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Abstract

In higher order calculations a number of new technical problems arise: one needs diagrams
in arbitrary dimension in order to obtain their needed e-expansion, zero Gram deter-
minants appear, renormalization produces diagrams with ‘dots’ on the lines, i.e. higher
order powers of scalar propagators. All these problems cannot be accessed by the ‘stan-
dard’ Passarino-Veltman approach: there is not available what is needed for higher loops. We
demonstrate our method of how to solve these problems.

We are moving in the direction of two-loop Bhabha scattering, which is extremely important,
in particular at higher energies, for the luminosity determination of the coming accellerators.

Factorizing one-loop contributions are obtained directly by ‘squaring’, e.g.:
1-loop x 1-loop = 2-loop contribution

and via renormalization. As an example mass-renormalization: in any Feynman diagram we

replace
1 1 §(m?
. (1+ M)’
k? — (m? + 0(m?)) k? — m? k? —m?

thus obtaining ‘dotted’ diagrams.
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Calculation of 1-loop integrals

Ref.
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One-loop diagram with n external legs.

Tensor integrals
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where v; = ‘index’
¢; = (q—pj) —mj + i€ for j <n and ¢, =q°—m;, +ie

Tensor operator:
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Only scalar integrals remain to be evaluated !



Integrals with non-zero Gram determinants
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“Modified Cayley determinant” of the diagram with internal lines 1 ...n

()n

“Signed minors”

will be labeled by the rows 71, 7o, . .
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excluded from (),. E.g. we have

0 vt Id =y 0 d—> vk it +1)| I},
n k=1 0k n i=1

The operators j* etc. shift the indices v; — v; £ 1.

This relation reduces the indices and leaves the dimension.

The following one reduces simultaneously indices and dimension:

(), vit I = [— (‘é) + kz (‘;) k‘] I,
n =1 n



A relation reducing the space time dimension is given by:

(d — i vi + 1) (), 1142 = [(8) — i (2) k‘] 9.

k=1

Integrals with zero kinematic determinants

(@ S w10, 10 == 5 () 1
i=1 k=1 \N/,

To increase again the dimension d one uses relation

n

z": VI — @
j=1

As an example we show the relation for the three-point integral Cy with zero
Gram determinant:
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Decomposition of the diagrams into Amplitudes (diagram 7)

O1= U(-p2) I Ulp) - Vi(pa) I V(—ps)
Oy = U(—p2) P4 Ulp) - Vi(ps) I V(—ps)
O3 = Q(—pz) I U(p1) K(pzl) D2 V(=ps)
Os= U(—p2) P4 Ulp) - V(ps) 2 V(—ps)
O5 = Q(—pz) T Ul(p1) K(p4) T V(=ps)
Os= U(-p2) wbs  Ulp) - Vipa) Vu V(—ps)
O7 = U(-p2) o Ulpr) - Vpd) b2 V(-p3)
Os = Q(—pz) Vv Ul(p1) K(p4) TV V(—ps)
Oy = U(=p2) wuwhs Ulp) - V() %y V(-ps)
O = Q(—pz) Vv Ul(p1) K(p4) Yo yub2  V(=ps)
On= U(=p2) wwhs Ulp) - V(p)  wyup2  V(-ps)
Oi= U(-p2) %Y Um) - V() %% V(-ps)

For diagram 8:

U(—p2) - V(—ps) Vips) - Ulpr)

The on-shell diagram reads

12
Diagram = Z A;0O;.

j=1

with amplitudes A;.

Crossing relations (e.g. diagram 8 <> diagram 9)

AP = A® o A® 4 A®) 4 2qAP

AP = AP 4 44® _2(a— 1)AP — 8m, A

AD = AP 4248 2 —2)AY® — 4m AP

AP = A _2(q—2)4Y

A = AP £ om AD + am AP 4 8m AP + am A — 12m2A%) — (64 — 4)A)
AY = —4m A + AP

A = —4m AF) 4+ AP

Agg) _ _Ags)
Aég) _ Ags)
AL = AR
AR =AY
AR = AR

and exchanging t <> u. These relations also hold for crossing diagram 7 <> diagram 10 (s
<> u). For the crossing 7 <> 8 (s <> t) only a change of sign occurs in the amplitudes. Thus:
we need to calculate only one SE, vertex and box.
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Further relations between amplitudes of one diagram (obtained by solving a system of

equations):
A3 = Ay
Ar = Ag
Ajg = Ag

1 Me

A8:ZA1_7A2+ (Ap)

1 1 1
Ag = 4meA1 - §A2 - §A6

1 1

Ay = 4—m§Al - 2meA2

Thus: there are only 6 indpendent amplitudes.



Contribution to the differential cross section

do ma? 12 [Bi(s,t B;(t, s
=TS Bty - B g ).

dcos — 2s iz

4 24 32 2
B = =5+ (2d = 8+ —md)s — "l - sdm? — 32" (¢ - 2m?),
S

4 24 ‘
By = —me(s” +8m;) + (2(4 — d)me — —m()s — A(d + 2)met + 8(d — 2)m; — 16=(t — 2m?)”,

S
B3 - BQ?
4 24
B, = —;(mz +1)s% + ((—4 — 2d)t + 2dm? + 7m§)s —2(d+ 4)t* + 8(1 + d)ym?t — 8(d — 4)m!
32 o 8

- m, — _(t_ 2m5)37
t S

1 t + 2t> + 2m?s — Am?t
B5:——Bﬁ+4td+8(s Tl omes — e ),

Me S
B d—2 2 4 2
Bs 422 2 oy 4 (2(d— 2)(d — 10) + 8(d — 4)%)5 + 32% + 32 (¢t — 2m?),
Me S
B7; = B,

(d_2)2 2 2 mg
By = 47— 5" + (2(d — 2)(d — 4)(d — 10) + 8(3d” — 84 + 8) )5 — 8(d — 2)(d — 4t
4 2

—8(d — 2)(d? — 10d + 20)m? — 32(d> — 2d + 2)% — 3247 (t — 2m2),
S

By 25 2 m; 3
= 4(d =20 + (22— d)(d - 4)(d — 10) — 8(3d — 8+ 8) 7 )s — 4(d° + 34d
me
4 _ 9m2)2
—10d? — 28)t + 8(d® — 14d” + 52d — 60)m? + 32(d> — 2d + 2)% _palt=2me)
S
By = By,

By = (—4(d — 4)*t — 4(d — 2)*°m?)s® + (2(4 — d)(d® — 4d — 2)t* + 2(d” + 20d — 12d* + 32)m?*t
+8(3d* — 8d + 8)ml)s* + ((20d* — 68d + 64 — 2d*)t> + 8(d — 4)(d*> — 8d + 10)m?*t* — 8(d — 2)
(d? — 14d + 28)mit — 32(d* — 2d + 2)m%)s — 8(d — 2)t*(t — 6m?) — 32(3d — 4)m*t* + 64dmbt,

Bia = 4(d — 2)%s® + (—=2(d — 2)(d” — 20d® + 110d — 208)t — 8(24d — 16 + d* — 12d*)m?)s
+((12d® — 120d* — 352 + 400d)t* — 8(3d> — 42d> 4 148d — 160)m?t — 32(4 — 6d 4 3d*)m})s
+16(3d — 2)t(t* — 4m>t + 4m?).



Contribution to the differential cross section

do  ma* 12 [Bj(s,t) B,(t,s)

= Ai(s,t) — A:(t,s).
dcos  2s ]Zl 4 i(5:8) 4 ()
4 9 2 4 2 m; 2
B, = —g(s — 6mZs 4+ 8m;) — 32m: — 32—=(t — 2m?),
s

3 5
By = 4%52 - 24%3 — 2dm,t + 16m® + 32% — 167 (¢ — 2m2)?,

s
B3 = By,

2 4 68
By = —4(% +1)s2 + (=12t + 8m2 + 24%)3 — 16t% + 40m2t — 32% — 2t — 2m2)3,
S
2 4 2\2
t—9
Bs = 8% + 245 + 241 — 32% el 2me)
S
2 5 3
Bs = —8% — 24m,s + 16m? + 32% + 327 (1 — m2),
S
B = B,
32 m2 m4 m2
By = —16—+ 192763 + 64m? — 32076 — 128—5(t — 2m?),
S
2 3 5
By =167 1927";3 — 48mt — 96m® + 320% — 64t — 2m2)?,
S
Bio = By,

By = —16m?s® — 32m?(t — 8m?)s® — 16(t* — 12mlt 4+ 0mS)s — 16t* + 96m>¢3
— 256mit(t —m?),

By = 325 + 96(t + 4m?)s* + (96t* + 384m2t — 896m?)s + 160t(t — 2m?2)*.



‘Undotted’ Diagrams; common factor ﬁ (normalized to Born term)

Selfenergy - diagrams:

As = Ayl = 1]+ B[ (1= ) 1)

Vertex - diagrams:

2

1 4m.
AQ AO .%’2[2 ﬂ 2

g~ [d= ]+ B[l — (d - 4)]

1

2
As=2(—-A B P?1+2)+d—4+ F,————
‘Dotted’ Diagrams; common factor §(m)/m. e
Selfenergy - diagrams:
4 2 2 2 , 2
As = Ag—(d — 2)272" — Be—27[1 — (d — 3)27]
S S
Vertex - diagrams:
Ay = —Ayg—2 2° ! 4+ (d—4)(1+ (d—4)(1 — 2%/2)) — 3 + 227
? "mes?” 'd—3
dm 8m
—B,—2%[(d — 4) (2% — (d — 4)2%2?) + 22222 Fi 1 2
2 ol(d—4)(@" = (d—4)2%") + 2°2°) + A= 1) 1+ a7
A —2(A32[( L6t ) —(d—4)(22* =1+ (d — 4)) + 7 — 4a”]
o OSQJ: d—3 d—>5 ‘ v
2 1 1 2
A 1+ 3——] — B.~2?2*[(d — 4)(22° + (d — 4)) + 22°] — F,
+ome[+ Tl Be w2 (d = 4)(227 + (d — 4)) + 227 = 1)s

[1+27)



Notation:
Ay = Ap(me), Bt = By(me, me, t), By = By(0,0,s), B. = By(me, me, )
F, = Ao(me)/me? + Bo(me, me, 8), Fy = Ag(me)/me? + Bo(me, me, t),
Co = Co(0,me,0,m2,m?2,s), Dy = Dy(me, 0, me, 0,m2,m2, m2,m2 t,s).
F, Fy: only with factor ﬁ !

Further abbreviations:

re=t/s, r,=u/s

and 22 = 1/(1 — 4m?2/s), o2 =1/(1—4dm2/t), 2% =1 (32 —1 = 222?).




. 2 _ _
‘Undotted’ Box-Diagrams; common factor wart 2ryg2

A =
2 1
Aog(— @—3) (L4 7y + 2rry2® + 1y — 22) — (ry + 2r + 2rm2® + (14 57,)y°%)) —
22 9 22 9 2? 2 2
Bt?”t—(ZTt -+ (1 + 57’u)y ) — B()Tt—(l + 2TtZU )Tu + FtTt (1 — 2Tt o (1 + 4TU)y -z )
S s s(d—4)
1
—COTtZQ(m(n +ry — 221+ ry —28) = (g + 1y + 202 4+ 61y, — 22°7,(1 — 17,2%))) /2
1
+Do?"t822((d -y (re + 22(ry — 221+ 1 + 1y — 27)))

+(re(1 + 21 + 21, + 27"? + 6747y, + 47“3) — 2227}(1 + 27y + 31, — z2)))/4,

(L+7 47y + P, — 22) — (re+ 7+ P, + (1+ 27’u)y2))

4dme,r
2 el't
(Tu + T, ) + th

(L+r)(ry + 1) — 22(1 + 7y, + 21 — z2)) — (re + rf

4dm.ry
52

(1—(142r,)y* — %)

2me7"t 1

s ((d —3)
+(1 4 3r)ry — 2%ri(1 — 2°r,))) + Domery(

1
m(m + 7"? + 22(7}2 + (1 +ry)ry

— 22 (L 47y + 2 — 2%))) + re(1 4 3rp 4 202 4 21y (2 + 31y + 21,) — 2%(3 + 41y + 61, — 227))),

Ay =

A 2r: (— ! (1 —2ri(1 4 7) 4 7o (1 — 2ry) + 2rrw® — vy — 22(1 — 21y))
OmESQ (d—3) t t u t tTu ulY t
47}

52

—(ry + 21 + 2rr x4+ (1— ru)yQ)) — By
— (1 —2ryry, — 4ry — 207 — y° — 1—-2 — Cy—

Sg(d_4)( T¢r Tt Ty Yy < ( rt)) 0 s ((d_g)
—2r2 —2r, (1 + 1)) — 22(1 + 1y (1 — 2r;) — ry(1 4 4ry) — 22(1 — 21))) — (14 + 1 + 2r7)

1
+2227"t(1 — ru:cQ)) + DOTt(m(ﬁ(l — 21 — 27}2) -+ ZQ(Tu(l — 2r; — 27"?) — 27’?

— 22 (1 —rp — 42+ 1y (1 = 2r) — 22(1 — 219)))) 4+ 74(1 + 27y + 214 + 217)
—22%r,(1 4 21y — 27)),

4r
(2rs 4+ (1 — ru)yQ) — BOS—;(TU + 2Tt7”u5132)

+F; (ry + 7r(1 — 21y



Ay =

Tt 1
Aomgs<_(d — 3)

4r
—2ry(1 4+ 7 + 21 + rtruxQ) + 222(1 + Tu)yQ)) — Bt?t(m(l +ri+71y) + 22(1 + Tu)yQ)

4r
—Bof(rtru(l + TtZCQ)) — F

(2r(1 = rry — 17 + rerga®) 4+ 22y — 1o+ 317 — ruy’ — 2°ry)

(2r¢(ry + rf + (24 71)ry) + z2(rt(1 — 7y — 31)

1
(d_g)(2(7“1§—7'?+(1—7“t2)7'u) _22(2_1_”_'_7.”

—3rry, — 57}2 — 22(1 — 1y — 4ry + 22))) —2(ry + 7}2 + (1 + 2ry)ry, — 227"15(1 — Tu$2)))

+(24 3ry)y* + 2%ry)) — Corg(

+D07"t23( (ry — rf’ + 22(7} -+ 3@2 — 27"? +2(1 — rf)ru — z2(2(1 + 1) — 57"152

1
(d—3)
+(1 = 3r)ry — 22(1 —ry — 4r; + 22)))/2) + (L + 7)) (1 + 74 + 21)
—22(4r (1 + 1)) — (ry — 4ry)ry — 2271, /2),

Ag =

1
Ag—t

o ( =3 (2(ry — riryx® — ryy®)) — 2(ry + vz’ + 2r,y%))

2
dmer;

52

2m,r

SZ(d—4)(

4dm.ry

_Bt
52

ryx? — F

(re + 2Tuy2) — By 4ry + 27“uy2)

2m.r? 1

s ((d —3)
(ry + 22(ry + 10 — 22)) 4 (re + 174 — 22)),

+C) (ry 4+ 1y — 22) +ry+2r, — z2(1 — ruxQ))

A2 BT (4 e — 2002
Omgs(d—S)Tu "s(d—4) 07 (d—3) 1 Tu/Te = 2 T

(ryry + 22((rt + )Ty — ZQTU)))/ZL.

1
+D0r§s(7(d —3)



d(me) €2

‘Dotted’ Box-Diagrams; common factor me (4m)a/?

ry °ry?
A1 ==

LN77 Y 2 2N 9.2, 401 _ 2 2
A032 ((d —4)(=2ryry (1 + 22°r, + y°) — 227y~ (1 — 3ry)) — dryry (1 + 22°r, + y°)

+2ry(1 —y?) — 22%(r(1 — 29%) + y*(2 — 5ry))) + BtZ;((d —4) (=2 (1 = 3ry))
(1= o) = 22 ((1 = 2%)r + y*(1 = 2r0))) + Bo%zrt((d — ) ((r+y*) (1 —2r,)
(14 220%70)) + ((re 4+ 12) (1 = 2r0) — ro(1 + 22710))) + Ftﬁ(rtu )

—zQ(rt(l — 2y2) + y4ru)) + C’Oz22'r’t((d —4)(—=(r¢+ y2)(1 —2ry) + (1 + 2ry)
+22(22%rry + 2 (1 = 21,))) + +22 (222, + 1 — 1y + 1y — 2%)) /4
+D0225Tt(—(d — 4)223/2(1 —2r,) + 47}7“3 + 22((y2(1 —2ry,) — (L =2ry(1 —1ry))) + 22))/4,

Ay =

1
AomeS2 ((d = 4)(=2ry(ry + 74 + 21y + ¥ (1 4+ 1)) + 22%y*r,) — d E 5)m(yQ(l +74)
4r) + 2 (1 = 31y — 21y — 2220y — y2(4 4 31,)) — 22%(ry — 2y™ry))

4dm,

4dm,
+ B (1 = y?) 4+ 22((d = Ay*r — 1+ y'ra) + Bo

&2 ri(d = 3)(re — ru + 4

Me 2rsme
—2rr,a? + 2Prr,a?) + th(élrt((l — %) — 21) + Co =2 ((d — 4)(2ryr,

(d—4) s
—(ry —1y) — y2 + zQ(Tt + y2 + :L‘Q’I“t?“u)) + 22(1 +7r 4+ (1+ xQTt)ru — 22))
—Do2mer((d — 4) 22 (ry + %) /2 + 1(1+1)ry + 22(1 — y* — 1 (1 + 7+ 21,)
—2*(1—=1))/2),

Ay =
1
Ao—5=5((d = 4)2ru(2r(B+ 1+ 2ry = 2%ra) + 4y — ru(1 = 5y%)) = 22°(2ri(ri + ¢°)
12
+(3+5r,)yY) + (d— 5)n('r’t(3 + 1+ 1y) + 21+ 1,)y° — 2°18) + 21 (614(3 + 1)

—(3 = 10r, + 4r,2® — 15y°)ry + 12y°) — 22°(4r] — 2rryy” + (64 9r,)y"))
4
—Bt?((d — )22 (2rw® + (3 +5r)yt) + rera(1 — y?) — 222r(re + v (1 + 7))
4
—(B44ru)y") + Bogre(d = 4)(1 —y* = 2 (L + 2e%rym)) + (1 = )

1
(d— 4)52<

—Co?((d —4)(1 =y = 221 —2r2(1 + 1) + 10 — 21y — 2%) — ) +22%r(2 + 1y
—2%ry, — 22)) 4 Dor 22 ((d — 4)(2ry(2 + 1 + 21y — 22) +y2) — (1 4+ 9%) + 22),

—z2(1 + 2x27’t7’u)) — F Aryr, (1 — y2) — 4272 (re(2ry + 4o% + 2y27’u) + ruy4))

2Tt



A5:

AO—((d — 4)(27“252(7“252 +3r + 2 4+ 1y (24 21 + 21y — xZTt))
25

—z (Tt(?ﬂ“f + 57 + 2rery — Y7 (1+ 2ry)ry) — 22(re(re — 47) — (L+710)y)))
(27“?(7“252 +3r + 2+, (2421, + 1)) — Z2rt(37“f + 31y + 11y,

a5
—22(1 4+ 1y +12) — 221,)) + 2r2(3r2 4+ 9y + 5ryry + 6(1 + 7y +72) —

2x2rtru) + z2(rt(1 + 7y — 221 — 14rt —6ryry +y (3 + 17r, + 127”u))/2
2
+22(rt(8rt -2 — 4y2(1 —Ty)) — 4y4(2 +74))/4)) — Bt%(Z(d — 4)(2ry(ry

(1 4+ 10)) + 2292 (e + 2 (1 + 1)) — rt(l +4r2 + (14 4r)r, — 59%(1 — 1))
—|—z2(r (14 2r) — 2y2(rt'ru —y ))) Bo— (d 3)(8rt( e z2rt(1 + 37
+r,(1 —4r,) + 22 re(1 4 2ry)ry + 2y (1 + o, + 2r? o) — (1 + QIZTtTu))) +

Ft(diT)Sm(l +ru+Ard(L 4y 1) = y* (1= 9r4)) = 2% (re(1 + 2 — 2% (1 + 7))

—2u*ry)) + Core((d — 4)(4ry(1 + 7y +r)ry + 22((1 + 1y — (1 + 107, + 872

47 (8 + 81y + 4ry)) + AxPrir, + 2y (1 + 27, +202)) /2 — 22(1 — dr(1 4+ 1,) —

6r2 + y2(2 + dry 4+ 4r2) + 2221,)/2)) — 22(ry(ry + 2r (1 4 1) — 22%ryr,) — 22(1 + 1y
+3r, 4 612 — 22(1 +21,))/2)) + Dori2?s((d — 4)(re(1 4 2(ry + (1 + 7y +70)70) +77)
—22(re(2 4 2ry + 3r) — (1 + 21y + 202) — 2%11)/2)

—1(2 4 2y + 20y + 172 4 3/21y) + 22(re(3 + 2ry) — 2 (1 4 21y + 202))/2),

Ag =
1 6
A v
Ome$2 (d _ 5) (rt(rt
+y2(1 +74))) + 2r(3ry — 2221, + 3y2) + 222y2(2rt — y2(2 —Tu))) —

((d — 4)(2ry(ry — 2%riry +y?) — 22%9* (1 —7,)) +

dm,
B ((d — 4)22y*(1 — 1) + ¥Prere — 2292 (2r — %) —
dm, dm,
Bo— g (d = 3)(rnlre + )+ 220rir) = B (= 292 (2re = ) +
— 48
2me
Co—eril(d = A)((re +y2)ra — 22y = rulra® = 4))) + rory = (2 — a’rar) +

Doryme((d — 4)(22(7’,5 + yz,,,u)) + (1 + 21, + 2r)r, + 22(7’t(1 —ry—3ry,) — yir, + 227’,5)),

2 2

(dziél)rtrugf + C’OZZQT?TU/ZL — DOZQST?TU/ZL,



One loop integrals occurring in Bhabha scattering

1. Two - point integrals

d d
7@ _ (@ Vi TR2=§)T(5-
“ m=0my=0p*  (—p2)@-9) 243 [ (1)
d 1,24, p?
7@ _ (@ _ 2(2@p@__>F 25 P
F mi=m,mo=m,p>=m? (m ) 2 271 %, 4Am?

2. Three - point integrals
For two zero masses and final on-shell momenta we have (from J. F., F. Jegerlehner

and O.V Tarasov, unpublished)

Jo  (m)p?
r2-4) 2(d-3)

| L1, P ] VAL () (=)

where
Jo = —Cp(0,me, 0, m?, m?, p*).

For the other master three-point integral with two equal masses and one zero
mass and final on-shell momenta the Gram determinant is zero. This integral
can be expressed in terms of a propagator integral as shown before. A compact

r(o—4d
Jrp = 72<m63) o F1

result also is

where
2 9 2
Jp = —Cy(me, 0, me, m2, m=>, p°).



