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Introduction

n-point tensor integrals of rank R: (n,R)-integrals

R peur
d = 4 — 2¢ and denominators ¢; have indices v; and
chords g;
¢ =(k—q)*—m’+ie )

tensor integrals due to:

. ~ « fermion propagators
- , e three-gauge boson
couplings

; 7 e €.g. unitary gauge
propagators
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Reduction of tensor integrals = express them by a
(very) small set of scalar integrals

Presently needed for massive processes: n<6andrank R <n
For box diagrams and simpler ones: Use of the 'conventional’
Passarino-Veltman reduction [Passarino:1978 [1]]
Examples:
e LO (Lowest order) of e.g. Z — e+ p is one-loop
[Riemann:1981,Mann:1983 [2][3]]

e NLO: one-loop correctionstoe.g. H — 77—, WW, ZZ
[Fleischer:1980 [4]]

e NNLO: e.g. radiative loop corrections eTe~ — ete v
(here with 5-point functions)
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Status of opensource packages - hopefully complete

package FF [vanOidenborgh:1990 [5]] ,

package LoopTools/FF

[Hahn:1998,2006 [6]] — covers also 5-point functions, rank R < 4
1/€2 not covered, and we observed sometimes problems in
certain configurations with light-like external particles
package Golem95 [Binoth:2008 [7]] for n < 6, but only
massless propagators

Mathematica package hexagon.m [Diakonidis:2008 [8, 9]) for
n<6,rankR <4

package for all n < 4 scalar integrals: QCDloop [Eliis:2007
[10]]

see also: review A.Denner, DESY TH workshop 2009

So, if you want to evaluate something less trivial, you have to
create your own tensor reduction library.


http://www.xs4all.nl/~gjvo/FF.html
http://www.feynarts.de/looptools
http://lappweb.in2p3.fr/lapth/Golem/golem95.html
http://prac.us.edu.pl/~gluza/hexagon/
http://qcdloop.fnal.gov/
http://th-workshop2009.desy.de/sites/site_th-workshop2009/content/e59393/e59359/infoboxContent59362/Denner.pdf
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This talk: derive efficient reduction formulae in the
algebraic Fleischer-Davydychev-Tarasov approach

The original Passarino-Veltman reduction allows to express
tensor integrals by a small set of scalar 4-,3-,2-,1-point
functions integrals in d dimensions.

e Extensions: Need of reduction of n-point functions with
n>4

e Improvements: Avoid the break-down in certain
kinematical configurations

A crucial step was to avoid for n = 5 — pentagons — the towers
of inverse Gram determinants.

They may get small or vanishing and may appear by reducing
algebraically the tensors to scalars.
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Crucial contributions [of course, list is incomplete ...] =
® [Campbell:1996 [11]]
® [Denner:2002,2005 [12, 13]]

[Binoth:1999,2005 [14, 15]]

[Bern:1993 [16]]

[Ossola:2006 [17] ]

In the following, | will describe recent developments in the
Fleischer-Davydychev-Tarasov approach.

® [Davydychev:1991,Tarasov:1996,Fleischer:1999,Diakonidis:2008,2009
[18,19, 20, 9, 21]]

e get tensor reduction
e kill pentagon-Gram det’s
e treat sub-Gram det’s
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Recursions for hexagons |

Express any hexagon by pentagons

Summary
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[Fleischer:1999,Binoth:2005,Denner'2005 Diakonidis:2008 [20, 15, 13, 9] ]

IM HR—1P _ Z,M -HR—1,S Qp

auxiliary vectors

g (8o

0)5

Scalar case [N=5: Melrose:1965 [22]]

5. (%)
/N=fz(0)"’/,f, , N=56
s=1 \0/N

(4)

(6)
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Notations: [} etc.

[l )s

n—1,ab
is obtained from

/}{7”1 [ }

by
e shrinking line s
e raising the powers of inverse propagators a, b.

9/46
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Notations: modified Cayley determinant jveiose:196s)

Modified Cayley determinant () of a diagram with N internal lines and chords g;:

0 1 1 e 1
1 Y Y2 ... Yin
1 Y, Y. 7
()N = 12 22 2N , (6)
1 Yin Yov -0 Yw
with matrix elements
Yi=—(g— g +m+m? (ij=1...N) 7
Ul 1 Ji i Jo ? e

Gram determinant Gn: Gn = [2q;qj|,i,j=1,...n

For a choice gn = 0, both determinants are related: ()y = —Gn_1

= The determinant () does not depend on the masses.

10/46
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Notations: signed minors (veiose:965)

We also need signed minors of (), constructed by deleting m rows and m columns
from ()n, and multiplying with a sign factor:

ook o m _
ki ke o km )N T
rows ji - - - jm deleted '

— (NS Gitk) .
= (—1)=Utsgnjy sgn gy columns Ky - - - ky deleted

where sgn ¢, and sgn , are the signs of permutations that sort the deleted rows
j1 -+ Jjm and columns ky - - - km into ascending order.

11/46



Introduction Recursions Simplifying recursions Numbers: Dy Summary Backup: 6- and 5-pt numbers

00000 0000e000 Q0000000 00000 (e]e) 0000000

Dimensional shifts and recurrence relations for
pentagons |

‘Naive’, direct approach.

Following [Davydychev:1991 [18]]

replace tensors by scalar integrals in higher dimensions:
Example R = 3:

4—2¢
Igu/)\ _ / d k Hcr—1k/1kuk)\ (g)

2
= Z qray apml®s’ + 2 Z(g"” N+ grgr + g gl
ij,k=1

and Njjx = (1 =+ 5,])(1 =+ 6ik + 6jk)-
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Following [Tarasov:1996,Fleischer:1999 [19, 20]]

apply recurrence relations, some of them relating scalar
integrals of different dimensions, in order to get rid of the
dimensionalities D = d — 2¢ + 21/:

. 5 /.
l,.i+I[d+] _ i [ <I> i <]> k} I (10)

] 5 ()5 0 S k; k ] 5
(diVi+1)l,[7d+] _ (;7” [(g>n "1 (2)}} In, n=5here(11)

0 .
<O> le+ IE
5 k=1

where the operators it, j*, k* act by shifting the indices
Vi, Vj, Vk by +1.

Is (12)

Il
[
o
e
N———
(4,1
| — |
Q
|
[
X
=
s
+
—
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At the end one may arrange a representation of e.g. Ig“’A in
terms of a collection of scalar 1-point to 4-point functions in
generic dimension d: Ag, By, Co, Dy.

A problem for applications are the powers of the inverse Gram
determinants

1/0s

in recursions with dimensional shifts.
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Alternative: Recursions for pentagons |

Express any (5, R) pentagon by a (5, R — 1) pentagon
plus (4, R — 1) boxes [Fleischer et al., Diakonidis:2010 [23]]
5
lgruun—m _ Ig1~~~un—1 Qg o Z IZ1-~~MR—17SQQL (13)

s=1
auxiliary vectors with inverse Gram determinants

Q = §5 (s =0,...,5 14
S - qj () ) S = P ( )
i=1 S

For e.g. R = 3, again [1/()s]® will occur.
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Interlude: Further recursion steps

The recursions may be set forth, see [Diakonidis:2009 [21]] ; they get additional terms,
e.g.:

4
lil,l/Ap — IZV/\QS _ Z Iél,l//\,tQ;J _ GHP -,—1//\ —_Gvr T,u,)\ _ G)\p T,LLV, (15)
t=1

with the additional tensor and vector components:

Isywlpa
4 ]iuvl’p/ \Ifﬂps
v [d 14 A+t v N
Thy — /5[ oy — Z/g[ g I”V/ \‘[w‘ﬂ{ \[Mc,
t=1 5 4 3
7GAU'VI[d+]2 (16) /Iiﬂ< \IfV/ \I;W"'/ \Iélv stu
’ SN NGl N
st WSt

Hostuy

i 1'“ 1% Ji
G *QMA Zq’qj (() 55\5 \ J\E \l
= 0 ()

Fleischer’s triangle
16/46
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Algebraic simplifications, 1st step

With the identity
@.0), = (@), (), 7

we eliminate the inverse Gram determinant from all terms with
exclusion of Q4

5 (S) 5 o
lg1~-~NH—1H _ |:lg1---llﬂ1 _ Z 05,5«--;%15} Q([)—L _ Z IT"'“R’“SQZ (18)
= (s

o

s=1
The auxiliary vectors Q% were introduced already for n = 6:

©)s TRCAC o
0s 0s = =21

5 5
ar=>"q" while Qf => g/ (19)
i=1 i=1

5
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Algebraic simplifications, 2nd step

Have to show for the product T#1--#A-1 x Qf that the Gram

determinant cancels.
This came out to be a complicated task.

5
THA-HR—1 — [(8) /g1~~»/1ﬂ4 o Z (g) /2141/91,5] (20)
5 5

s=1
Example: For R = 3 pentagons need rank 2 tensor:
5
T — [( > B =3 ( ) //’”] (21)

s=1

18/46
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Algebraic simplifications, 2nd step |

Example R = 3: the building blocks are here g and ;"

14 d+ v 1 d+
ko= Zq/q/[ +9j) 5//]}4’9” [_24) ]}
Ij1
0/\ |id+].s 0s\ |d+],s
q q —— [( ) I 77+ A) LT

+gt”

11 /s [d+] s]
o o 22
2 (8)5 SE—; <0>5 ) )

See: The I£” had already been made free of 1/()s.
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Davydychev’s higher dimensional integrals

The second term with /)" is a typical example of [Davydychev:1991
[18]] : tensor = scalars in d + 2/

4
v y d+]2 1 1
o= 3 glg [(1+5,,)/£’;1}+gﬂ [—2/£ H} (23)
ij=1
Further, at this point, we have to reduce the scalar integrals

/‘[3712 etc. to generic dimension d with Tarasov’s recurrence
relations, see next slide.
The [, is naturally free of 1/()s.

20/46
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Algebraic simplifications, 2nd step
Work out the red part in
e s~0X

sk = |k — X34 (§)5h"°] @ - X5y 750

= Use of identities for the determinants

0.0, (9,0 ).,

O+, % oas Usgy

.~ (900, @

21/46
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Algebraic simplifications, 2nd step

= Use of identities for the determinants

0.0.-0.0,+ 0.0,
(9),6,= €., ()
[0, - (0,6 .- 16,60, (.. &,

(28)

(29)

22/46
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Express pentagons /-, /1 etc. by d-shifted scalar
boxes |
Intermediate result with //* 1 Iz[‘d/j’] 7 ete.

- _24:[ 525: <03) /S] q" (32)

s=1

1% //11/\

4
B = > q'q'Ej+ 9" Eno (33)
ij=1
1 ° 07\ a1 0s\ o]
- GEO @] o
(0)55:1 SI/s 0/
5
11 S\ dil]s
Ew = — 5T <> A (35)
2(0)5 s=1 0 5
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Express pentagons /2. /1" /““\ etc. by d-shifted scalar
boxes I

4 4
B = ) algfarEx+ Y 9" g Eook (36)
ij,k=1 k=1
5 .
1 0j [d-+12.s . Os [d\}
o - g Bl o] (§)
0/5 s=1
(37)
5
1 Os d—1/s 2
ot e W I I
Q) &= 3 \J/s

These presentations are evidently free of inverse Gram
determinants.

24/46
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Isolation of inverse sub-Gram det® ()4 |

We have now two kinds of objects in higher dimS to be

evaluated:
I3, Ié[ldf]’s. /£d+]2's boxes (39)
Ié[ldf]‘s. /‘[1c1/+]?s /L[f_j/-j+ s boxes with higher indices (40)

Application of dimension-shifting recurrence relations produces
powers of 1/()4.

They are the unwanted sub-Gram-determinants ().

Simplest:

In I (32) appears /;.

25/46
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Isolation of inverse sub-Gram det® ()4 Il

One of Tarasov’s recurrence relations (11) applies (n = 4):

0n(d=3)7 = [(8)4—243@;] Lo (41)

k=1

So that we express:
=0 (42)

If the dimension D = d + 2/ > d, one has to reduce the
dimension of I,f'k by Tarasov’s dim-recurrences, but now
without 1/(),, because now 1/(), appear.

26/46
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Isolation of inverse sub-Gram det® ()4 Il

For the other boxes, with higher indices, the game is more
involved.

Try to have inverse Gram determinants only in front of boxes g,
and hold the k, b, I1 free of them

Introduce:

I ld s > (OtZ)S /d st Zd S 43
Amot = 2 @), )
5 t=1 \0s

A typical example appearing in (34) is /L[ff]’s.

With the aid of relations like

()s(00)s = 6o, =~ (), ey (44

27/46
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Isolation of inverse sub-Gram det® ()4 IV

one may cancel out the factor (§), from the combination

fS

( 5
0, = Z

1 /Ost
5/Sf = Z(Osi)slgf (45)

05)5 t=1

This allows to rewrite the recurrence relation

I‘[tc’IiJr],s _ /s 5/4 + Z /s 5/

(s HE

into one with 1/(%), = 1/()4 ONLY in front of boxes:

5
[d+l,s _ (0s (15— Z7] 1 Ost
=) e s o,

S

28/46
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Isolation of inverse sub-Gram det® ()4 V

This is a nice expression, because it contains an explicit
difference quotient for the case that (). becomes zero or if it
becomes small but finite.

The numerical strategy will be:

e The ()4 # 0: Just evaluate what you like.
e The ()4 = 0: Replace

528 _ d-3ous

(s)s 04

and the /l"1° may be written, in that case ()4 = 0, by

[d+],st
Zt Ck/3 .
Further reducing to scalars in d dimensions, no 1/()4 will
re-appear.
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Isolation of inverse sub-Gram det® ()4 VI

This is, what one may do if not explicitely work on expansions
of the scalar integrals for small ().
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Example: 4-point tensor of rank 3 |

Following Davydycheyv, [18], one gets

d krkv kA n
v 2 : VDN d+ 2 v A [d+]12
lf - H?—1 Cr T i k=1 qiqu i V”kl’[7 Uk] +3 g[u q; /" (47)
- 1,],Kk=

We identify the tensor coefficient Dy14:

Dy11 ~ vl ,/k] for jjk = 222
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An example from A. Denner: D1

Next figures copied from: A.Denner, plenary talk DESY Theory
Workshop 2009, p.69 (backup transparency)

box integral appears, e.g., in subgraph of diagram
0 A O - UL u_
Mg, et —— e 7%
0 0 >swu e §W
_ § u
0 ¢ ' Ad
tod Sou 7 W——d

Gramdet: AW — 0 if  tg — teit =

32/46
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The figure demonstrates the effects of careful treatment of
vanishing Gram determinant ().

SuDu(sp,Du — Spu + téu)

Gramdet: AW — 0 if t5 — tein =
S;u_/u — Spu

numerical comparison:  maximal tensor rank = 6 (similar to ee — 4 f application)

Absolute predictions Relative deviations from ”best”
T T T T [ > T o te(l 1
10-2 2 © X g r=
mu&umw ° o * k=] terit
D B &0
B ! N 1074 | o *% ) Supu = +2x10* GeV?
e s L o g Spu = +1x10* GeV?
* —6 |-
P e o2 E  tew = —4x10"GeV?
=
i * T wsfeee o S tes = —6x10% GeV?
M 10 B Ceo >:
107 oo
1< DW - .'.0 g
) e el o ° S PV reduction breaks down
X (etc.)  Passarino-Veltman reduction L 2
improved by Gram expansion 10-14 _XXXXXXXXXXX)(X Dc? but Gram exp. stable
1 1 1 1 1 1
N
10-7 10-° 10-3 10~ 10-7 10-5 10-3 10-1 for AN) 01
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D111 — numerics with our reductions

Now rewrite:
0 t i )
fa+® (k)4 [la+12 (k)4 [fa+12.t (k)4 [a+12 (k)4 [a+12 48
Viiklg. ik = TN la g TNy TR 4 (48)
! ()4 : t=1,t4i,j ()4 ()4 ()4
3 (?{S) 2 2
[d+]°,s,reg S)5 [d+]%,s [d+]%,s
Vitiily ik = - Yij [’4,:‘;‘ =2y ]

1 0si\  [d+]2,s 0s/\ [d+]2,s S Ost [d+12 st
& [(03k> Wit (Osk) il T 2 (Osk) Vils.q “9
(OS) 5 5 t=1, 14, 5

[d+13 s
V/'J'V"l'k/4,ijk = TN |:d
©)

_sa—16 () i (gf) forPr -3 i (gt) ,éd[ﬂz,r}
i )f )

0/ 4412 0/ [d412 4 0\ 2.t
(0k>"[‘~f] +(Ok)l‘[‘-"'] * Z,,(Ok)""”&"f 0

(?) (?) [d+13 T (O a4 [d+13
(d —3)(d + 1)/ +(d—3) By + 20 19F
4 o 4 U4 ij
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Using LoopTools call and our math numerics (preliminary):

X D111
-7 : -0.007106204244698895 +0.
-3.15345811639208 -10 -3.
-6 : —-3.2313079078584034-06 -2.
-3.1479286753545824-10 -3.
-5 : -5.5231182028025025-09 +3.
-3.0926394107374516-10 -3.
x< —4: LoopTools dies out
-4 : -3.1544928789869657-10 -3.
-3.0798250216856066-10 -3.
x < =3 loss of accuracy
-3 : -3.153742175665908 -10 -3.
—-3.1537481925176414-10 -3.
-2 -3.1500799889469005-10 -3
-3.150080001830792 -10 -3
-1 -3.112267506942415 -10 -3.
-3.1122675069507063-10 -3.

0046539807850273325
318373348243635'-10

8963160014947846-06
318332145498356 -10

4832284324178667-09
3179201270079527-10

33218368329059 ~-10
3447698103297804-10

31639655233478 -10
3164147721227693-10

.29915924109457 -10
.2991592067243136-10

135823319774082 -10
1358233197649007-10

I

D0i[dd111]
74d30,24d20,141d20

D0i[dd1l11]
724d30,74d20,141d20

D0i[dd1l11]
74d30,74d20,14id20

D01i[dd1l11]
flei

D0i[dd111]
flei

DO [dd111]
flei

D0i[dd1l11]
flei
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Summary

¢ Recursive treatment of pnetagon tensors integrals of rank
R in terms of pentagons and boxes of rank R — 1

o Systematic derivation of expressions which are explicitely
free of inverse Gram determinants ()s until pentagons of
rank R =5

e Properly isolation of inverse Gram determinants of
subdiagrams of the type (3) ., which cannot be completely
avoided.

e Some [preliminary] numerics, so far Mathematica, and C++
under way
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00000
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00000000

Simplifying recursions
Q0000000

Numbers (l) — Pentagons

Randomly chosen phase space point with massive and
massless internal particles

Numbers: D14
00000

Summary
oo

I 5.00000000000 E+00 0.0000000000 E+00 0.00000000000 E+00 4.00000000000 E+00

P2 5.00000000000 E+00 0.0000000000 E+00 0.00000000000 E+00 -4.00000000000 E+00

P3 —0.30770034895 E+01 0.5359484673 E+00 —0.37447035150 E+00 | —0.20120057390 E+00

Pa —0.34048537280 E+01 0.2184763540 E-01 —0.10479394969 E+01 0.12224460727 E+01

Ps —0.35181427825 E+01 —0.5577961027 E+00 0.14224098484 E+01 —0.10212454988 E+01
my =0.0, mp =20, my3=30, m=4.0, m5=5.0

ms

m m

ms

P4

p1+p2+p3

Backup: 6- and 5-pt numbers
©000000
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Backup: 6- and 5-pt numbers

Numbers: D14
0@00000

Simplifying recursions
00000

Q0000000

Recursions
00000000

Introduction Summary
00000 (e]e)

Selected pentagon components
Shown are the constant terms of the tensor components

Pentagon. F
E (2.80450709388539E-05 , -1.08461817406464E-05)
ET? (-5.41333978667301E-06 , 6.26985967678899E-06)
EZ2 (-1.20374858970726E-04 , 4.07974751672555E-04)
EO32T (-9.11194535703727E-06 , 4.39187998675819E-05)
E0T230 1 (4.37928367160152E-05 , -2.18183151665913E-04)

LoopTools
(6.8140342082847463E-03 , -5.7429846268324187E-03 )
(2.4013880996803092E-03,1.1159132877500448E-02)
(-1.6970278627700630E-03,-2.8373112159962330E-03)
(-1.9219038693301300E-04,-4.0473030187772325E-04)

Box.F
(6.81403420828588E-03 , -5.74298462683219E-03)
(2.40138809967981E-03 , 1.11591328775015E-02)
(-1.69702786278243E-03 , -2.83731121595478E-03)
(-1.92190388316994E-04 , -4.04730302413490E-04)

Triangle. F LoopTools
c? (2.44757827793318E-04 , -7.50688449850356E-03) (2.4475782779342707E-04,-7.5068844985030472E-03)
cOT (-1.28259813172255E-02 , -6.73809718907549E-02) (-1.2825981317215014E-02,-6.7380971890795340E-02
[k (-7.00360822297110E-02 , 7.24628606014397E-02) (-7.0036082229746830E-02,7.2462860601566081E-02)
Bubble. F LoopTools
B (-0.141525070262337E+00 , 0.138870631815383E+00) (-0.1415250702623366,0.1388706318153829)
BT (0.102490343329085E+00 , -6.12154531068256E-02) (0.1024903433290848,-6.12154531 068257065;}0%4)5
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here some text 1.

Figure: Momenta flow for the massive six-point topology.

here some text 2.
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00000
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00000000
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00000000 00000

Numbers (Il) — Hexagons

mbers: D14

Summary
oo

Backup: 6- and 5-pt numbers

000e000

0.192487 E-17 +i0.972635 E-17
—0.363320 E-17 —i0.11940 E-17

0.365514 E-17 +i0.106928 E-17

0.239793 E-16 +i 0.341928 E-17

FFP

WNON == 20000 |[wN = ot

WWNWN = WN = OT

0.599459 E-14 —i0.114601 E-14
0.323869 E-15 +i 0.423754 E-15
—0.294252 E-15 -1 0.375481 E-15
—0.255450 E-14 —i 0.195640 E-14
—0.164562 E-14 —i 0.993796 E-16
0.920944 E-16 +i 0.706487 E-17
0.347694 E-15-1i0.127190 E-16
—0.163339 E-14 —i0.994148 E-16
—0.341773 E-15 +i0.818678 E-17
—0.413909 E-14 +i 0.670676 E-15

o1 0.21774554 E+03 0.0 0.0 0.21774554 E+03
oo 0.21774554 E+03 0.0 0.0 —0.21774554 E+03
p3 | —0.20369415 E+03 | —0.47579512 E+02 0.42126823 E+02 0.84097181 E+02
ps | —0.20907237 E+03 0.55215961 E+02 | —0.46692034 E+02 | —0.90010087 E+02
ps | —0.68463308 E+01 0.53063195 E+01 0.29698267 E+01 | —0.31456871 E+01
ps | —0.15878244 E+02 | —0.12942769 E+02 0.15953850 E+01 0.90585932 E+01
my = 110.0, m, = 120.0, ms = 130.0, my = 140.0, ms = 150.0, mg = 160.0
Fo
—0.023393 E—18 —10.396728 E-19
Fr
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00000

Table: Tensor components for a massive rank R = 3 six-point function

Recursions
00000000

Simplifying recursions Numbers: D14 Summary
e]e]

Q0000000

00000

FrvX

WO = = =424 24200000000 O0O0T

WWMNDNWNHNN =22 W= = 200 00R

WWWNWWNWN = WWNWN = WN = O

—0.227754 E-11 -1 0.267244 E-12
0.140271 E-13 -1 0.119448 E-12
—0.201270 E-13 +i0.101968 E-12
0.102976 E-12 + i 0.624467 E-12
0.183904 E-12 + i 0.142429 E-12
—0.131028 E-13 - 0.610343 E-14
—0.543316 E-13 - 0.158809 E-13
0.181352 E-12 +i 0.141686 E-12
0.506408 E-13 +i 0.163568 E-13
0.600542 E-12 +1i0.130733 E-12
—0.563539 E-13 +i0.178403 E-13
0.210641 E-13 —i 0.584990 E-14
0.120482 E-12 - 0.574688 E-13
—0.201182 E-13 +i 0.620591 E-14
—0.686164 E-14 +i0.205457 E-14
—0.447329 E-13 +1i0.193180 E-13
0.582201 E-13 -1 0.163889 E-13
0.119659 E-12 i 0.570084 E-13
0.457464 E-13-i0.181141 E-13
0.557081 E-12 —i 0.374359 E-12

Backup: 6- and 5-pt numbers

0000800
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00000000
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Q0000000

Numbers: D14

Summary
00000 (e]e)

FrvXp

OIMMNMMNMN 2L 24 2424 2424120000000 O0O0O0O0O0O0O0OO OO0

DWMNMNMMNWMNNON = = =222 = =4 24 2440000000000 O0(Y

CWWMNMNWWMNNWMNN == =2WWNNWNN = =2 =2WNN == =200 00>

DWWWNWWWNWWNWN 2L WWWNWWNWN=WWNWN—=WN =+ O

0.666615 E-09 + i 0.247562 E-09
—0.200049 E-10 +i 0.294036 E-10
0.200975 E-10 —i 0.237333 E-10
0.645477 E-10 —i 0.162236 E-09
—0.116956 E-10 —i 0.516760 E-10
0.160357 E-11 +i 0.222284 E-11
0.792692 E-11 +i 0.729502 E-11
—0.111838 E-10—i 0.513133 E-10
—0.681086 E-11 —i0.708933 E-11
—0.804454 E-10 —i 0.801909 E-10
0.100498 E-10—-i0.151735 E-13
—0.348984 E-11 —i 0.195436 E-12
—0.211111 E-10 +i 0.295212 E-11
0.357455 E-11 +i 0.662809 E-14
0.121595 E-11 —i 0.807388 E-13
0.825803 E-11 —i0.142086 E-11
—0.958961 E-11 —i0.585948 E-12
—0.209232 E-10 +i0.289031 E-11
—0.802359 E-11 +i0.994701 E-12
—0.102576 E-09 +i 0.378476 E-10
—0.246426 E-10 +i 0.276326 E-10
0.915670 E-12 - 0.660629 E-12
0.303529 E-11 —i 0.287480 E-11
—0.822697 E-11 +i0.919635 E-11
—0.116294 E-11 +i0.100024 E-11
—0.146918 E-10 +i 0.183799 E-10
0.908296 E-12 —i 0.654735 E-12
0.109510 E-11-i0.100875 E-11
0.717342 E-12 -1 0.557293 E-12
0.450661 E-11 —i 0.485065 E—11
—0.245154 E-10 +i 0.274313 E-10
—0.318500 E-11 +i0.279750 E-11
—0.146317 E-10 +i0.182912 E-10
—0.477335 E-11 +i0.477368 E-11

ATAN4ILO ™ 41 . N 44000 = NO

Backup: 6- and 5-pt numbers
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00000

00000000 00000000 00000 [e]e} 0000008
b1 0.5 0.0 0.0 0.5
P2 0.5 0.0 0.0 -05
P3 —-0.19178191 —0.12741180 —0.08262477 —0.11713105
ps | —0.33662712 0.06648281 0.31893785 0.08471424
ps | —0.21604814 0.20363139 | —0.04415762 | —0.05710657
Pe = —(P1 +Pp +P3+Ps+pPs)

Table: Phase space point of massless six-point functions taken from
[Binoth:2008 [7]] . Golem95: Binoth, Guillet, Heinrich, Pilon, Reiter
[arXiv:hep-ph/0810.0992]

Shown are only the constant terms of the tensor components.

Hexagon.F Golem95
FO3T2T (0.158428986740235E+00 , 0.416706979843194E-01 ) (0.158428980552600E+00 , 0.416706995132716E-01 )
FT1020 (-0.143913859903552E+01 , -0.164647048275408E+00 ) (-0.143913852754709E+01 , -0.164647075385477E+00)
20200 (0.242928799509288E+02 , 0.555041844207877E+02 ) (0.242928775936564E+02 , 0.555041824180155E+02 )
F22T30 (0.225563941055782E+00 , 0.231928571404353E+00 ) (0.225563949300093E+00 , 0.231928509918651E+00 )
33333 (0.244568134868438E+00 , 0.740146041525474E+00) (0.244568138432017E+00 , 0.740146095196997E+00)
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