)5(53, ~ 0st) <gf>5(5as ~ds)

This has been extended also to higher ranks.
We need at most double sums, e.g.:

—_

T o= D (% a)(a- ) @)
5

i,j=1

= %(Qa . qb) <z> ] - %()5 (6ab5as aF 555) ) (43)
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Contractions with external momenta |

Many of the sums over signed minors, weighted with scalar
products of chords are given in PLB 2011 [[10]], and an almost
complete list may be obtained on request from J. Fleischer, T.R.
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Modifications for 7- and higher point functions |

n==678, -
For details see:
Fleischer, T.Riemann PLB 2012 [21],
Fleischer, T.Riemann, Yundin, 2011 [19, 26]
Here, the Gram determinant vanishes, and also further
determinants:

etc.
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Modifications for 7- and higher point functions Il

44/56

As a result, one has to reorganize the reductions, avoiding the
1/()n completely.

This may be done, and we are following here:

T. Binoth, J. Guillet, G. Heinrich, E. Pilon, C. Schubert 2005 [27]

In [27], the formalism was not worked out until numerics, and
for the solutions no analytical expressions are given.

For the approach, see also in Z. Bern, L. Dixon, D. Kosower 1994 [28].)
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Two examples: n=7,R=2,31

In [11] we solve analytically the generalized recursions for
n > 6, derived in [27]:

n
I',L7L1 M2 -HR Z C;M (n) lﬁi.-i'#ﬁ7r7 (45)
r=1

where in /""" the line r is scratched.
Equation (61) of [27] will be our starting point; it contains an
implicit solution for the coefficients C}":

N 1
> C(n) g =59t (46)
j=1
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Two examples: n=7,R=23l

The subscript [4], indicating explicitly the 4-dimensional metric
tensor, will be skipped in the following.

An additional requirement according to eq. (62) in [27] has to
be fulfilled by the C;"(n):

N

> cl(n) =0, (47)

j=1
The coefficients for 6-point functions are:

5
1 Or
Cf’“<6>=20(3,-) g, s=0...6, (48)
i=1 (3)6 6

where the (%), etc. are signed minors with arbitrary s.
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Two examples: n=7,R =23 1ll

For the 7-point and 8-point functions, we found several
representations, among them

6 .
CStH(7) = Z (31)7 <§Z> q"

and

7 .
» 1 Stui
CrH(8) = E : () (stur> 9
j 8

i
8

n<7 Summary
oeo e]e]

(50)

The upper indices s, t and u stand for the redundancy of the

solutions and can be freely chosen.
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Contractions:

We reproduce here two 7-point examples.
The rank R = 2, 3 integrals become by contraction

7
v ab,rt yrt
Qoo I = D KB,
rt=1
7
VA abc,rtu yrtu
Qa,.9b,09c,\ I# = Z KA,
r,t,u=1

n<7 Summary
ooe (e]e]

where /I and [{"¥ are scalar 5- and 4-point functions, arising
from the 7-point function by scratching lines r, t, ... In the

general case, we have at this stage higher-dimensional

integrals 192/ n=2,...,5, to be further reduced following the
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known scheme, if needed. Here, the I! have to be expressed
by 4-point functions.
The expansion coefficients are factorizing here,

Kabﬂrt - Kar Kb,ri (53)
Kabartu - _Kar Kth KCrtu (54)
and the sums over signed minors have been performed
analytically:
1
K& = D) (5ar - 57r) ) (59)
6 (fo_) Z1,stu 1 1 rs
KA = N (qpg) 7l = B = 5 (96t = 076) = 5 (£§)7 (Obr -
j=1 (rs) 7 (rs) 7 (rs) 7
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Ka,stu —

Mm

OStU _ 275[‘[}
P < Osti ) = *a

1 stu Ost Ost
. Y. ) — |
2{(31‘0) (Yar = Yo7) + <Ost>7(5a“ o70) (05u)7(5‘

with
Yik = —(qj — qk)? + m? + . (58)

Conventionally, g7 = 0.

The sums may be found in egns. (A.15) and (A.16) of [10]. The
s is redundant and fulfils s # r, b, 7 in K?". In K2*" itis
s,tbu=1,...7withs £ ut # u.
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Summary

* Recursive treatment of heptagon, hexagon and
pentagon tensor integrals of rank R in terms of
pentagons and boxes of rank R — 1

+ Systematic derivation of expressions which are explicitely
free of inverse Gram determinants ()s until pentagons of
rank R =5

* Proper isolation of inverse Gram determinants of
subdiagrams of the type (£),; they cannot be completely
avoided

* Numerical C++ package PJFry (V. Yundin, open source) for
C, C++, Mathematica, Fortran

* Perform multiple sums with signed minors and scalar
products after contractions with chords or external
momenta
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