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1. Introduction

Deep—Inelastic Scattering:
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2
Q? = —¢* z:= 5 , Bjorken—x
L p-q
P -q
Vi= ——
M J
do
~ LMY
— W 107 du LYW,

The picture of the proton at short distances [Feynman, 1969; Bjorken, Paschos, 1969.]

e The proton mainly consists of light partons.
e There are three valence partons: two up quarks and one down quark.

e The seapartons are: u, @, d, d, s, 5 and the gluon g.



The hadronic tensor cannot be calculated perturbatively. It can be decomposed into several

scalar structure functions. For DIS via single photon exchange, it is given by:
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In Bjorken limit, {Q?, v} — oo, z fixed, at twist 7 = 2-level:
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— Wilson coefficients contain both light and heavy flavor contributions:
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Heavy Quarks in DIS

Assume only light partons in the proton. Light quarks may directly scatter off the

exchanged vector boson, the gluon via quark—pair production.

Heavy quarks (c or b) emerge in final states through hard scattering processes (top outside
the HERA region).

LO contribution to F(y 1) by heavy quark production: photon-gluon fusion

_ 1 2
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[Witten, 1976; Gliick, Reya, 1979, ...] [Berger, Jones, 1981.]



Further Production Processes

e J/i and T production in the color singlet and octet contributions.

do B 1
dt  16mws?

640t e? MQAQLSQ(S_M‘%)Q + 2t — M3)* + u?(u — M3)?
PR T - MR - MR M)

[Berger & Jones, 1980; Riickl & Baier, 1983; Korner, Cleymans, Kuroda & Gounaris, 1983; Kramer,
Zunft & Steegborn, 1994; Kramer, 1995, Kniehl & Kramer, 1997; Cacciari, Greco & Kramer, 1997]
e Observation of charmonium in DIS [Aubert et al., 1983

e These processes are rather sensitive to the gluon distribution G(z, Q?).

I do not discuss Intrinsic Charm [Brodsky et al. 1980] limited to < 1% by [Smith, Harris,
R. Vogt 1996], diffractive, pomeron-induced or photo & VMD production of open
and resonant heavy flavor. [Jung, Schuler, et al. 1990/92]|
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[Kriiger, 2008.]

High statistics for Fy and F§¢ = Accuracy will increase in the future.
F$(x,Q%) ~ 20 —40 % of Fy(xz,Q?) for small values of z, but different scaling violations.



Splitting Functions

The scaling violations are described by the splitting functions P;;(x, as).

They describe the probability to find a parton i being radiated from parton j and carrying

its momentum fraction z.

They are related to the anomalous dimensions via a Mellin—Transform:

M{[f](N) 3:/0 dzz""1f(2) , 7ij(N,as) == —=M[P;](N, as) .

The splitting functions govern the scale—evolution of the parton densities.

d %(N, Q) _ | Taa Ty 2 %(N, Q%)
dlnQ* G(N, Q2> Yga  Vag G(N, Q2)
d
N 2 - NS N 2 .
dan2QNS( 7@) Yqq ®QNS( 7@ )
The singlet light flavor density is defined by
ny
S(ng,p?) = Y (filng, 1) + filng, 1%)) .
i=1

The anomalous dimensions are presently known at NNLO [Moch, Vermaseren, Vogt, 2004.])



NNLO Parton distributions [proper heavy flavor treatment to O(a?)]

e shaded area [Alekhin, Bliimlein, S.K., Moch, 2009.]

e dashed lines [JimenezDelgado, Reya, 2009.]
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Theory Status of Heavy Quark Corrections

Leading Order : FQ,L(.CU, QQ) [Witten, 1976 ; Babcock, Sivers, 1978; Shifman, Vainshtein, Zakharov,
1978; Leveille, Weiler, 1979; Gliick, Reya, 1979; Gliick, Hoffmann, Reya, 1982.]

Leading Order : g1 (.CC, QQ) [Watson, 1982 ; Gliick, Reya, Vogelsang, 1991; Vogelsang, 1991]

Leading Order : o)) (CL’, Q2) [Bliimlein, Ravindran, van Neerven, 2003 |
Soft Resummation: Fs 1 (2, Q%) [ Laenen & Moch, 1998; Alekhin & Moch, 2008]

Next—to—Leading Order : ngL(.fU, QZ) [Laenen, Riemersma, Smith, van Neerven, 1993 | 1995]
asymptotic: [Buza, Matiounine, Smith, Migneron, van Neerven, 1996 ; Bierenbaum, Bliimlein, S.K., 2007]
Mellin—space expressions: [Alekhin, Bliimlein, 2003.].
Next—to—Leading Order : g1 (LC, QQ) asymptotic: [Buza, Matiounine, Smith, Migneron, van Neerven,
1997 ; Bierenbaum, Bliimlein, S.K., 2009]
Next-to-Next-to-Leading Order : Fr(z, Q?) asymptotic:

[Bliimlein, De Freitas, S.K., van Neerven, 2006 .|
O(Cl{g’) . Light flavor Wilson coefficients: [Moch, Vermaseren, Vogt, 2005.]

—> 3-loop heavy quark corrections needed to reach the same
accuracy as for the light flavor contributions.

10
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Need for the Calculation:

e Heavy flavor (charm) contributions to DIS structure functions are rather large
— Precision understanding of structure functions is required

e Precision determination of a,(M2):
instrumental to understand the possible unification of forces:

Yem g 31071, Qdweak 701074 Sk 151072
g (MZ) = 1141150029 N3LO  NS-analysis [1]
g (M32) = 1135709014 N2LO S+NS-analysis [2]
Aim : 0cs <1 %.
oF

e Precise determination of the gluon and sea quark distributions.

— Essential input for LHC physics.
[1] Bliimlein, Béttcher, Guffanti, 2007; [2] Alekhin, Bliimlein, S.K., Moch, 2009.
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Goals

e Calculation of the unpolarized heavy flavor Wilson coefficients to two- and
three loops Q2 > 25 GeV? [sufficient in many applications].

e First recalculation of the contributions o< 7% to the NNLO anomalous
dimensions.

e Application to the polarized (NLO) and transversity (NLO,NNLO) case.

e Development of new technologies:
automated calculation of massive OME at NNLO:;
direct integration methods for Feynman diagrams at NLO (and NNLO) based
on higher transcendental functions.



2. The Method

Massless RGE and light—cone expansion in Bjorken-limit {Q?, v} — oo, x fixed:

lim [J(€), J(0)] ¢ Y el (€% 1)8u G OFE 7 (0,14%) .

2
&=0 i,N,T

Mass factorization of the structure functions into Wilson coefficients and parton densities:

Fi(z, Q%) ZCJ(’ )@fj(:r,u) Twist 7 = 2
Light-flavor Wilson coefficients: process dependent (O(a?): [Moch, Vermaseren, Vogt, 2005.])
2 (0. @)
light [ Q@7 _ I ~ight, (1) -
C(anL),i (F) _ 574] + ZCLSC(Q,L),i y t=4q,9
=1

Heavy quark contributions given by heavy quark Wilson coefficients

Q* m?\ _ o (@2 mP\ | s (@ m?
H(2 L),i (F:@ :\}I(2,L),z' Fa@ J—i_{l(lL),i Pa@ :

"~

Y + Gheavy — X Y + light — X

Consider only one species of heavy quarks

13



e Factorization for Fi*“(z,Q?) at the level of twist 7 = 2:

k=1

2
+6Q{

QZ
LNS ng,xTy ——%,
2,q( Frn 2 1

m2
2

) ® [fk(nf,x,u2) + fz(nf,w,ﬁ)]
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In the limit Q? > m% (Q? ~ 10 m? for Fy, g1]: massive RGE,
the derivative m?9/0m? acts on Wilson coefficients only: all terms but power corrections
calculable through partonic operator matrix elements, (i|A;|7), which are process

independent objects!

Q? m2> (mQ) Q2
HS, .\ (—, Yoo (M) e s .
(2,L),i 127 2 ) k 12 / (2 L),k 102 )

Ve Ve

massive OMEs light—parton—Wilson coefficients

Similar formula for Lé L*)g Holds for polarized and unpolarized case.

OMESs obey expansion

2 2
ASNS<—2) lerasl) _5m+Z SNS“)<F), i=q.

14

[Buza, Matiounine, Migneron, Smith, van Neerven, 1996; Buza, Matiounine, Smith, van Neerven, 1997.]

Heavy OMEs also occur as transition functions to define a variable flavor number scheme
starting from a fixed flavor number scheme.

[Aivazis, Collins, Olness, Tung, 1994; Buza, Matiounine, Smith, van Neerven, 1998;
Chuvakin, Smith, van Neerven, 1998.]



e Expansion up to O(a?) for Fga(w, Q?) reads

NS, (2 ~NS, (2 NS, (3 NS, (2 NS, (1 ~ANS, (3
L¥5ng) = a2 |8 (ng) + Coy P ng)] + a? [ AN (ng) + AL S () CET D ng) + C35 P ()
~ ~PS,(3 2 ~(1 'A“PS, 3
L) = a| AP ng)+ AL o(ng) CE)ng +1) + CEy P ()
i85 (ny) = a2 AW o ) +at[ A9 )+ a0 @11
2,9\ f as m%Q(nf) 2,g<nf‘1L ) +ag q9,Q\TVf m%Q(nf) 2g(nf+‘)

~ ~PS, =(3
+ AR o (ng) Emp41) + ALY () CEYP g + 1)+ E) )]
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PS,(2 ~PS, (2 PS,(3 ~PS,(3 2 ~(1 PS,(2 NS, (1

Hiang) = ag [AQQ( '+ G Pny 1)] +“§[ A+ Gy P g + 1) + A2 Cogng + 1) + A 030 (ng + 1)]
1 ~(1 2 1) ~NS,(1 ~ ~(2

HS,(ng) = ao| AG)+ Coo(ns+1)| +a2| A5)+ AL) ey + 1)+ ALy E0mp+1) + CEng +1)]

+ | al)+ a8 AP+ 1)+ A Oy +1) + A, CP)ny +1)

g 2,9 g, g,

1 NS, (2 ~PS, (2 ~(3
+ Ag, [Cz,q( Yng+1)+ Gy ng + 1)} + Cyylng + 1)] :

e n-dependence non-trivial: f(n;) = f(ns+ 1) — f(ny) , f(ns) = f(ns)/ny.

e Highlighted terms are (partially) due to heavy quark insertions on external legs and have
to be included in the MS—scheme = not considered in previous NLO analyses.

e At NLO, these differences correspond to
— fully inclusive DIS (MS-scheme) as in [Buza, Matiounine, Smith, van Neerven, 1998]

— DIS with heavy quarks in the final state only [Laenen, Riemersma, Smith, van Neerven, 1993].



e Comparison for LO:

1
\° T m2 g

2,9,(asym)

e Comparison to exact order O(a?) result:
asymptotic formulas valid for Q% > 20
(GeV/c)? in case of F§¢(x,Q?) and Q% >
1000 (GeV/c)? for Fe(z, Q?)

e Drawbacks:

- Power corrections (m?/Q?)* can not be
calculated using this method.
- Two heavy quark masses are still too

complicated = 2 scale problem to be
treated analytically.

- Only inclusive quantities can be calcu-
lated = structure functions.

0.85

0.8

0.75

0.7

0.65

17

z=0.1
z=10"
z=10"
z=0.5

10 10° 10° ¢ 10"



FFNS: VENS:

e Fixed order perturbation theory and Fixed e Define threshold above which the heavy
number of light partons in the proton. quark is treated as light, thereby obtaining

e The heavy quarks are produced extrinsi- a parton density.

cally only. e Remove the mass singular terms from the
e The large logarithmic terms in the heavy asymptotic heavy quark coefficient functi-
quark coefficient functions entirely deter- ons and absorb them into parton densities.
mine the charm component of the struc- e Heavy Flavor initial state parton densities

ture function for large values of Q2. for the LHC. E.g. forcs — WT .

The VENS is derived from the FFNS directly. New parton density appears corresponding to
the heavy quark, which is now treated as massless. = Relations between parton densities for
ny and ny + 1 flavors.

2 2

1 1
forolny +1,p%) = Ag, (”fv m‘z) ® S(ny, 1?) + Agg (”fa W) ® G(ny, 1) .
2 'uz 2 /vL2 2
G(ng+1,p7) = qu,@(”fam) ® X(ny, 1 )+A997Q(nfv mg) ® G(ng,p7) -

Only possible in regions of phase space where the condition for the validity of the parton

model Tint/Tiife << 1 is strictly observed.

18



Wilson Coefficient vs Massless Parton Approach

TTTITq T T T T TrrrT Ll 1 LI B

LI R | 1 T rmryrryy T LI T T T

10-1

10-2

10__2 Lopaad N L s gl N L 3 x11a 10-—3 Lia il 1 hed i bl 1 N W 1
101 102 103
101 102 103 Q2 (GeV?)

[Gliick, Reya, Stratmann, 1994]

e Even at high values of Q% and W? the massless charm approach may not
become effective.



Graphs shown here con-
tribute to flg;

Singlet  heavy quark
operator:

Ogl....,uN (Z) x
S[a(z)y# D¥2... D g(2)]

Diagrams contain two
scales: the mass m and
the Mellin—parameter N.

2-point functions with
on—shell external mo-
mentum, p? = 0.
— reduce to massive tad-
poles for N = 0.

20
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Renormalization

e Mass renormalization (on—mass shell scheme)

e Charge renormalization : MOM scheme for the gluon propagator. [Background-field
method.] MOM scheme — MS scheme:

ﬁlen (7;2> len(?;L) 5(1)]

—> Accounts at NLO for difference due to heavy quark insertions on external legs.

2

MOM MS m MS>
g = U _ﬁO,Q 1n<?)a5

e Renormalization of ultraviolet singularities

—> are absorbed into Z—factors given in terms of anomalous dimensions ~;;.
e Factorization of collinear singularities into I'-factors I'ng, I';; s and I'yq ps.

Generic formula for operator renormalization and mass factorization:
=11 —1
Aij = 2y Almrmj
— Allows predictions of pole terms in ¢ of the unrenormalized results:

Lo Ds(=k)
2 (1 ) l —(1
AEJ) = E Jg—kz + az('j) + CLZ(-J-)€ -+ 0(62) .
k=1



3. 2-Loop Results

e Single scale problem, depending only on one variable, z.
— Calculation in Mellin-space for space-like ¢%, Q% = —¢*: 0<2z2<1

M) = [ dep(e)

e Analytic results for general value of Mellin NV are obtained in terms of harmonic sums
[Bliimlein, Kurth, 1999; Vermaseren, 1999.]

Nm—1

_ Z (sign(a1))"* (sign(az))"*  (sign(am))""
Sal,---,am(N) - § : Z |a1| |as |am| 7
ni=1nys=1 Ny, =1 Ny Nm

N e€ VI a € \O,
N )
(-1)' 1
s = Y EEY
i=1 j:lj

e Algebraic and structural simplification of the harmonic sums [Bliimlein, 2003, 2009.].

e Analytic continuation to complex N via analytic relations or integral representations, e.g.

1+ =x

M[ZZEN N 4 1) = GBIV +1) = (~)N S0 (V) + 2Gi]

22



e Use of generalized hypergeometric functions for general analytic results

3fy

ag, a1, a3 . > (ag)i(ar)i(az); 2
bi by ] 2_% (bl) (b2)i T(i+1)

= i T
B(ab bl a27 b2 ! 2 (1 — 2331.%2)@0

e Use of Mellin-Barnes integrals for numerical checks for fixed values of N (MB [Czakon, 2006.])

e Summation of a lot of new infinite one-parameter sums into harmonic sums. E.g.:

Sl Sl Z+]—|—N) 453 Sy
N E = 45 — 25 S 35 - —
= i )G+ N) raa = 28+ 6 (88 + ) -5

4

S
S5+ 5782+ oL 651G + G (25% + 52) |

Use of integral techniques and the Mathematica package SIGMA [Schneider, 2007.],
[Bierenbaum, Bliimlein, S. K., Schneider, 2007, 2008.]

e Partial checks for fixed values of N using SUMMER, [Vermaseren, 1999.]

23
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We calculated all 2-loop O(e)-terms in the unpolarized case

and several 2-loop O(g)-terms in the polarized case:

_(2) —(2,PS _(2) (2 _(2),NS
AQgr AQq v Q99,00 Qgq,Q qq,Q
_(2) _(2),PS _(2),NS
Aan, AaQq : Aaqq’Q )

We verified all corresponding 2-loop O(e")-results by Smith, van Neerven et. al.

e A remark on the appearing functions:

van Neerven et al. to O(1): unpolarized: 48 basic functions; polarized: 24 basic functions.

O(l) {Sl, S, S3, S_Q,S_g}, 5_2,1 — 2 basic objects.

O(): {51 S2, 83, 84, S—2,8-5, 84}, Sa1, S—21, S-sny S, Soa2an
— 6 basic objects

e harmonic sums with index {—1} cancel (holds even for each diagram)
[Bliimlein, 2004; Bliimlein, Ravindran, 2005,2006; Bliimlein, S. K., 2007; Bliimlein, Moch in preparation.]

e Fxpectation for 3-loops: weight 5 (6) harmonic sums
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Example: Unpolarized case, Singlet, O(¢)

_(2) 2 (N2 + N +2)(3N2 + 3N + 2) Py N% —5N3 —32N2 — 18N —4
Qg =TFCry 7 2 2 3+ 3 3 S2 + 2 2 S1
3 N2(N + 1)2(N + 2) N3(N + 1)3(N + 2) N2(N + 1)2(N + 2)
N2 + N +2 4 1, 5 1 4 5 8
(165’2,1’1 — 85’3,1 — 8527151 +3S4 — —=S3S51 — =55 — S9857] — =51 +2¢2S59 — 2¢957] — —C3Sl)
N(N + 1)(N + 2) 3 2 6 3
N2 — 3N — 2 2 3N+2 5 23N%448N3 +43N2 — 22N -8 3N + 2 S
-85 S2,1+ -5 ———>51+ 7 2 2 S3 +2 o 5251 t4—5¢2
N2(N + 1)(N + 2) 3 N2(N + 2) 3 N2(N + 1)2(N + 2) N2(N + 2) N
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/1 / 3 /
2 2(_43—2:1+B — 45 Sl)__ 2 5 °1 T8 3 3
(N + 1)2(N +2) 3 N(N + 1)2(N + 2) (N + 1)3(N +2)
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Polarized Heavy Flavor

e DIS QCD analyzes of the polarized world data have been carried out without
reference of heavy quark contributions so far, despite heavy flavor being
produced in the final states.

Leading Order : g1 (CE’, QQ) [Watson, 1982; Gliick, Reya, Vogelsang, 1991; Vogelsang, 1991]
1
dy x
gl(xaQQ) — 46%&8(622)/ _Cé}) (gaszaQQ) AG(y7Q2)

1+6]
1-p

1

C’éi) (z,mQQ, Q%) = 5 [5(3 —4z) — (1 —22)In

Leading Order : [0 (.CC, Qz) [Bliimlein, Ravindran, van Neerven, 2003] —> holds to all orders

La

022, Q) = —g1(2, Q%) + / Yos 1, @2)

X

The Wandzura-Wilczek relation follows from the covariant parton model here.

1/a
/0 dzC’é})(z,mé,Qz) =0
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[Bliimlein, Ravindran, van Neerven, 2003]
Next-to-Leading Order : ¢, (z, Q*) only asymptotic results Q% > m2Q i.e.
Q2 z 10777%2 [Buza, Matiounine, Smith and van Neerven, 1996, Bierenbaum, Bliimlein, S.K., 2008]

1
/ dzC’é?’aS(z,mQQ,Qz) =0

0

Conjecture: holds for even higher orders.
O(Clgg) terms: [Bierenbaum, Bliimlein, S.K., 2008]

e NS OME’s are the same as in unpolarized case (Ward Identity).



28

4. Fixed Moments at 3—Loops

Contributing OMEs:

Singlet Ay Aqy Ao AgeQ } .
mixing
Pure—Singlet AEE quS,Q
. NS,"‘ NS7_
Non—Singlet Aqq,Q Aqq,Q

e Unpolarized anomalous dimensions are known up to O(a?) [Moch, Vermaseren, Vogt, 2004.]
— All terms needed for the renormalization of
unpolarized 3—loop heavy OMESs are present.

== The calculation provides first independent checks on %(13), 7(53)’PS and on respective

color projections of yé?’NSi, é? and fyé?]).

e The calculation proceeds in the same way in the polarized case.

e (Calculation in Mellin—space:
For fixed N: three—loop “self-energy” type diagrams with an operator insertion
— Calculation using MATAD |[Steinhauser, 2001] and FORM [Vermaseren, 2000].



Example-diagrams contributing to the different channels

o 2 m A
2 S0 /8

~ 2800 diagrams contribute.
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Tests performed:

Fixed Moments using MATAD

three—loop “self-energy” type diagrams with an operator insertion
Extension: additional scale compared to massive propagators: Mellin variable N
Genuine tensor integrals due to

AFLAF (DO, ) = AFTLAF (p|S Uy, D,,,...D, Ulp) = A(N) - (Ap)Y

D, =08, —igt A% . A?=0.

Construction of a projector to obtain the desired moment in N [undo A-contraction]
3—loop OMEs are generated with QGRAF [Nogueira, 1993.]
Color factors are calculated using [van Ritbergen, Schellekens, Vermaseren, 1998.]

Translation to suitable input for MATAD [Steinhauser, 2001.]

e Various 2-loop calculations for N = 2,4, 6, ... were repeated

— agreement with our previous calculation.

e Several non-trivial scalar 3-loop diagrams were calculated using
Feynman—parameters for all N
— agreement with MATAD.
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(General Structure of the Result: the PS —case

2

- - (0)_(0)
3),PS,MS Yag m
AR = ML {753) — 59 + 680 + 1680, }1113 (_u2 )

1 ~(1),PS ~(0) (21 1 0) 51 2 (M
+§{_47;q> (50-+ 00) + 4 (36 =) =98y e’ ()

1 ~(2),PS 2(2),PS 2),PS . 2 2
16 {8 Vaq — 8npy5 " = 320507 (Bo + Bo.@) + 848 al o — 815 at,

2

R m
—(249 60 (%(;3) —Y4q + 650 + 850,@) }ln(?>

(0) »,(0)

_(2),PS _(2) _ A(0)= Yod 7
+4(Bo + Bo,0)aG) " + Vae Ty — Voo T + C R (Vég) —Yod' + 650)

+(0) (1)
Yag Vaq G2 3 . .(0)_(0 . (1),PS (2),PS (3),PS
+ 1gq +CF (“(4 + Z@)'Yc(zg)Véq) — 494" + 12ag, ) T Qg

All terms but a(Q PS known for all N.

3
q

e There are similar formulas for the other OMEs.



Summary of the Results

Using MATAD, we calculated the OMEs ( &~ 250 days of computer time/ ~ 2800 diagrams)

ABPS 0 g 12); AP A 9 4 14);

Qq qq,Q 99,Q *
(3),NS+t | ) (3) (3) . )
Aqqu : (2,3,..,14), AQ(q)g, Agg’Q : (2,4,..,1()),

and find agreement with the predictions obtained from renormalization.
Additional checks are provided by sum-rules for N = 2, which are fulfilled by our result.
All terms proportional to (s cancel in the renormalized result in the MS-scheme.

We observe the number

2 13 1 11
B4 = —dGW?2+:In'2— G+ 16Li4(§) — 8031+ 51

which does not appear in massless calculations and is due to genuine mass effects.
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Example: non—logarithmic term of Ag’; for N =2

AP (P =mP N =2) = TrC4® (

- 2°B 24 —
4374 g et 726 — =57

174055 88 29431
(3

21586
Tr? —
) + TFr CA( 2187 +

81

18002 208 2186 64
TrCrCa| =2 + Z22B, — 104 _ 2= 4¢oIn(2
+TrCF A< 729 + 9 B4 04¢4 + 9 (3 3C2+6 Coln( )>
8879 64 701
TrOp?| -2 — "B, +32¢; — — 80Cs — 128(5In(2
+TrCr ( 759 9 4+ 32C ) ¢3 + 80¢2 8(21n(2)
55672 889 128 7054
Tr? — Tr? -
tiF CE’( 29 TR T3 CQ) Ty F'CL“< 2187

704
—C3> +n;Tr*Cr <—

3605

162 C3>
29526 1024
729 81

(3 —

64
3
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The constant terms: N = 10 (3) L 4B

Qg q9,Q"
(3) m?2 3e/2 1505896 189965849 297277185134077151
a = CFF(‘?;) ngl'p A[—"—————— 3+ —————C2+ }
N=10 o 245025 188669250 15532837481 700000
[62292104 49652772817 1178560772273339822317] CJ [ 563692
3 — 2 — e
13476375 93391278750 107642563748181000000 A 81675
483988 103652031822049723 20114890664357
T s — _
9075 415451499724800 3 581101290000
6830363463566924692253659 1286792 643396
|+ Cacy [ 1256702, 643396
685850575063965696000000 81675 9075
761897167477437907 15455008277 +}872201479486471797889957487]
- 3 2
33236119977984000 660342375 2992802509370032128000000
2 11808 53136 9636017147214304991 14699237127551
+Chr[— Ba + 4 3+ 2
3025 3025 7122025709568000 15689734830000
247930147349635960148869654541] T [4206955789 +-123553074914173C
— FCa 2 3
148143724213816590336000000 377338500 5755172290560
502987059528463 24683221051

23231189758106199645229}

¢3 + C2
633397356480430080000 113048027136000 3 46695639375
18319931182630444611912149 896 o
} - 7}?<3

TFCF[_

1410892611560158003200000 1485
(3) 2 m?2 3e/2 1505896 1109186999 6542127929072987
. o nprh(T) o, [ 10058 Lio9seo%9 ]
q9,Q N=10 u2 245025 377338500 191763425700000

2
13476375 3 93391278750 21528512749636200000

o [62292104 83961181063 353813854966442889041:]) }
F



e We obtain e.g. for the moments of the %3) anomalous dimension

N “"/((I?;.)/TF
2 (1 +2nf)TF(%CA - @cp) + 8 (7416CACF + 28802 + 1280%) _ T2 B8 o - 82002
243 243 3 81 9 243
4 (14 2n)Tr (4481539 Ca+ 9613841 CF) + ‘s (28320;24 — 3876C 4 Cp + 10440%)
303750 3037500 25
205110931 , 278546497 757117001 _,
" 3037300 A T 2023000 A9 T Tars0000 O F
6 (1+42n4)Te (86617163 A+ 1539874183 CF) + L (698640% — 94664C 4 Cp + 248000%)
11668860 340341750 735
58595443051 , 1199181909343 2933980223981
T To53456160 A T 8168202000 AT T Tdosatoroooo F
. (1 +2m)Tp ( 10379424541 |, 7903297846481 CF) e ( 128042 2 _ 515201 @cé)
2755620000 1620304560000 1575 4725 27
24648658224523 ,  4896295442015177 4374484944665803
T 7289340100000 " 32406001200000 T 56710659600000
o s 2nf)TF(1669885489 o, 4 L584713325754369 F) 3(1935952 o 2673584 - 70848 ci)
988267500 323600780868750 27225 27225 3025
21025430857658971 _,  926990216580622991 1091980048536213833
T T255684567600000 A T T6040547909550000 AT T T13591232796487500  F

e First independent Confirmation of the terms o T of the anomalous dimensions

(2),NS*, S, PS

v [Larin, Nogueira, Ritbergen, Vermaseren, 1994,1997; Moch, Vermaseren, Vogt, 2004.]

e How far can we go 7 N = 14 in some cases; generally: N = 10 = Phenomenology

e Unfortunately not enough to perform the automatic
fixed moments — all moments turn. [Bliimlein, Kauers, S.K., Schneider, 2009].
e Recently: Calculation of moments N =1, ..., 13 of the transversity heavy OMEs A(2:3)

q9,Q
[Bliimlein, S.K., Todtli, 2009] = Agreement with the anomalous dimensions 7(];,}(1’2) by

[Kumano, 1997; 2-Loop: Hayashigaki, Kanazawa, Koike, 1997; Vogelsang, 1998; 3—Loop, N< 8: Gracey, 2006]
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5. Towards an all-/N Result

Representations in terms of Feynman parameters

Consider e.g the 3-loop tadpole diagram U Vs

Using Feynman—parameters, one obtains a representation in terms of a double sum

or 2+4+¢e/2—-v1,2+¢€/2—-v5,v12 —2 —¢€/2,v45 —2 —€/2,v1345 — 4 — €,V12345 — 6 — 3/2¢
vi,V2,V4,2 4+ €/2,v345 — 2 — €/2,v12345 — 4 — €

o0

(v345 — 2 —€/2)p4m(V12345 — 6 — 3/28)m(2+¢e/2 —v1)m(2+¢e/2 —v5)n(vas —2 —€/2)n

mIn!(v12345 —4 — €)ntm (V345 — 2 —€/2)m (V345 — 2 — €/2)n

m,n=0

which derives from an Appell-function of the first kind, F} .

. /'C'x _ - (a)m—l—n(b)n(b/)mxn m
Alutdiany] = 3 @@ mn V"

m,n=

36
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For any diagram deriving from the tadpole-ladder topology, one obtains for fixed values of NV a
finite sum over double sums of the same type. Consider e.g. the scalar diagram

2

For the above diagram, we obtained an result for arbitrary /N using similar summation
techniques as in the 2-loop case and the package SIGMA.

AN +1)51 44
L=~ rmen 1 T
A(N +1)S; — 4N
N1

252,171 1 S14
N+2NT3) WA DN+ ) {‘2(3“5)53’1 3

5N + 6 9+4NSQ+(2 IN+1L 5N
N+1 4 7 (N+1)(N+2)  N+1

N o3, 2BN+5)S) 42N +3)S, (2N +3)Ss o 2N +3 }
1 - .

Son + 2((2N +3)S; + )53 + S

94 2
g )S2+N+1 (N+1)(N+2) " (N+1)2(N +2) 2 TN TN+ 2)
—> Complete solution for the 3—loop case might be found by studying generalized

hypergeometric functions and their relations to Feynman—integrals combined with advanced

summation techniques.
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Single Scale Feynman Integrals as Recurrent Quantities

e A large number of single scale 2— and 3-loop processes can be expressed in terms of nested
harmonic sums. This holds for anomalous dimensions, Wilson coefficients, space- and time-like,
polarized /unpolarized, the Drell-Yan process, hadronic Higgs boson production in the heavy mass
limit, HO QED corrections in e*e™ annihilation, soft+virtual corrections to Bhabha scattering,
Heavy Flavor Wilson Coefficients at Q% > m?.

[Bliimlein and Ravindran, 2004/05; Bliimlein and Moch 2005; Bliimlein and S.K. 2007]

e Polynomials in V and Nested Harmonic Sums or linear combinations thereof obey

recurrence relations, e.g.:

sign(a)N 11 N sign(a)’
F(N +1)— F(N) = (?V(+)1)a — F(N):SG(N):ZgiTﬂ).

e It is very likely that single scale Feynman diagrams always obey difference equations

l d
3 [z o
1=0

k=0

F(N+k)=0.

— seek for solutions in terms of harmonic sums [Bliimlein, Kauers, S.K. and Schneider, 2009]
—> solved : order [ = 35, degree d ~ 1000 Difference Equations



39

6. Conclusions

The heavy flavor contributions to F5 are rather large in the region of lower values of .
QCD precision analyses require the description of the heavy quark contributions to 3—loops.

Complete analytic results are known in the region Q? > m? at NLO for
F2QIC;2 (z,Q?), g?g (,Q?). They are expressed in terms of massive operator matrix elements

and the corresponding massless Wilson coefficients.
F29(2,Q?) is known to NNLO for Q2 > m?.
The calculation of fixed moments of the massive operator matrix elements at O(a?) has

been finished for N = 10,12, 14

— F2%(z,Q?) to NNLO for Q2 > m?2.
— Logarithmic terms are known for all N.

We also calculate the matrix elements necessary to transform from the FFNS to the VEFNS.
First phenomenological parametrization to come up soon.

Moments of the fermionic contributions to the 3-loop anomalous dimensions have been

confirmed for the first time by an independent calculation.



