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1. Introduction

THE DOOR TO THE VERY SMALL 1S OPENED BY
MICROSCOPES.

ROBERT HOOKE (1635-1703)

Remake of the original microscope Observation of cork cells
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DEEPLY INELASTIC SCATTERING

P Jet

space-like process :

q2 - (l =y l’)lz = —@'2 <0
w? = (p+¢)° =M,
@ P
£ = —, y = —
2p.q p.l
0<=zy<1
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STUDY OF THE NUCLEON STRUCTURE

CHADWICK STERN HOFSTADTER

FRIEDMAN KENDALL TAYLOR BJIORKEN
DirAac MEDAL 2004

FEYNMAN Gross (LL2004: ApriL DESY) PourrzEr ~ WILCZEK
NOBEL LAUREATES 2004
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THE RESOLUTION OF THE NUCLEON MICROSCOPE

Examples :

2 L A2
Q" ~ 0.5 M |||

p T
Charge Distribution

Scaling

Q? ~ 10...500 - M? |

Violation of Scaling

IF THERE ARE NEW COMPOSITENESYS SCALES. ONE MAY FIND
THEM IN THE FUTURE.

Q° > 10" GeV?, 1GeV? ~ M}
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THE EXPERIMENTAL FACKS

HOFSTATAER et al.

1qst ies
OLSON, SCHOPPER, WILSON
A9%A

" L

FIG. 4. Charge distribution for the proton and the
neutron implied by the form factors shown for the
fit (b) in Fig. 2(b).

NUCLEUON S ARE COHAP O < \ T E N



WHEN 1S A PARTON 7
S. DRELL: Infinite Momentum Frame: P - large

Tint < Tlife

- 1 B 4APx
" e Q*(1-a2)

- 1 B 2P _ 2Pz(1 - z)
e Y E-E T, +MY)/z;i-M2 T B

Tin o 2’1':{]1_

nile  Q%(1 — x)?

Stay away from 2 — 0, since x P becomes too small.

Stay away from z — 1.

Q* > ki.
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MAIN RESEARCH OBJECTIVES :

& Precise Measurement of o, (M7)

& Reveal polarized and unpolarized parton densities at

highest precision
& Precision tests of QCD

& Find novel sub-structures

%—> Perturbative QCD :

NNLO calculations using new technologies
—  Lattice QCD :

Calculation of certain non-perturbative quantities a prior
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UNIFICATION OF FORCES AND @

LHC &

25 |

LC/GigaZ

24 | _
1101"5
Q [GeV]

P. Zerwas, 2004
oae(0) ‘ OO = v M2) _
——r 3 - w10 & L2-10

al0) O as(M7)

8
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2. Basic Techniques

dO,DlS — 1
p ’XZ\M I” = 0 Lo W™, pure 7y exchange.
Ly - calculable
W — not calculable

Parameterize: according to the symmetries P, T, C, etc.

Uy I 55
W = (_g“,,+ G )Wl(m.Qg)Jr PR Wy (e @)+ -
4 M,
& q.p
P’u, = ’p/‘“ = ?QL,‘ ;
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Tue PARTON MODEL :
R.P. Feynman, 1969; J.D. Bjorken, E.A. Paschos, 1969

ANSATZ:

LocAL SuB-COMPONENTS, THE PARTONS.

Wa(z, Q%) Zf da; f(x:)xi€30 (fl\j’“ - ?”)

— STRONG CORRELATION BETWEEN p.¢ AND Q?

— "MicRO CANONICAL ENSEMBLE”

fi(z) - DISTRIBUTION FUNCTION

q.p; = BP9, 2p9 =Q*/z, Mv=pg

Wz, Q) = Y _exfi(x) = Falw) .
Bjorken Limit :
Q? >0, VX

T = const.

Scaling :
MWy (v, Q%) — Filz)
yWQ(V?« Q2) - FQ('T")

SFB Meeting, March 3rd 2005
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Tue LicHT CONE EXPANSION :
Non-forward scattering:

Y AP P

Ty (P49, @) :f/ &'z €% (pa, S |T(Ju(@/2)Ju(—2/2))| P1, S1) -

py = P2t P1, p_=pp—P1 =@ — ®
1
g = 3l@+e), pta=pm+ae,

Generalized Bjorken Limit:

v=gpy —m, @=-¢ —m,

Scaling Variables:

Q7  ap- G-
§=—, ) i S 2
ap+ ap+ 2v
-~ RT (J,(2/2)J,(~2/2)S)

Ju(@) = Ple)y X))
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RT(Ju(x/2)Jv(—2/2)S)

—i: P(x/2{Suvpe — Epvpars )}y (105 D°(x))e* \j¥(—2/2) :
— [(z/2, B) < (==/2, V)]

+ higher order terms

~

S,u.upo’ = —S;u,purf = g',u.ugpd i gp‘pg’fwo' = gy,crgpv

euvpo  Levi — —Civita symbol

RT (Ju(2/2)(—%/2)S) =

1 "z’ - -
iy | ] -

X {% [P(s12)X5y" P(m22) — P(rax)A]” P(K12)

]\ ("ngﬂt’)‘A-— (“1, 52)

‘*% W'(Rtm)’%/\?’ng(mx) + ;b"‘(ngx)'m)\?fy”w(mx)]l i€ yrpor B4 (K1, K2)
4 ...,
Wilson coefficient :

Ajj(f‘\'._]-. H‘x_g)- = {‘_5(!‘{,1 = %)(S(hg + lz) + (S(H.Q = %)()(hl 4 %)] "

Light-cone vector :

=z ._C% ( / @3;-‘@))2 = g 2 = (:m‘:()!)) . =0
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r -1
RT (J.(x/2)J.(—2/2)S)~ / @5 Cr (=, K; u*)RT (O‘F(mf&, K.gi")S)
1

OF (et mad) = [ (o g T2 Bl ¥pa)

| Y

O"fn.l'nz (‘(E)')

O" (k1E, K2®) = Z

My MY
PR

iy gy
Ok} Ok

ny! ne!

I

O (K1, Ka)

Ol . ny (%)

iy =wg=0

—, —

(9" = 3" ..8" 3’,u,1---5p..n, (axial gauge).

O~ ., (&) = $(0)(a #)"'T(Z 8)¥(0) -
Current—Current Operator:
1
RT(Ja(2/2) 0 (—2/2)8) =~ 5 / D
X ECa(mg,fw, PR (g=u,,0‘“'(n+ B kg, p) — BuO) (K4 T, K&, ")
— &, 0, (K4 %, K-, /:,LQ)-);

_—r 2 - pPo ~ a ~ ~ 2y ‘

$#iCas(x” kg, - Ve’ Ep D0 (Kt Ty KT, P )]\ + e
Measure:

Dr = dh‘,ldﬁig-@*(l — K1 )19'6]5 + 51)'9'(1 — fﬁ]z)l@'(l + iﬁ:g)
= 2drydr_0(1+ ry + k_)O(1 + Ky — K-)
O(1 — iy +r-)0(1 — K4 — K—)
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1 - |
Ca(:xz, "y ko) = 27?2 (22 i i€)? 8(r+) Hé(“’_ n %) -0k + %)]\ .
1 a ‘
Cﬂ,-’i(zza K4, R_)‘ = 27!!'2 ng f:_ ‘3.5)'2 5(“’“‘”) ﬂé(ﬂ_ - %) + é&ﬁ_ + %)ih
0% (k1,k2) = —RTU (miE))\f’YaU(m, K2 )W(K2E)

—P(R2@)XfYa U (2, 1)k )] S,

02 ,(s1,h2) = 5RT[B(aBAGrs70U (k1 R2)i(s2%)
Fp(ra@)Nsys0 U (2, k1)9(51E)]S,

1 a
OC (k1,m2) = §RTHF Ay B)U® ®(k1,m2)F b (K2d)

v
+F“"" (Ko @)U (K2, k1) Fpy (k2] S,
A

-RT[F“’ (mm)U“’ (w1, &2)F ,A(mgm)
—Fﬁ‘)‘(ﬁ,gi)U“ (m,ﬁl)!FM(m:E)ul 5,

5;;1.1/(’“"'15”2) -

Gauge link:
Rl |

- i T 2 f
Uk, w2) = U(k12, ko®) = P exp {4'r,g /
J K

V2

dr 3" Ay (Ti)} .
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TwisT DECOMPOSITION

a, twistd

a @, twist2 a, twist3
a Oa, twist2 Oa, twist3 Da, twist4
05,6 = 5,@' -b— 5'6 + 5,6 .

.

O ool (_pg, kz) = ’W(—m)mww)—%/Sﬁm)--(m)w(—m)]'

- / 1| == t _m D‘
+ E | @ —— ) g :
k=1 '/‘; ( t ) ( 4 ) k!(k — 1!

X % [ ) (@b oste) — @\(m).(m)\w(—m)]’l ,

D=

0% W2 (_ i ki) = O TS (K, ki) = i 01 (— ki, KE)
009 traeerﬁes‘s(__nm, h’»:E)' — 0

i,aog, twist2 _ Oq., twist2 ’ #° Og, twist3 _ 0, #° Og._, twistd _ 0.
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FORWARD SCATTERING

Brandt, Preparata, Zimmermann, Erishman, Christ et al.
W,uw(p-qf)‘ = /me%qa:(p HJMQQE)UJUQQ')'MP>

-3
T Gy — 2Ty
x4(x2 — i)

A arn
?' -I; O‘I’"A,/ﬁ)ov (-/1/

T [jy'(;r)* J,,(O)] - + Opw

0 . € uwpOys (2 0)

b
2n2(x? — i€) " on2(a? — ie)

Oy (=,y) = . D@ v(y) — Py d(@) :
0% (z,9) = : 9@ — Py eP():
0" (z,y) = :PEn @ PE):
o@) = B0+ ], + 5T 00N me
¥

50

_ 1
O} vs(®,0) = Z —|r17‘“‘1 - :1:”""()‘#,',‘,51”,1’m”u”n(())

™.
=0

— Calculate anomalous dimensions for Operators.

— Only safe way to Higher Twists

Twist 2: LCE ~ PARTON MODEL

J. Bliimlein SFB Meeting, March 3rd 2005 16



Kinematic Domain

J. Bliimlein

SEB Meeting, March 3rd 2005
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H1 ZEUS + fixed target data

1 N | IL
H1 Collaboration

N t T | L IIlI!II T T l[lllll‘l T T 1 1 ITTTT T UL |||l|-|| T T I||1I|. T T |-:
. i x = 0.000050, i =21 « HI R . Bl
s 6r . ; x = 0.000080, i =20 1ep ]

| = = =() il 1= 1 !

m 10 E " o® .,Jw/ X= 00]0013, i=19 - ZEUS e+p E

I - X=u 20, 1= gl
r = - 0.00020,i= 18 :
.‘,w’*  x=0,00082,i=17 A BCDMS 1
10 50 ",l-/"l . X= 0.00050, i = 16 |
- Mn’ L. X=000080,i=15 o NMC
l--‘— '."'” g :
8 =0l @1‘ , i=1 -
’-’_')r" . e x=0.0013,i=14 i
4 l"'l x = 0.0020,i=13
10 = ./"/"'- w'_,rl".' -
% ~ x=0.0032,i=12 3
“rr Jf“"“' ]
- P e oups X =010050,i=11 1
il .-_'—.-*ﬂ. - &
10 30 e ot X 0.0080, i = 10 |
. _E 041’ i _."'_' e . él
a - ,.fflrv»r--w#—-t"- o Xx=00013i=9 1l
L o = (L, {020), i= g
2 | 09—#1”5&"" " .l"l"l’li"wf" .t."— = 0(02@’1 8
Cmndl - b —|
10 = oo s e emenvaSe e x=0.032,i=7 1
C GH-0 8 b
[ o8-8 . s amne gty & X=0050,i=6 -
s geaaeentt TS . :
10, I__ 0_.6'— 4 2 X My » g as e “.."_’ - 5 X= 0.@8{0‘, i=5 A
ot BBEANAY eyron SatGey g G 5 x=013,i=4 E
o8- Aodnty wu'.igrii_! x=013,i=4 ]
e e z_i; x=018,i=3 1
1 4
al 1
10 ¢ E
210 . J )
10>l = H1 PDF 2000
P extrapolation
10—3 1| ||||||l M) 1|||||n|' ) I |||||||' - ||H|n|l || 1] ||;|||\|‘ | |
2 3 4 5
1 10 10 10 10

10 2
Q% / GeV*
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Theory of DIS

‘69, QCD: '72

Parton Model |
polarized * unpolarized
Fixed Order PT: QCD

Leg 72

ght Cone Expansion [f] |

/

| Twist 2

“Higher Twist

s

O(axy)

'73.'74,'80,'97 '73,'82, 2004

Twist 3
Twist 4 ...

O(erl)

Special Kinematics
Domain: Small x

I=75, '86

Resummations 7

Higher Orders

—

Splitting Coefficient
functions

functions

O(ey)
'82,'92,2004

] More General View
Non-forw. scattering

kA -

Diffractive
Scattering

Angular Momentum: . G

New Algorithms
Novel Mathematics

J. Bliimlein

SFB Meeting, March 3rd 2005
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3. QCD Perturbation Theory to
O(a®), Aqcp and the PDF’'s

How can we measure (Q?) from the scaling violations of

Structure Functions?

AR N s
F’}'('T*Q ) = _f,.;,(.’Ii,/_L )@O’j ((13, —‘;5,15)

1 bare pdf 1 sub — system cross — sect.

= : : e M? M?*
= filx, ;_1,2) I, ((\-H( R*), —, r7>
s R-

N —

finite pdf=fi

2 M'Z
k 2 -

o —

i SEN
finite Wilson coefficient

Move to Mellin space :
ol
F,-(N) = / das:EN—le(:E)
JO

Diagonalization of the convolutions ® into ordinary products.

J. Bliimlein SFB Meeting, March 3rd 2005 20



RENORMALIZATION GROUP EQUATIONS :

R e

[Jv18+ﬁ(8 sl f(N) = ©
M 9)—g+’h()—-%()fk:( ) = 0

“MEQM +Ble )— - % (9)} CE(N) = 0

CALLAN-SYMNANZIK equations for mass factorization
— ALTARELLI- PARISI evolution equations

x-space :
i [(¢e@@ ) _api e T )
d“‘)’g(“‘g)( G(=,Q) )] e M( G(z, Q%) ))

. _ p@) s (1), as\? 5@) (.
P(z,a,) = PO@)+ P qxw(%) PP®z)+...

EVOLUTION EQUS.: 3 NON-SINGLET, 1 SINGLET

SEPARATION OF NON-SINGLET AND SINGLET QUARK
CONTRIBUTIONS 1S essential.

J. Bliimlein SFB Meeting, March 3rd 2005 21



3.1. Running Coupling Constant

Oa . (u” o o | r ..
osil ) = —toa? — ol — ol — Pl +Olaf)
- qg(—'u Qg
Ay = n
(4m)? 2w

The values of the 3 :

Bo

B

B3

11 — %N s GRross, POLITZER, WiLczek, T HoorT, 1973
DISCOVERY OF ASYMPTOTIC FREEDOM :

NOBEL LAUREATES 2004

102 - —3§—le CASWELL(111.9.01), JoNES, 1974

2857 5033 325
- N f

2 18 54

TARASOV, VLADIMIROV, ZHARKOV, 1981

N2

LARIN, VERMASEREN, 1992

149753 /1078361 6508
( J+%MQ)—( + ggwf

6 162 27
50065 6472 1093
N} + == N}
( 162 8l “3) 729

VAN RITBERGEN, VERMASEREN, LARIN, 1997

TaE sOLUTION OF THE RGE LEADS TO A FALLING COUPLING

CONSTANT AS SCALES INCREASE.

J.
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soLUTION OF THE R6GE

A . w%(&")

ol (@) ol (q,)

b " (o p) - PTAEDid)

ols (&)

2 &
1+ .E% ol (@F) Ao (Q:

g CO N

8 o \
1T T Tu Al |

(b(ﬂ(xl'?n) = 81'% fﬂ%‘

+ Bi-2peBa 4 (H$4+?,2’< )

U A2 T
.
; ITERATIVE
Ny £ Ay B, - 2.>0
NW bote %4 SOLUTION -

Np=6  Hhpamh<o



—

~___ Theory la &
Data — g %
A

)

Q) |

0.4 |

Deep Inelastic Scattering |
ete Annihilation | ©
Hadron Collisions |
| Heavy Quarkonia

0.3 |

0.2 !‘;

0.1l

S. Bethke, LL2004.
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3.2. Splitting Functions

O (o) unpolarized:

PR =P = Cr [ﬂt’f }
e
PO = Til(- 2)? + 2°]
PO = cpltl=
Pég)(z) = 2Ca {1 -; 2 & a jz)+ + 2(1 - z)} + %B@.é(l_ — 2)

QED : P,, FERMI, 1924 Pgq WILLIAMS, 1933; WEIZSACKER, 1934
GRross, WILCZEK; GEORGI, PoLITZER, 1973;
further: LipaTOV, 1975; ALTARELLI, Parist, 1977; Kim, SCHILCHER,

1977; DOKSHITSER, 1977

O(a,) polarized:

APO(z2) = Pg'(?)
APQ(z) = Tj [ - 2)? - 2%
_ = e 2
ar®py = op =42
- /1 1
AP_;EQ' (2) = 2Ca — +1-2z| + 5,80(5(1 — z)

Ito, 1975; K. SASAKI, 1975; AEMED & ROSS 1975,1976;
correct: ALTARELLI, PARIST, 1977.

no terms o 1/z.
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SINGLET: |

R" &

S = CR -1+ x 4 ¢ o)l -f+x) e - Glax+2mxn() - XNppp®) + 29 (=x)S2(x))
+C;:.Ce (5" (1= x)+ (5 Inx o+ 3 x + - i ﬂz)l’;;p(x)"‘ P;:;::(-—I)Sz(l')]‘

b O Ny -4 + 0+ (10 4 a2 + ) b - Bx2 4§ = 2014 ) It x - (57 5 Do)

BUSY = CL[-3 = Jx + @+ Ja)Inx + (=1 La)hntx = 2 In (1= x) # (=3 In () = x) = a2 (1 = 2Dy )
+ Yo [F +5x + 5 x2 # (=12 - Sx - Jx?) Inx + (4 +x)In?x + 2¢ In(ll = x) + (=2 Inx I () = %)
#3 e + 5 I = x) # 21 = ) = g 7% + )Py ®) g (-X)S2())

+ CpTyNp (=32 = (3 + 3 In (1= 2Dy N

Pc(:lltm = CpTpMNy (4 = 92 + (=1 # dx) Inx + (=14 ) In?x + 4 In(ll - x)
& (o4 I x Il = x)+ 4 Inx + 2Indx = 411 = x)+ 2 (1= x) = 572 + 10)pgp())
+ CoTyy (132 + Besdxle(x =) nx - 4ln(l—x) - (2 +8x) In2x + (~In?x
£4 lnx = 213() = x) + 4 Q- )¢ § 72 = BPpgp() * 206y (-x) 5200

ﬁé]ésa = CpTypNp (=16 + 8x + Fx? + Jx~1 # (=6 = 10x) Inx + (=2 — 2x) In2x]
+CeTaMpl2 = 20 # 3 a2 = PV = JU+x) Inx = § pec®)]
+CAF =)+ F a2 - x )+ (F + ¥x = FxN)lnx + 41 +x) In?x + § - 4 Inx In(l - x)
+In2x = §12)pge (x) + 2p6 6 (-x)Sy ()] -

Wllesy Il =z - dz
Sylx) = jr %_z In (—'z—")l. -5'1!(-’-'):5_1“ _2'1:“(“ -2).
(lexyx 0




2 LOOP :

UNPOLARIZED:

FLORATOS, D. ROSS, SACHRAIDA, 1977-79; CUrCI, FURMANSKI,
PERTONZIO, 1980; FURMANSKI, PETRONZIO, 1980; GONZALEZ-ARROYO,
LoPEzZ, YNDURAIN, 1979, 1980; FLORATOS, KOUNNAS, LACAZE, 1981ABC;

vAN NEERVEN, HAMBERG, 1982;

POLARIZED:
ZIJLSTRA, VAN NEERVEN, 1994; MERTIG, VAN NEERVEN, 1993;

VOGELSANG 1995.

3 LOoP :

UNPOLARIZED:

MoveENTS @ LARIN, NOGUEIRA, VAN RITBERGEN, VERMASEREN, 1994,
1997; RETEY, VERMASEREN, 2001; J.B., VERMASEREN, 2004.
CovPLETE - MocH, VERMASEREN, VOGT, 2004.

W3 ] :"‘lﬂ""l""‘l_l
1 o6 L >
0.25 [ qu(N) e Ygg(N) /

II|IIII|II||

llll|||ll||lll|]|

-0.05

=
w =
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3.3. Coefficient Functions

O(a,) unpolarized:

(1) B 1422 [ f1-2) 3 1
CFg(z) = CF{'l—z ln( . ) y +4(9+5z)

+

N

1(,1.} e (1)
(F{,(z) = CFE(Z)—CF-QZ
CLz) = Cpglz) - 8NsTyz(1-2)
Cid(z) = Cpa(2)-Cr(1+2)
3 2

FURMANSKI, PETRONZIO, 1982: correct form.

O(a,) polarized:

() = Cp(2)
C;?(z) = AN;Ty {[22 — 1] In (1 ; z) +3-— 42}

ALTARELLI, ELLIS, MARTINELLI, 1979 HUMPERT, VAN
NEERVEN, 1981; BopwiN Qui, 1990.
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2 LOooP :

POLARIZED, UNPOLARIZED:
7Z1JLSTRA, VAN NEERVEN 1992-1994;
ViovenTs: MocH, VERMASEREN, 1999

UNPOLARIZED, HE AVY FLAVOR:
LAENEN, RIEMERSMA, SMITH, VAN NEERVEN, 1993, 1994
MELLIN SPACE: ALEKHIN, J.B., 2004

3 LOOP :

UNPOLARIZED:

MOMENTS :

LARIN, NOGUEIRA, VAN RITBERGEN, VERMASEREN, 1994,

1997; RETEY, VERMASEREN, 2001; J.B., VERMASEREN, 2004.

COMPLETE :

MocH, VERMASEREN, VoaT, IN PREPARATION.

J. Bliimlein
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VEﬁxa_mpI)e _:‘ J.B.. Vermaseren, 2004

NS 16 4047739719
Cg " (as) = e el W5
190590400
B 44426674163044428879366970127 24439538 o2
‘ 321931846921747956461568000 255255 ¥
17918308408498204222783087 113298677
+ | = ¢3 JCFrCa
59422705873182812160000 1021020
143568372761907472111177 9
= CFNF|C[‘S
2758011344112059136000
|/ 59290512768143 27643576
i ’ Ca —
3127445521200 21879
m 3036813397599509725084677293842505976559161689
203445801 604077593342 1647863403347968000000
1494341926940450865387403 S
+ 3 |CF
595674040206012768000
" 59200512768143 p 262865377883475726558800935515033190333
I G4
6254891042400 56646805852503848671021043712000000
47187263 15355050469171482313 9
1 &g — (3 |Cr C a4
51051 4991403051835200
7097 384035990670312318780884999 64419601 5
+ ¢3 |Cr Np
760563988352629547 14045440000 20675655
" 77500266271 1876875284500176089005 1465242741
|
1652500620329242273431025887 166464000000
2849482004 138921491531 +_9-839:63
x ol et i
6741167121672984000 21879
50290512768143 — 552298563960959
= 4)Cp Ca+ |~
2084963680800 4021001384400
A073207241348493196152222079933557529 64419601 9
= + Cp“Np
352077 7469944553728278848870400000 1531530
508788865585667 3 64419601
1 I 3 —
1850495446800 1531530

532811634921542995647179358698536547

> O © 4 Mip|l0s®
40462004 1803598919078721740800000

Agreement with : an upcoming paper by Moch, Vermaseren, Vogt
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4. New Mathematics in
Perturbation Theory

Consider hard scattering processes in massless field theories:
QCD. QED, m,; — 0

Factorization Theorem Leading Twist:

The cross section o factorizes as

o= de,w ® [k
k

ow perturbative Wilson Coefficient
I non-perturbative Parton Density
® Mellin convolution

1 1
[At &® B] (.’E) = /E; dx /0 dIQ(S(QE - ZE1$2)‘A(IE})JB($2)
M[A® B](N) = MIA|(N) M[B}(N)

with the Mellin transform :
.l

M) (V) = [ dea™ '), RelN) > e

J0O

Observation :

Feynman Amplitudes seem to obey the Mellin Symmetry

i.e. to significantly simplify in Mellin Space

e e e — e e
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Two Loop Coefficient functions:
van Neerven, Zijlstra 1992
... several other pages for cgﬂ(aﬁ)l, &S (x), C‘%’G)(ax)‘;
—= 77 Functions @ 2 Loops
— partly rather complicated arguments

— relations are not directly visible ...

The 77 functions do roughly correspond in number to the number of all
possible harmonic sums up to weight w=4: 80.

Linear Representations of Mellin Transform by Harmonic Sums:

MIF, (@))(V) = Sty s (V) + P (ST, b 01y

w=7y . |kl Weight 7/, 7" < w P is a polynomial.
W # z
1 2 2
2 6 8
3 18 26 2 Loop anom. Dimensions
4 54 80 2 Loop Wilson Coefficients
5 162 242 3 Loop anom. Dimensions
6 486 728 3 Loop Wilson Coefficients

2 I 3'ar)~—l 31” =1
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Algebraic Relations

First relation: L. Euler, 1775

2 f f f Y ) ’
b'm,,'n. + b'rr,;m. - ‘S'NJ. ’ "S‘H, + *S'm.—l--n.-. m,n > 0

Generalized to alternating sums by

Sm,‘n . Sn,‘n'; = br‘m 1 ‘S'r'p + 'Sm..f‘.rw m AR = H'r”‘l\ + lln’H Slgn(m)hlgn(n)

Ternary relations: Sita Ramachandra Rao, 1984: 4-ary relation:

J.B., Kurth, 1998.

These & other relations hold widely independent
of their Value and Type.

Determined by : e Index Structure
e Multiplication Relation

Faa di Bruno:

Ramanujan: _
roots of multivar.

integer sums _ )
algebraic equations

The Formalism applies as well to the Harmonic Polylogarithms.

Remiddi, Vermaseren, 1999.
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Shuffle Products

Depth 2:
Say (N Sapy (N) = S%_GQ(N)-\W‘-SCLQI%QN)
Depth 3:
Sal (N)‘ u‘—l'sag,ag (N)' = Sa,l|ag,a.3 (N) + Saz,@l,ag (N)‘ 4+ Sa2,a,3,a,1(N)‘
Depth 4: .....
Algebraic Equations
Depth 2:

Say (N) I Sag (N) = Say (N)Say (W) = Saynag (N) =0

Depth 3:

Say (NY L Sag,aq(N) =  Say(N)Sap,aa(N) = Slay magyag (V) — Sag,eyacq (W) =0

Depth 4: ....

4 Basic Sums = # Permutations - # Independent Equations
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Theory of Words

Can we count the Basis in simpler way 7 = YES.

Free Algebras and Elements of the Theory of Codes
Particle Physics

Only the multiplication relation
and the Index structure matters

A= {a,b,c,d,...} Alphabet

a<b<e<d<.. ordered

A*(A) Set of all words W

W = ay - as - aor . . . aszy = concatenation product (nc)
W=p-x-s p= prefix; s = suffix

Definition:

A Lyndon word is smaller than any of its suffixes.

Theorem:[Radford, 1979]

The shuffle algebra K () is freely generated by the Lyndon words.
l.e. the number of Lyndon words yields the number of basic
elements.

Examples :
{a,a,...,a,b} =aaa...ab 1 Lyndon word for these sets

no a@'s: Measic/Man = 1/m  n = depth of the sums
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Symmetries lead to a smaller fraction.

Is there a general Counting Relation ?

E. Witt, 1937

| 1 (n/d)!
le(®1,. .., Rg) = - Z () jd). . /)’ Zm =n

d. ! 4 1

u(k) Mobius function
2nd Witt formula.

The Length of the Basis is a function mainly of the Depth.

Observation: Sums with index —1 do not occur.

Nﬂ—.'[(’u,i) - ;_ [(l n \/i)"” 4 (1 - \/2_>,w]

b 7 2 ! l
NP (w) = — Jo (E) N__1(d)
| w . d

J.B., 2004; Further Reduction: Structural Relations.

NTW’ei!ghrt ‘m Sums ‘ a-basic | Sums - — 1 a-basic | str. Rel. I‘ Frasctiomjm

1 2 2 1 0 0 | 0.0

2 6 3 3 0 0 | 0.0

3 18 8 7 2 2 | ©.1111

4 54 18 17 5 3 | 0.0555

5 162 48 41 14 8 | 0.0494

6 486 116 99 28 7 | <0.0576
728 | 195 168 49 <41 | <0.0563
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THE BASIC FUNCTIONS :

The final set of functions:

Trivial functions:

Sux(N) —  PFD(N+1)

For w = 1,2 no non—trivial functions contribute to the anomalous
dimensions and Wilson coefficients.

Non—trivial functions:

N = 3 : Two—Loop anomalous dimensions

M [Lig(%,)

142 j\ (N)

Yndurain et al., 1980
N — 4 : Two—Loop Wilson Coefficients
M {ln(l + :n)} (N, M {Liz(-’ﬂ)] (N, M [Sl,z(m)} (V)

142 1 —= 1+ =
Structure Fct.: J.B.. S. Moch, 2003,
Drell-Yan, Higgs-Prod., Fragmentation: J.B., V. Ravindran, 2004.

N = 5 : Three—Loop Anomalous Dimensions

a4 [Lm(m)} (N, M {51,3(1‘)} (N), M [S?,z(iﬁ)j\ (N),

| 1+ = 14z |
J.B., S. Moch, 2004.

Essentially 14 Functions seem 1o rule the single scale processes of
massless QCD.
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“r | Moments, N < 40 ‘ Inversiorj'
[Lia(z) — Cal/(1 — ) |
[S2,2(x) — Ca/4)/ (1 — =) | 8.2D-10 . 5.4D-8
[S2,2(—2) — 1]/ (1 — %) | 1.8D-10 . 4.5D-8
Lid(-z) - G/4/0-2) | 3.0D-10 . 4.3D-8
Lia(z)/(1 + ) | 1.2D-12 ~ 8.0D-8
Sy.s(z)/(1 4 ) | 2.2D-12 - 3.3D-8
Ss.o(z)/(1 + ) | 1.1D-12 - 1.8D-8

4.0D-12 . 5.1D-8

| LiZ(x)/(1 + =) | 2.2D-12 3.0D-8

(Sanl-s) L)Y 4s) | 113 | 3

Relative accuracies of the representations.

J.B.. S. Moch, DESY 05—-007

J. Bliimilein SFB Meeting, March 3rd 2005 37



Contour for the inverse Mellin transform:

Im N

4 v,,10 GeV’
| & v, 10" GeV’
24 x Py

| e (,ginput
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5. QCD NS-Analysis to 3

Loops
0.8 | 0.8
0O F —- O ol
xuy(X) A = xU(x)
0.6 3 . \ 0.6 —
sk — This Fit ’_, sk CTEQB(NLO)
oa |~ MRSTO4 oa b GRV(NLO)
3 A02 - H1(NLO)
0‘.3 :_ 0-3 C /
02 | 0.2 |
a | 0.1 |
0 1 Lol II|<|\‘ 1 | o P | lIilIl] 1 Y Y I Ty 5 0 : 1 Ll |l Illl‘l
107 107 10" x 100 10” 10" %
0.6 0.6
05 [ xdyx) os | xdy(x)
04 [ —— This Fit 0.4 |- —-— CTEQ6(NLO)
- .~ MRSTO4 - -~ GRW(NLO)
0.3 - 03 |-
- _ H1(NLO)
0.2 [- 0.2 |
0.1 |- 0.1 |
1 = \ 7- __/
@ -E:—; |||||4;]'_ | llll_udl s ||| 0 - | A ||||p_|J_ TN | - lllluu
107 107 107 x 107 10 10" %
77 1 2 3 2
W2 > 12.5GeV*, Q% > 4GeV
NNLO :
a(M2) = 0.113970 002
J.B.. H. Bottcher, A. Guffanti, 2004
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Tae WORLD DATA ON Fo

Experiment | x (,22.(}'«('\'2 Fy | Norm |
(BCDMS (100) | 035-0.75 | 11.75-75.00 | 51 1.018 |
BCDMS (120) | 0.35-0.75 | 13.25 — 75.00 59 | 1.011
BCDMS (200) | 0.35-0.75 | 32.50 - 137.50 50 | 1.017
BCDMS (280) | 0.35-0.75 | 43.00 - 230.00 49 | 1.018
NMC (comb) 0.35 - 050 | 7.00-65.00 | 15 | 1.003
SLAC (comb) | 0.30-0.62 | 7.30-2139 57 | 1.003
H1 (hQ2) 0.40 — 0.65 200 — 30000 26 | 1.018
ZEUS (hQ2) 0.40 — 0.65 650 — 30000 | 15 | 1.001

proton 322 |

BCDMS (120) | 0.35-0.75 | 13.25-99.00 59 | 0.992
BCDMS (200) | 0.35 - 0.75 305013750 | 50 | 0.993
BCDMS (280) | 035-0.75 | 43.00 - 230.00 | 49 | 0.993
NMC (comb) 0.35-050 | 7.00-6500 | 15| 0.980
SLAC (comb) | 0.30-062 | 10.00-21.40 | 59 | 0.980
dewteron ‘ | | 232 |

BCDMS (120) | 0.070 - 0.275 | 8.75 — 43.00 36 | 1.000
BCDMS (200) | 0.070 - 0.275 | 17.00 - 75.00 29| 1.000
BCDMS (280) | 0.100 - 0.275 | 32.50 - 11550 | 27 | 1.000
| NMC (comb) | 0.013 - 0.275 | 450 - 65.00 | 88 | 1.000
SLAC (comb) | 0.153-0293 | 4.18-550 | 28 | 1.000
u!.()'.'), — ginglet | | 208 |

rf,om./ l‘ 762 |

o CUTS: 0.3 < = < 1.0 for F3 and Fy
0.0 < = < 0.3 for F3* = 2(F§ — F3)
40 < Q? < 30000GeV?, W? > 12.5 GeV?

J. Bliimlein
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Fully Correlated Error Calculation

e The fully correlated 1o error for the parton density [, as given

by Gaussian error propagation is

, = [8f, 8], |
o(felm)” = Z ((—f—l Qf—) cov(Pi, Pi) (1)

=y \ Opi Op;

where the df,/dp; are the derivatives of f, w.r.t. the
parameters p; and the cov(p;,p;) are the elements of the
covariance matrix as determined in the fit.

o The derivatives df,/dp; at the input scale Q7 can be
calculated analytically. Their values at ()? are given by
evolution.

e The derivatives evolved in MELLIN-N space are tra nsformed
back to r—space and can then be used according to the error
propagation formula above.

— As an example the derivative of [(x,a,b) w.r.t. parameter a
in MELLIN-N space reads:
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e Parameter values and Covariance Matrix at the in

2

zgi(w, Q3) = Az (1 —

o Covariance Matrix at the input scale Q5 = 4

Fit Results

0GeV?

z) (1 + 03 + Yi%)

0.299 = O.
4.157 £ 0.
0.751
28.833

007 |
031

d

a
b
P
g
'a!‘.
b
P
"

0.488 + 0.
6.609 x 0.

-1.690
17.247

048
332

(4)

L\(}( D

233 + 34 MeV |

Indf = 630/757 = 0. sﬂ

put scale

0GeV?

\U( D | G | b, ll @d, " by, J

\(*),, || 1.15€-3 | | | B
J&i 03E-4 | 5.40E-5 | | |
8.45E-5 | 1.71E-4 | 9.59E-4 | |
v | 21764 | 8.84E6 | -435E-4 | 23263 |

| 23063 | 42184 | 22863 1.48E-2 | 1.10E-1 |

J. Bliimlein

SFB Meeting, March 3rd 2005
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Heavy Flavor NS- contributions

0.018
' Fﬂsm Fﬂs Fn y
o016 2 / ( 2 T2 )
[ @ =100CeV
0.014 |- . __ @ =100 GeV’
A of = 1000 GeV*
0.012 |-
T " Q? = 10000 GeV’
0.01 [ .
0.008 | e
0.006 | - _ e
0.004 '\L I'e-west\ * - " B
V datapoint "~ T
0.002 |- s T e Iowesr"'-]""""
I ‘-hﬁ___”du&epoim\m,
0 —_ ------------------------------- o il e
-0.002 |- @ range of dota® 4 GeV* < @° < 116 GeV’
-Gim [ L ! 1l 1 1 1 I | 1 1 L L . 1 1 L L | L | 1 1 | L I Il
0.05 0.1 0.15 0.2 0.25 X
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NON-SINGLET 3-Loor QCD ANALYSIS

FIS(x,07) + C - BoDMS
< NMC
o roResl 1@ V-
1!0 I K:-*—‘—x x = 0.0 g c=9
W ' | | E!Eﬁ c=8
e %= 0/060 c=7
i % = 01070 ¢ =8
Ee————ee ST S 0.100,¢c = 5
R x=0,140,c=4
b AR AR A AL X 0.180,¢c =3
T e 0.225,¢c=2
1 IS e SRREE R ?275
L c=
— This Fit
paul wl
1 10 10 5
o, GeV*
z > 0.3
: z . L] H;'I
o Fx0)*2 JEUS Fé(x, Q%) * 2 BCDMS
J geoms |0 F | s
T ——. =030,i=3 _—
\lL/ : % =0.30,i Psecstnlennan . yi= 0,360, 1= 4
nEE \
x = 0,40 . B
R % =0.450,i=3
i=2 |
- ;L
1|0-1-‘_ L " x = 0,560, 1= 2
Ta |0 =
SLAC . , T 1 x = 0.65 Sac ——
\'\‘;‘ \ ¢ ji=1 v E@@S R
- N | ’
™ I ;
= —— Qcp < x=075 U -
ok o AR i=0 — N =0.760,i=0
_ _ QCD + TMC Qco + TMC e
_____ QCD + TMC + HT .. QCD + TMC + HT
3 3
1(0 gaul ol v vl e il sl | ol s '0 aull gl " al 5 |
T 1 100 100 w0 1 " 10? 10°
0’ GeV* @, GeV’
proton deuteron
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HicHER TWIST ( 'ONTRIBUTIONS:

4 < W? < 125GeV*,Q° > 4 GeV*

&_ |
Cor(x) [GeV’) .
4,0 CeV* < W< 12.5 CeV?
% ll
- e Proton 1\
Deuteron

_ l
\

|

L a |
| |
_____________________________ |
[ ' B . |
- Ly L N - I . I\
0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

J. Bliimlein
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MOMENTS AND LATTICE RESULTS

§ [w]  ThisFir | MRSTO4 | A02 |

.. 12| 0288+0003 | 0285 | 0304
| 3| 008440001 | 0082 | 0.087 |
1 0.0319£00004 | 0032 | 0033 |
 d, T 011340004 | 0115 | 0120 |

4
2

| 3| 0.026 +0.001 0.028 | 0.028 |
4
2

g ‘l 0.0078 4 0.0004 |  0.009 \ 0.010 |
017540004 | 0171 | 0.184 |
| 3| 0058+0001 | 0055 | 0.059 |
4 | 0.0241+0.0005 | 0022 |0.02 |

Wait for upcoming results from LGT.
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6. The Singlet Sector

Parton Densities: Relative Size

10° 10” 107 10°
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Iterative

PiLE-Up EFFECTS:

vs Exact Solution of Evolution Equations

[ | ||||Fﬁ|’\ LI ||-Il'ﬂ|:|'| LI | |i-|lITI?|'g LI II'II‘I'EI
L . 4. d
102 | xEP/xZ© e
o, ” -
7 L -
! N ///’ .__
T 25" 1
r /// =
0.98 |- > 5 ~
L -, P -
-~ - -
L ™ d
0!_% = - - . s = =
0|'94I ol L1 nmml_l TN T I 1 wul_l TR T T 110 1 1 |-nu_m
[ LI rﬂm]T L |'|'FIT|'| L |r|'l'lT|'| LU wfl_'n
1M @ g2 ofO I’y
. Xg/xg s ]
L ,;/ il
1.02 |- Ve -
- /// =
[ < ‘
]! b | X T — /’i/ st ':
098 - 7 . .
- == (A), M? =100 (10*) GeV? -
: =T (B), M° =100 (10%) GeV? -
e 3 (B) (10" 4
I | N O 1 1N l.j_id] O 10 1 | Ll:m}ﬂ L1 11 |w||,|,|gﬂ L1 1.1 “'ILI-!I

-4 3 2 -1
0t 107 10 10 1

X

Blumlein, Riemersma, van Neerven, Vogt, 1996
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2

¢ rise of Fa(x, Q%) at low Q~
o™
A% T
- Q= 0.5 GeV”
0.4 —
0.2 |
0
10

« H1 QEDC 1997 + B665

« H1 1997 « NMC
o H1 SV 1995 o SLAC
- ZEUSBPT  — ALLMY7

J. Bliimlein
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2.0‘ T T | L LU | T T [ R
——— MRST2001E
15¢ ALEKHINO2 -

e [EB866

dbar - ubar

xUlr)—-ﬂLrH::'LlQSILZW1-—Jﬁglo(l+—I¥USI——455212)
23

. Drell-Yan to NNLO & Data Analysis
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Strange quark distribution

030 Ir T T T T T T T T T
*- — MRST2002NLO ]
0.25 | ALEKHINO2NLO 1
e CCFR ZPhysC 1995 |

Q* =4 GeV’

0.15 ;_

x s(x,Q°)

0.10 |
=

e CCFR : iron target, EMC effect. How large 7
CAN HERMES MEASURE s(z, Q%) 7
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c¢ Structure Function F5

Ll

HERAF, F,

'f::-h i _1'_ L
s o« ZEUS 98-007] T b
[ ZEUS 96077 ) 1
wee ZEUS NLOT ]
uf 180 1 ‘

] y
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Mellin-space representation

¥, (x,Q")

2.q

h
0025 |-
002 |-

0.015 [

S. Alekhin and J.B., 2004
e necessary for scheme-invariant evolution.

e fast and accurate access to heavy flavor Wilson coefficients.
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Gluon Density

& QCD Fits |
20 M (H1+BCDMS) total uncertainty |
X I \ B (H1+BCDMS) exp. + &, uncert.

5 | [ (H1+BCDMS) exp. uncertainty |

—(H1) |

x _ |

15
o
10 |

| |

I |
\ =
f £
5 ®
_ S
3
3
T O
0 i'_ Ll i

10" 10> 1072 107"
X
3 ey LELLLLLLLL] | R e TR ]|
L ——— MRST2002NLO
CTEQ6.1M
| @ =2GeV’
o ;
X 1 :_ /
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0.8

0.6 k=

T T |-||1-|ﬂT|'i | |In'|\|l|| T !|I|I|wITITﬂ UL |\|[|-Ii]| T rrr I‘Il‘ﬂ’

-
—

I [ ] I:I-uljh L_L 1Y Ir!-|,|,|,|1l 1 [ [ | IanI,I,I,II_‘ | T [ 1 Ill\lll'IJ .

4 4 3 -2 -1

10 10 10 10

[ LU I'lITﬂ]] L H'lfITITF |w|'[llrﬂ UL I‘I‘Fﬂﬂ LIS

X(CL,_g X g)

=02, n,= 4
input (13)

"1L||||||||||||||1|J_§,El

i LU 11 lllw_lu,ll‘; | [ 1 lillmll_ [ [ T lll-MﬂL T 1 :

So0* 107 107 1wt 1

X

Moch, Vermasern, Vogt, hep-ph /0411112
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3. Small x+ Resummations

STRUCTULE FONCITONS RISE AT SHALL = .
(SINGLET)

EVEN AT RATHER Low &' Fe
REGEE THEORY PREDCTS A FLAT BEHWIOOR.

—® WHAT IS DESCRIBED BY PERTURRATION
THEOR Y *

—> 1S BFKL RESUMMATION ALLOWED ¢

e RISE AT LOW SCME : NOW- PERTURRATIVE
BESOMMATIONS : N oy & 1

—

o LESUMMATIONS ARE OMLY USEFOL (F

—> NOT THE (CASE WOR BFKL. .

—s QUESTION:
fow HANY LESS SINGULAR TERMS
PO WE NEED eLsE ?

J. Bliimlein JLAB, June 2004 5



(x,0Q°)

4

2

= e = =

I~
U © WU N U © U N L © Ly N © b N

@= 1.5

Q=25

Q=35

S

0.
1.
0.
Q*= 800 Q%= 2000 O*= 500
Z. i ® NMC-1995
} ® BCDMS
1% ® HI-1994 PRELMINARY
¥ . ‘ E665
0.5 };EE} - 5. [ i% ‘o ZEUS- 1994 PRELIMIN/
bl el it sl 4 il |Ei il il ol o % * I il I. |

104103102101 10410310210 10410310210 10%16°10%16"
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BRANCH POINTS
0.0_____________\_____. H..M.-_______\_‘__.Z,______

p Rep L Rey (p)

P
5

b il N

T N L‘ ,
i . BATH TUB :
4 3 0 2 4




LO:

The behaviour of v.(p) for p € C

-0

Rep > 1.5 Je. ('94)

025 F

-0.2 | 1.5 :
18 1l
i 2.5 3 \L
s | 4 §
8 36 -0.75 |-

.0, 6 :'_ 4.5 _] ‘-_

| = 5. 1
1|t|||||l|||||||1Ffelp|'||||||1|||||||11|:1||||||||l h||ll||IilIIll‘||||I‘|3||l|l||l"“"lrllllllll'l
39 3 2 4 o 1 2 3 4 3 5 4 3 2 4 @ 1 2 3 4 3

Im p Im p

e P LILII =
ovnovowmowm
—

ADAPTIVE
NE W TOMN
ALGORITEM ).

o4 | AAu2 = 271253

0.6 -||1||i|||:||||||'|||||’|||||‘|;||||l|||'|||||‘|||||‘||||
S5 4 -3 -2 0 1 2 3 4 5
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LOCATION OF THE BRAMNCH POINTS

= ‘—;[j— * 190 - Y- v

’Q‘E‘ " + "Ukj)}{yl
YN+ ¢ o

1
0y (g

[1‘ L " T e 3 ]

Tayn = ~O-*SULE FO.413892

= YU-pH-YH =0

Qaaz = — 405 £ 4 1.9724,

K-BELAS, HAOTMMN,
WEBRER iy
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Im N
(=%l Fixed ovder !

“sqpi
Y, Re N
I I
¢ Z 3

Nonp. INPOT POLES

POINTYS

+ .10 Gevzg BRANCH

| 10 GeV’
xa- ( l"" x)b - | <> YqL 3 ]1@ G‘@V ONL}(.
1 x Py
® (,ginput

Fig. 4

e SOLUTION OF THE RGE'S W HELLIN SPACE

o EXACT ACCOUNT FOR ALL COWMUTATION RELATIONS

¢ M
[Py P 140 PR efm
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0.5

Fixep

0.5

(E

T _—___._

T T __::_

xP
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Figure 1: Fixed-order and resummed splitting functions P(z, a,) normalized to a, P :g?s? (w) for ct; = 0.2.
Dash-dotted line : P = a,P{”) + a2P{ Eqs. (7). (8). Solid line : P = Py, Eq. (3). Dashed line :
P = Py 0. Eq. (21).
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8. Aqcp and a,(M32)

'NLO | as(M3) expt theory Ref.
CTEQS6 1 0.1165  +0.0065 |
' MRSTO03 | 0.1165  +0.0020 +0.0030 [2] |
A02 | 01171 400015 400033 [3] |
ZEUS | 01166  +0.0049 4 |
HI 01150  +0.0017 +0.0050 [5] |
BCDMS | 0.110  +0.006 6] |
BB (pol) [0.113 0004 v [7]
NNLO | a,(M3) expt theory | Ref.
'MRSTO03 | 0.1153  +0.0020 +0.0030 | [2]
A02 01143 +0.0014 +0.0009 | [3]
SYOl(ep) | 01166  £0.0013 18]
' SYO1(vN) | 0.1153  +0.0063 8]
' BBG 0.1139  +0.0026/ — 0.0028 9]

BBG: N; = 4: non-singlet data-analysis at O(a?):
A = 233 + 30 MeV

Alpha Collab: N; = 2 Lattice; non-pert. renormalization
A =245+ 16 £ 16 MeV

QCDSF Collab: N; = 2 Lattice, pert. reno.
A =261+ +17 + 25MeV also other collab., (cf. PDG).
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