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1. Infroduction

-

Loops and Legs:

Feynman diagrams describe elementary scattering
processes between bosons and fermions in Quantum Field
Theory (QFT). Here we will thoroughly refer to
renormalizable QFTs.

Where are these techniques important?

1. Perturbation Theory of the Standard Model and its renormalizable extensions.
String amplitude calculations

Perturbative calculations in Gravity

> N

non-relativistic field theories in vacuum and at finite temperature and/or density

We will calculate Feynman diagrams. These are skeletons according to Feynman rules,
connecting vertices with propagators.

They possess external lines: The Legs. J
They possess internal closed lines: The Loops.
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INnfroduction

- N

Why are these calculations important

1. Precision extraction of coupling constants: a,(Mz)@1%

2. Do couplings unite at high scales and in which field
theories?

3. Precision measurements of m., m;. m; at LHC and a
future ILC

4. Precision understanding of the Higgs and top sector (at
the LHC, ILC and possibly other machines)

5. Unravel the mathematical structure of microscopic
processes analytically: get further with the
Stueckelberg-Feynman programme as far as you can.

L — Genetic Code of the Micro Cosmos J
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2. Perform all Momentum Infegrals

- | | o N

We would like to outline an algorithm to first perform all
momentum integrals in D-space. D =4 + ¢.

Example: - 1
| @ & kP —m2i2

How to integrate this and related loop integrals of more
general kind ?

dPk;.. /de - L - linear function
/ g H (pi[L(Kj5qa)])? — M7

k; loop momenta Ja external momenta; m >n

Integrate Loop by Loop.

LMost of the higher loop integrals are very difficult to compute analytically. J
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Feynman’s Trick

Combining scalar propagators:

1 /1d 1
—_— f— x
a-b o |ra+ (1 —2x)b?

1
1 _ / dxl...dmNé(l_ml_m_NxN)
ai...an 0 - N i
Zaimi
_1—=1 i
L _ Dr@) [ a1 —a)Pt
a® - b8 F(OH—B)/O [xa + (1 — z)b]eth’
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Momentum Integrals

fThe procedure is fully algorithmized to any loop order and for any T
number of legs.
The Feynman-Trick maps all loop integrals into a form, in which the
momentum integrals can be carried out analytically in an easy
mannetr.
Feynman-parameter integrals, however, remain to be done
afterwards too.
Example:

1 1
dPk = Dk/ d
/ [(p — k)2 — m2][k? — m?) o (k2 = 2pka + op® — m2)?
k/

/d
_ /1d L
/d

(G 420 =2 = 2

a:/dD
x/dD

2(w)

k' =k — pzx; dPk = dPk/; M? =m? — z(1 — z)p°.
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Tensor Infegrals

-

The Treatment of Numerators:

N = No+ Nalp Ly + Nalpo Lo lusly, + ...
Iy = /dD L f(1%)
I, pipe /dD”ulluzf(lQ) = QMTM /le 1 f(lQ)
Iy, M1 U3 e /le lu1lu2lu3lu4 f(lQ)
_ GpipaYuspa T GpinsJuopa T Guipa9uaps /le I £(12) etc.
D2 +2D

Higher projectors are easily constructed.

2k+1

/le [T twr@® =o
=1

o |
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Evaluating Loop Integrals

-

Momenta are given in Minkowski space, which has
no metric.

Need to perform a Wick rotation to Euclidean space.

k= (ko; kp_1)
ko — ik,o
+ o0 + o0
/ dkddeM . dkM z/ dkl dkE ... dkE
— 00 — 00
k2, — —k2—k®=—k%
1
I = dPk
/ M k2, —m2)!
1
= (-1 —l/de
/dD’“M (k3)" - z’(—l)n—m/ Ok (kp)"
(2m)P (k3 —m?)! (2m)P (k% +m?2)!

o
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The D-Dimensional Integral

/oo 0 ?“D_l T2n _ (mZ)n—H—D/Z /oo 0 x2n—|—D—1
o T m?) o L+ a7

1 00 yn+D/2—1 1 D D
= —/ dy :—B(n—i——,l—n——)
2 Jo (1+y)! 2 2 2

1T(n+ D/2)T(l —n — D/2)

2 T(l)
R e R U
I(1+e)exp(yge) = 1+ %82 — %”63 + %54 — % (g5 — 2C2C3> ed...
S: = exp{(yp—In(am))}

o |
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The Final Integral

. . 1 £ I'n+24¢/2)I'(1l—n—2—¢/2)
Io= )" S g exp [_EVE} (1+¢/2)0(1 +/2)0(1)
X(M2)n_l+2+€/2
= 4(—1)"ls. 62 Bn+2+4+¢/2,l —n—2—¢/2)

(Mg)n—l—i—2—|—€/2
1+e/2)T(14¢/2)

X exp [-%’YE} (

Beta-functions possess an e-expansion free of v .

M2

e/2
S ) (M2)n—l+2
)

7 = FP(=pP)? =g (

Finally, put S- = 1 after all integrals have been performed. = MS Scheme

Remember that M? = M?(x1,...z;) - and there are lots of nontrivial

integrals ahead!
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Poles in Feynman Integrals

fFeynman diagrams may diverge. The degree of divergence is expressed by the —‘
pole-strength in O(1/£%).
In case of absence of infrared singularities, k£ corresponds to the loop order.
Example: previous integral withn =1 =1

R e 1 T(B+e/2)T(-2—¢/2)
= g ] DA
X(M2)2+5/2
M2\ €72 2 1 (9

o oaga (M7 —Z — |zt i

oy (/ﬂ) { ~+1 <2+4)5}—|—O(6)
a — 92

1672
2 = 1—|—ln(m)€—|—%lﬂ2($>52"'

Removal of Poles:

o |
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3. Genuine Feynman Parameterization

Since momentum integrals can always be performed, one may derive combinatoric
expressions for Feynman-parameter integrals a priori.

I'(v —1D/2) o yv—(+1)D/2
Ig = — dxr;x o1 1— X;
| [ F(Vj) [}_[1 jv ] ( ; ) Fv—ID/2

Jj=1

U, F - Symanzik polynomials.

D zi(=qf +m3) = —ZZkaSjLZ%QTJrJ
j=1

r=1s=1
U = det[M]
F = olet[M](J+QM—lQ)i

2
W
One may express the Symanzik polynomials ¢/, F also using the language of

spanning trees and spanning 2-forests.
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Genuine Feynman Parameterization

q1 q2

Example: G'
p

44 as

The Symanzik polynomials are given by:

- N

Ny
|

(x1 + x4)(xo +23) + (x1 + 22 + 23+ + 4)25

N
I

(21 4+ x2) (3 + 24)x5 + 124(22 + 23) + T223(21 + X4)]
9
—p
<(5)
[
Bogner, Weinzierl: 1002.3458

o |
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4, Methods o Evaluate Feynman Parameter Integrals
1. Integration by parts technique
f 2. Mellin-Barnes techniques T
3. PSLQ: zero-dimensional integrals
. Guessing: one-dimensional integrals
. Generalized hypergeometric functions (and extensions)

4
5

6. Hyperlogarithms
/. Risch algorithms
8

. Solution of master-integrals using difference and
differential equations

9. Summation techniques: construction of difference and
product fields

10. (multivalued) Almkvist-Zeilberger algorithm ... and

L others. J
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Integration by Parts Technigque

-

Obtain a homogeneous difference equation for a
Feynman-integral by using Gauf3’ Law.

0
[ a2k pf (k) = 0

0
Example: i
_ D 1 .9
F(a) = /d k(k2 P Operator : 8kk
D 2a(k?> — m? +m?)
0 = /de [(k:2 “m2)e (k2 — m2)atl
(D—2a)F(a) = 2am?*F(a+1)
_ D-2a+t2 o (=D D/2es
Fla) = 2(a — 1)m?2 Fla—1)= I'(a) (m2)* 1 h
I, = —ixP/?r (1 — g) (mQ)D/Q_l [Master-Integral]
(), = TI'(a+n)/I'(a) [Pochhammer symbol]

L —> Difference or differential equations to be solved. J
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The PSLQ-Method

- N

Seek an Integer Relation over a basis of special numbers
out of a special class.
B L Lig(x)
1 _/0 dx e

Example:

The integral is of “transcendentality” = = 4.
The expected HPL(1) basis is spanned by:
In*(2), In(2)¢s, In?(2)¢, (3, Lia(1/2).

Calculate this integral numerically to high number of digits, e.g. 40 digits.

I =~ 0.3395454690873598695906678484608602061388

The PSLQ algorithm yields:
4

I PR S _n2 o (1
[ o= = '@+ =+ S @)G o+ () 2L4(2)

( )k: 1 (27T) BQk’

L Cor = 22! . B, [Bernoulli number] J
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Guessing Difference Equations

- N

It is often easier to calculate Mellin moments for a quantity
for fixed values of N than to derive the relation for general
values of N in the first place. If the quantity under
consideration is known to be recurrent than its difference
equation is of finite order and degree.

o)
3y PO(NYF(k+ N)=0; max{l} - degree; O - order
k=0

Example:

—(N4+1)3F(N)—(3N? =9N —)F(N+ 1)+ (N +2?F(N+2) = 0

F(1)=1; F(2)= %

N
L Solution: F(N) = Z ig = S3(N J
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Guessing Difference Equations

- N

Solution of large problems.

Assume you would like to calculate the massless 3-loop Wilson
coefficients in deep-inelastic scattering using this method. How
many moments would you need and how do they look like ?
About 5200 moments are needed. The largest ones are ratios of
#13000/#13000 digits. They are calculable in 15 min.

After 3 weeks you will find a difference equation of degree ~ 1000
and order 35, if you have a reasonable computer (100 Gbyte RAM).
After another week you have the solution as function of V.
Problem: It is sophisticated to obtain the input a priori. Combined
solution-methods do work, however, to O(1500) moments.

Recent result: a 3-loop anomalous dimension computed from scratch.

o |
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Generalized Hypergeometric Functions

- N

At lower number of legs and/or loops Feynman integrals happen to
be represented by these functions.

After suitable mappings these functions have compact
representations in infinite (multiple) absolutely convergent sums.
This allows for the Laurent-expansion in £ under the summation
operator.

Important Examples:
1. B(a,b)

2. pFq(ai;bj;x); always single sums
3. Appell functions; double sums

4. Kampée de Feriet functions, Horn functions and higher; more sums

The sums may be expanded and summed using algorithms like
nestedsums, xsummer, HarmonicSums, Sigma, EvaluateMultiSums

o |
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Generalized Hypergeometric Functions

-

Example:
Integrals of the following type emerge:

1 1
I A (e L R (e A (RO

1
= B(B,’y—ﬁ)/o dyy® (1 —y)" 2F1 (e, B;; y2)

= B(B,y—B)B(6,n—0) 3F2(6,, B;1,7; 2)

All , F;’s have single series representations. One series counts as one integral.

o0

(al)k...(ap)k Zk
Fo(at,...,ap;b1...b4;2) =
pFa(a, ... ap;b1...bg; 2) ,;) (b1)5...(bg) s k!

o
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Mellin-Barnes Integrals

- N

Used to resolve sums in denominators. In a way a counterpart to
the binomial expansion of numerators.

1 ]gimﬂ RGO CRo J—
(AT B)  [oivotn r(e)

The contour integral covers the residues and closes either left or
right.

One may use Beta-functions and (generalized) hypergeometric
functions to perform the integrals further.
Important: One has to be able to undo the Mellin-Barnes integral(s).

1. Barnes Lemmas; map to I'-functions, (in the most simple cases).

2. Residue theorem — leads to nested sums — use SIGMA.
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The Method of Hyperlogarithms

- N

1. Assume that a Feynman parameterization exists, which is multilinear in all parameters.

2. Assume that the integration procedure maintains this property in one order of
integrations

3. Assume, the integral has no poles in ¢; or find a method to deal with it.
4. Then: the integral can be organized fully in Hyperlogarithms.

5. Hyperlogarithms are Kummer-Poincaré-Lappo-Danielevsky-Chen-(Goncharov)
iterated integrals over an alphabet, the letters of which contain further integration
variables in the multilinear sense.

6. Very many of them have coefficient zero in the final result.

7. Invarious cases the multi-linearity may not persist, but a solution can be found as well
in extended function spaces.

T dxy T1  dxo Tk—1  dxy
Lal,...ak (ZU) :/ —/ —/ —,a] € C
0 1 —ai1Jo T2 —a2 0 L — Ak

o |
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Summation Techniques

- N

The integrals can usually be traded for a lower number of sums
(finite or infinite).

Solve these sums for IV and/or in terms of special constants.
Principal Idea:

1. Sums may be considered to form vector spaces, algebras, and finally fields.
Consider difference and product fields.
Implement relations due to difference equations

Telescoping, creative telescoping, and other principles.

o &~ 0D

Try to solve the recurrences; possible for most sums occurring from Feynman integrals.

Telescoping: Find a function g(k) such
f(k) = g(k+1)—g(k)
N
F(N) = > f(k)=g(N+1)—g(1)
k=1

L: nested sums algebras = bases J
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Differential Equations
The IBPs deliver a vast amount of differential equations forming
fsystems, which are nested hierarchically. T
Provide boundary conditions [usually using other methods]

Perform uncoupling of these systems

e In case of complete 1st order uncoupling: &4 complete solution

algorithm in case of any basis choice for 1 parameter systems
All solutions are iterative integrals over whatsoever alphabet:

I3 dy fa(y)Hz(y)

e Irreducible nth order systems (n > 2): present target of research
even in mathematics; good prospects in case of 2nd order systems
[convergent near integer power series (CIS)]

At least one function is given by a definite integral, others iterate on.

L:> iterated integral algebras — bases J
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5. Function Spaces

Sums

Harmonic Sums

gen. Harmonic Sums

1/2)k 1)
Z(/) Z( )

Cycl. Harmonlc Sums
N

P e
3
o 2k+1) i
Binomial Sums

i kiz (2:) (-1

k=1

/da:
0]

Lshuffle, stuffle, and various structural relations —> algebras

J. Blimlein

In(x)

Feynman Integral Calculation

Integrals
Harmonic Polylogarithms

A
1+ 2

gen. Harmonic Polylogarithms

b =

Cycl. Harmonic Polylogarithms
/"3 dy /y dz

o 1+vy2Jg 1—2z+ 22
root-valued iterated integrals

/"3 dy /y dz
o Y Jo zv1+=z
iterated integrals on CIS fct.

4 5 2 2 2
3135 < —9
2 (z%+3)

z—3

+a:'2

A. von Humboldt Kolleg, Kitzbuhel, June 2016

Special Numbers

-

— —92Liy(1/2) +

multiple zeta values
/1 0 Lig(x)
0 1 —|— T
gen. multiple zeta values
/1 In(z + 2)
dx ———=
0 r — 3/2
cycl. multiple zeta values
— (=1)F

- ;::O (2k +1)2

associated numbers

= L12(1/3) + ...

Hs g = 2arccot(v/7)?

associated numbers

1 4 5 2( 2 2
/ daszl[g,g‘x(x _9) :|
0 2 7 (22+3)?

|

—p.25/29




integral representation (inv. Mellin transform)

<_— =
|7 C-Logs H-Logs G-Logs ‘
H(4,1),(0,00%) H_ 11 () Hp 3 (%)
<~ /

—

Mellin transform

= X
J J
Q —

T <X
/ Y224+ X \\

W

———

=< I == ]
Y
H4,1),0,0(1) Ho11(1) Ha 3 (c)
<~ =<

power series expansion

square-root valued letters «<= nested binomial sums (2;)

non-iterative iterative integrals = lterate on CIS > F}’s: rat. argument:
\_ (special cases: complete elliptic integrals) (found last week) J
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6. Some Recent Results
Massless 3-loop results: anomalous dimensions & Wilson

coefficients: harmonic sums only

Massive 2-loop results: Wilson coefficients: harmonic sums only

Massive 3-loop results: DIS Wilson coefficients and OMEs

all other structures above; also expected for pp — ¢ and similar reactions at
NNLO.

Status: 7 of 8 OMEs /; 4 of 5 Wilson Coefficients /.

omP15: 6.5% = 3% after NNLO corrections are finished

Only then: NNLO DIS QCD analyses at larger scales Q? are
consistently possible. Improved value of as(M%) and of 2G(x, Q?)

The relevance of small = predictions can only be judged then.
PS-case: leading term by CCH correct, but nowhere dominant
[found 23 years after]

Lots of new technologies and mathematical insight for QFT as a whole. J
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