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Introduction
Polarized Deep—Inelastic Scattering (DIS):
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qts°® q*(P.qs° — s.qP°

= iEHUAUqul(Xy Q2) + ieuu)\a (P q)2 g2(X7 Q2) .

Structure Functions: gy (2) contain light and heavy quark contributions.
At 3-Loop order also graphs with two heavy quarks of different mass
contribute.

= Single and 2-mass contributions: ¢ and b quarks in one graph.
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Introduction

Why is the precision study of scaling violations important ?

» Extract concise polarized parton distributions

» Precise 3-loop corrections are needed to determine as(Mz), m. and
perhaps my,
» Input for high energy colliders like RHIC and EIC

NNLO: Present status in the unpolarized case :

S. Alekhin, J. Bliimlein, S. Moch and R. Placakyte, Phys. Rev. D 96 (2017) no.1, 014011 [arXiv:1701.05838 [hep-ph]].

as(M2) = 0.1147 4 0.0008

me(me) = 1.252 £ 0.018(exp) 003 (scale) T000 (thy)GeV,
mp(my) = 3.84 + 0.12GeV

m¢(m;) = 160.9 + 1.1GeV [all in MS scheme.]

Yet approximate NN LO treatment H. kawamura et al. Nucl. Phys. B 864 (2012) 399 [arXiv:1205.5727].
NS & PS corrections are exact . ablinger et al. Nucl. Phys. B 886 (2014) 733 [arXiv:1406.4654 [hep-ph]]:

Nucl. Phys. B 890 (2014) 48 [arXiv:1409.1135 [hep-ph]].
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Introduction

Status of the calculations: [first calculations ]

» LO anomalous dimensions:

K. Sasaki, Prog. Theor. Phys. 54 (1975) 1816; M.A. Ahmed and G.G. Ross, Phys. Lett. B 56 (1975) 385.
» NLO anomalous dimensions:
R. Mertig and W.L. van Neerven, Z. Phys. C 70 (1996) 637; W. Vogelsang, Phys. Rev. D 54 (1996) 2023; Nucl. Phys. B 475
(1996) 47.
» N2LO non-singlet anomalous dimension:
S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 688 (2004) 101.
» N2LO non-singlet anomalous dimension oc TF:
J. Ablinger et al. Nucl. Phys. B 886 (2014) 733.

» N2LO anomalous dimensions in the M-scheme:
S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 889 (2014) 351.

» Present calculation: first independent recalculation of all
contributions of o< Tr

For %(72),138 and 'yc(,? these are the complete results.
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The polarized massive operator matrix elements

Example: A( )

A 3¢/2 [ 40
R T (R S

1
+2860.0 + 248 + 21 [19 + 660 + 146 Q]) §< i) 2009 - 209 — 860
—1080] + 30 [0 1 = 2Np} 49DV 50N 125D — wﬁ‘,) — 261~ 2614

L
+6§m( 3, “) [’)52) 752) + 36 + -5;30@]) + *( LA

+40 o
Yag |%99.Q

e + oG -2 - 0 4] + L[y <°J{z~/qq 0 - 0%

+2h00} = (Ne + D930 +99 {0 + Gdn} - 850 +4Boab + 255
ami™" 1)4(0) o 0,0

+— [727‘” + 35"11 Fog T 20my ] +0my gy [fygg - 'yq,, + 200 + 45, Q]

7(5171(2_1 );/’((,2)> + a(s)

(k) (k)

ik — anomalous dimensions; aj;
2(2) _
Ygg — 'qu /NF

In total: 7 massive OMEs.

— constant parts of lower order massive OMEs
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Feynman rules corrected

o
Pl pro.d

1
P30 pyvb P2, v b 3, A c

Figure 1: The four-leg polarized local operator vertices,
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e a0 (1 s P2 ) — S fc O™ (s s 1))
) = (AR AT A g AN e R. Mertig and W.L. van
vs
s o) S A+ A Y0 Neerven. Z. Phys. C 70
=
areiar s S A+ A (1996) 637, to be corrected.
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The Larin Scheme

The following D-dimensional treatment of ~s is used

S. Larin, Phys. Lett. B 303 (1993) 113

Y= 245/Lup07 ¥y,

A,YS = éguupaA#'VV,yp’yg'

Evpoe® ™7 = —Det[gl], B=a, N7, w=pv.po

For the external massless gluon and quark lines one has to use the

projectors:
PG — (AP Ap, G,
g N¢ —1(D - )( -3) g
~ij — 5. ( ) Il
PaCi %i sNe(D 2)(D 3)Cnvpalt G|
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Transition to the M scheme

>

>

The use of any consistent scheme for -5 will lead to violations of
Ward- and Slavnov-Taylor identities, which have to be restored.
This applies in particular to the HVBM scheme c. 't Hooft and M.1.6. Veltman, Nucl.
Phys. B 44 (1972) 189; D.A. Akyeampong and R. Delbourgo, Nuovo Cim. A 17 (1973) 578; A 18 (1973) 94; A 19 (1974) 219,
P. Breitenlohner and D. Maison, Commun. Math. Phys. 52 (1977) 39; 55. and the Larin scheme s. Larin,
Phys. Lett. B 303 (1993) 113

Finally, one would like to present the results in the MS scheme.

The NLO calculations by Mertig and van Neerven and Vogelsang are
believed to be in the MS scheme.

Van Neerven et al. in Y. Matiounine, J. Smith and W.L. van Neerven, Phys. Rev. D 58 (1998) 076002
have formulated corresponding criteria at NLO, now called the
M scheme.

They also apply to the 1/¢ term at NNLO.

However, a rigorous explicit proof that all the Ward- and
Slavnov-Taylor identities are fulfill from NLO on, has still to be
performed.
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The calculation methods

For most of the OMEs we use standard integration methods like:

>
>

>

v

>

Generation of Feynman diagrams by using QGRAF by P. Nogueira.
Dirac and color algebra by using FORM and Color by J. Vermaseren
et al.

Reduction to Master Integrals by using the package Reduce2 by
A. von Manteuffel.

pFq methods

Mellin-Barnes integrals

Ordinary differential equations mapped to difference equations
[decoupling using the package OreSys]

The creation of recurrences using the (multivariate)
Almkvist-Zeilberger algorithm

Solution of the recurrences using difference-field theory as encoded
in the packages Sigma, EvaluateMultiSum, Sumproduction by
C. Schneider.

Special functions and Sums are dealt with the package
HarmonicSums by J. Ablinger.

For detailed references on the integration methods see e.g.: s, c schneider, int. J.

Mod. Phys. A 33 (2018) no.17, 1830015
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The calculation methods

» These methods do thoroughly work for
NS,(3) 4PS,(3) APS,(3) A(3) ®3) B3

Aga.Q ’AQ_q 7Aqq,Q_ 1 Adg,0 Aga,Q tand Age.q since t_he

corresponding master integrals have first order factorizing

representations.

» In the case of Ag; this is not the case, due to the shift €. Here
elliptic terms contribute in the master integrals.

» These terms do not contribute to the anomalous dimensions.

» Way out: calculate, using the IBP relations, a sufficiently high
number of moments using the associated recursions and form the
corresponding massive OME.

» All pole terms are free of elliptic contributions.

» Use the method of guessing m. kauers, Guessing Handbook, JKU Linz, Technical Report RISC 00-07]
to determine the corresponding recurrences, which are solved by the
package Sigma.

» All these recurrences factorize at first order.

10/25



The calculation methods

color/¢ order | degree
CrTZ 7 68
CETEC 3 17
CFTENE 7 68
CETENEG 3 17
2T 22 283
CTrén 6 32
C;%— TE<3 2 10
CaT 10 85
CaTECH 3 12
CATENE 14 131
CATENEG) 4 16
CFCATE 30 484
CECATEC 8 46
CFCATECS 3 19
CATF 30 472
CaTECo 10 57
CATFSs 4 19

A survey on the different contributing recurrences for Agg), at O(1/e¢).
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The calculation methods

The anomalous dimensions, as correct also for all pole terms of the
massive OMEs, can be expressed in terms of nested harmonic sums

J.A.M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037; J. Bliimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018.

N

(sign(b))
= Y k|E>| Si(k), Sy=1 ,b,a; € Z\{0}.
k=1

The splitting functions are corresponding written in terms of harmonic

polyloga rithms €. Remiddi and J.A.M. Vermaseren, Int. J. Mod. Phys. A 15 (2000) 725.

Hp 1(2) = / dxfo(s(x),  Hy=1,b,a € {0,1, 1},
0

over the alphabet
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The two-loo massive OMEs

Example:

(2),NS
q9,Q

—(2),NS
q9q,Q

Ry
R>

R3

“ TF{ 54N3(Il?v1 S A <2(23J’FV?’IVVI3)N2) B 251><2
—%51 + %052 — §53}

e sty (Lo~ 9o
s Dseis)

72 4 240N + 344N? + 379N° + 713N* 4 657N° + 219N°,
—432 — 1872N — 3504N? — 3280N°> + 1407N* + 7500N°
+9962N° + 6204N7 + 1551 N8,

—12 — 28N — N® + 6N°> +3N*. [Larin scheme].
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The finite renormalization from the Larin to the M-scheme

The anomalous dimensions have the following representation:

PNSM Zak“vf,f, ),NS,M
W= Zak“%(, , ij€{a.8}

,ygb)NSM _ ’qu)NSL+252(%a

,Yg:‘lv)PSM _ ,Yc(’q)PSL’

'Vgg)M = WEJg) + 7<(7g) c(vq)7

= o

" = 'Vé?’L-
AR = B2 () 2) + 20
AP 7((m),1>s,L+4ﬁ ¥,

= D o (- ().
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The finite renormalization from the Larin to the M-scheme

Wéf,LM _ 7(2)L ,y(l) z(l) ,y(o) ((m)’
2),M 2),L
'Yég) = Vég) )

The Z-factors are given by: v. Matiounine, J. Smith and W.L. van Neerven, Phys. Rev. D 58 (1998) 076002;
S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 889 (2014) 351.

(1)
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2),NS
zc(vq)

(2),PS
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The polarized anomalous dimensions up to twoloop order

The LO anomalous dimensions:

3N + 3N?
o - Cbr{72(2+31§+3 )+851}

N(N+1)
C8(N-1)
A0 — N )
lag G Ty
0 _ 42+ N)
S i

= TF\F;M' {
The NLO anomalous dimensions:

"/g(,;)'NS = CF{TPE\“'F

16
11685 + <—m + 3251) S_,+165_5— 325,2,1] }

‘ P 16(1+ 2N)
2 3
+C*'{ NI+ NP T <N2(1 TN

32 i 6451> S_y— 325 5+ 645,2,1},

2(24 + 11N + 11N?)
v o 85
3N(L+N)

4P 160

32 Py 536, 88
— 5+
NI N g T

S1— =5

Oyl —o0—2 27
teloma i T o 3

8
- 3252) Si1+

N(L+
16(2+ N)(1+2N + N?)
N3(1+ N)?

—328; + <

A DPS = CpTpNp

Taq
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The polarized anomalous dimensions up to twoloop order

The NLO anomalous dimensions:

8(N —1)(2— N +10N3 + 5N4)  32(N — 1) 16(N — 1)
O — O ToN» _ 2
Tag Cr Ty \*{ N3(N +1)3 + :‘\72(N+1)Sl N(N+1)Sl
16(N — 1) 16P; 64 16(N —1)
+ NN 1)32} + CATpN l-{ MV EIP x‘\“'(N+l)QSl + N +N)Sl
L6V -1) 1)
\(1+w)s+ (1+1\")S2 :
oo [32e+NE+5N) 322+ N) 8P;
(1) N —
o Cry Te! F[ IN(N +1)2 N | T e e
812+ 22N +11N%) . 82+ N) 2, 82+ N) 16(2+ N)
3N2(N +1) NN DTV NN )T NN
+C2 42+ N)(L+3N)(=2- N +3N>+3N%) 82+ N)(1+ 3N)S
F N3(N + 1) N(N +1)? !
8(2+N) o»  8(2+N)
N TN [
8Py 32P, 160 ) 4P
() N O _ 32k 160 w) 4
Tag CrTrNr N3(1+ Ny + CaTieN F{O[\”(l+1\") Sl} +(‘4{ IN3(1+ N)?
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The contributions to the polarized three-loop anomalous
dimensions o< T¢

162+ NP [162+ NPy 32(N -1+ N)
TNS(1+ N NiI1T+N)T N2+ N)E P
8(N —1)(2+ N)(2+ 3N +3N?) 32N = D)2+ N) 5
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8(2+ N)(14+ 23N + 11N%) _ 224(N —1)(2+ N)
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64(N — 1)(2 + N) 192(N — 1)(2 + N) 3} N CFT‘%N?{ 64(2 + N) Py

e = C%T,.N,.{ Sy
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S
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64(2+ N)(6 4+ 10N — 3N? + 11N?) 32(N —1)2+N) .,
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NP 8Py 2
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S 5
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‘ 3N2(1+ N)? M+ Ny N2(1+ N2
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The contributions to the polarized threeloop anomalous

dimensions o< TF
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The contributions to the polarized threeloop anomalous
dimensions o< T¢

50 = C2Tp 2Py 32(2+ N)Pys | 208(2+ N)
Yoo T VPP QTN DN NP 27N (1 N BN(L+ N)
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T NI+N) C"} * CFCATF{Q?(N— NEESYE [ 27TN3(1 + N)?
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The contributions to the polarized threeloop anomalous

dimensions o< TF
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The first moments

'Ygg)(N = 1) = 2Bk, k20,
11 4
Bo = ?CA - gTFNﬁ
34 20
pr = *CE\* *CATFNF*‘*CFTFNF,
~ 1415
B2 = _7CATF_7CACFTF+2CFTF+7CATF

-‘rfCFTF + ECATFNF + ?C[:TFNF s

FWOPSIN=1) = —aTeNe IV =1), k=12
k) NS(N ) _ 0’
FON=1) = 0, k>0,
W(N=1) = 6C
WAIN=1) = —%CFCA+18C§+§CFTFNF.
@Dn=1) = —ECACFTF+214C£TF+@CFTE

208
+—CFTFNF + 288CF Tr(Ca — Cr)G.

22/25



The small z and large N expansion

Small x terms:

predicted: . Bartels, B.I. Ermolaev and M.G. Ryskin, Z. Phys. C 70 (1996) 273; JB and A. Vogt, Phys. Lett. B 386 (1996) 350.

» direct agreement up to 2 loops

» at 3 loops: described by physical anomalous dimensions woch et al, 2014
No phenomenological dominance of the leading small x order in all terms,

e.g.

(2),PS _

128 1

La rge NEg terms: predicted: J.A. Gracey, Nucl. Phys. B 480 (1996) 73; J.F. Bennett and J.A. Gracey, Phys. Lett. B

432 (1998) 209.
Agree e.g. with the combination

2Q>

S1+

27N3(1 + N)3

64(N —1)(N +2)(3 + 7N + 7N?) s

72 4 =@ TR _ 4C, T2 8Q
g8 89 _(0) - - F 2 2
79 27N2(1 + N)
4Q3
4CET?|— -
HACE T T N Ny

IN3(1+ N)3

1
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The splitting functions in z space

2),PS
Example: P(q)

P@TS = CHTNp{ —192(1 - 2) + 16(—25 + 1142)Ho — 8(32

., 32 —
H5 + 3 (=5 +62)H; xHo,,1 + 128(1 + 2)H11 + 128(1 + 2)Ho 10 — ( 320(1 + 2) + 128(1 — ;u—x”>
xHo_1. -1 = T04(1 + 2)Ho g1 — 384(1 + 2)Hog 01 + 64(1 + 2)Hog1

16
5

7¥(| ol - (1-2) (zouo +192H, — son;;) H—(1-2) (nu + |60Il«>llf
+128(1 + 2)Ho 10 + (— 5

—91+ 1342) — %(29+47z)HH —16(1 — 2)HZ

208(4 +32) + 32(~13 + 192)H, + 32(1 + 2)H3
H160(1 — z)Hy — 32(1+ 2)H_y +64(1 + 2)Hpy — 64(1 — :yHH_,,)Q

+320(1 — :)H,) Hyy +64(1+ 2)H3, — (—1+23z) + 384(1 + :)Hu) Hoo

107 + (7 25+ 262) + 64(9 + 13;)1—1(,)4,}

+ ((51(77 +82) — 128(1 + Z)Hn)Hn“ +576(1 + z)Hog01 — 64(1 + 2)Hog11

—320(—2+ 2)Ho + 192(1 + 2)H} | &2

—128(1 4 2)Ho, 01 + (11.»(04 +

—?(1 +2)G + (ﬁa(—n +212) — 448(1 + ;)Hn)(,}
e J 5504 61 32 5, 61
+CpTENE (1= 2) = 35(=05 4+ 43:)Ho + (23 + 1721 + (14 2)H,

128 160 128 256
*T(l —2)H + T“ —2)H} + 5 (=5 42)Hpy — T(l + 2)Hpo1

2gm (s 2o som)e s oo}

142048

+CpCaTrNF: o7

-2+

7;?(22:.7 +88992) + 1184(1 + 2)H_;
27

~160(1 + z;l—l’l)ﬂ(,Jr (2(42“ 11512) - 272(1 + :)H,,)Hﬁ - g(m

(1= 2) + 544(1 — 2)Ho — 264(1

3+ (L2

1—2)+160(1— z)Hu) Hi+ %a —)H{+ (%zm +4402)
—16(=45+ 312)Hq — 112(1 + 2)H3 — 3201 — 2)H, — 128(1 + 2)H ,)n“

— G4(—13 + 2)Hy — 96(1 — 2)1}

—64(1+ 2)H3, + (71181(1 +2

+320(1 + zyu,,)u‘,_\ +64(1 - 2)HE | + ( (—44+ 672) + 448(1 + :)Hu) Hooa

3

z Hu)Hw/v—\ + (7 3

+(zz4(75A3: 49+u:)+12&(1+z]ﬁ(,)
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Conclusions

» We have calculated the contributions o Tfg to the polarized 3—loop

anomalous dimension qu?)(N) and the associated splitting functions

in a massive calculation.

» We agree with the previous results in s woch, 1AM Vermaseren and A. Vogt, Nucl. Phys. B

889 (2014) 351

» The method of arbitrary high moments was instrumental to derive
this result, since intermediary elliptic and higher terms are canceled
in this way.

» Large difference equations have been solved by applying
C. Schneider's package Sigma.

» A similar, but even larger difference equations have to be solved for
the O(<°) term.

» As by-products we also obtained the complete LO and NLO
anomalous dimensions and ;.

25 /25



	1. Introduction

